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1. CYLINDERS IN RATIONAL SURFACES

Let S be a surface with at most quotient singularities.

Definition 1.1. A Zariski open subset U C S is said to be a cylinder if U = C! x Z for some
affine curve 7.

If S contains a cylinder, then S is ruled.
Exercise 1.2. Suppose that S is smooth and rational. Show that S contains a cylinder.
Exercise 1.3. Suppose that Kg is pseudo-effective. Show that S does not contain cylinders.

Now we are ready to present examples of rational singular surfaces that do not contain cylin-
ders.

Exercise 1.4. Let E = C/(Z + 7Z) be the elliptic curve of period 7 = 3™, Tts j-invariant is 0
and it is isomorphic to the Fermat cubic curve. Suppose that S is the quotient surface

E x E/{diag(—T,—7)).

Show that Kg ~g 0 and S is rational. Use Exercise 1.3 to conclude that S does not contain
cylinders.

Exercise 1.5. Let ai, as, as, a4, wi, ws, w3z and wy be positive integers with
ged(wy, wa, ws, wy) = 1 that satisfy a system of equations

a1wi + w2 = agws + w3 = azws + wy = aqwy +wy =d
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with solutions
asaszay — azas +ag — 1),

aiagaq — a1az + ag — 1),

wy = ( )
we = (arazas — araq +a; — 1),
w3 = ( )

)

wg = (a1a2a3 — asaz + az — 1),

d= ajasa3aq — 1.

Suppose that the surface S is the Klein-type hypersurface in P(wi,ws, w3, ws) defined by the
quasi-homogeneous equation of degree d

' wo + 25wy + 253wy + 2wy = 0.
Show that S is a rational surface of Picard number three with 4 cyclic quotient singularities.

Furthermore, prove that Kg is ample provided that all numbers a1, ao, as, a4 are all greater
than 3. Use Exercise 1.3 to conclude that S does not contain cylinders.

The surface in Exercise 1.4 has numerically trivial canonical divisor. The surfaces in Exer-
cise 1.5 have ample canonical divisor. They all do not contain cylinders by Exercise 1.3. However,
it is much more interesting to consider the same problem for surfaces whose anticanonial divisor
is ample. Such surfaces are usually called del Pezzo surfaces (see Definition 3.1). They are
always rational, but they often contains plenty of cylinders. To construct examples of del Pezzo
surfaces without cylinders we need new tools.

2. SINGULARITIES OF PAIRS

Let S be a surface with at most quotient singularities, let D be an effective non-zero Q-divisor
on the surface S, and let P be a point in the surface S. Put D = Y7, a;C;, where each C; is
an irreducible curve on S, and each a; is a non-negative rational number. We assume here that
all curves C, ..., C, are different. We call (S, D) a log pair.

Let 7: S — S be a birational morphism such that S is smooth. For each Cj, denote by C; its
proper transform on the surface S. Let FI,..., F, be m-exceptional curves. Then

T n
KS‘ + ZaiCi + ijFj ~Q W*(Kg +D)
i=1 j=1
for some rational numbers by, ..., b,. Suppose, in addition, that > ;_; Ci + 2?21 F} is a divisor
with simple normal crossings.

Definition 2.1. The log pair (S, D) is said to be log canonical at the point P if the following
two conditions are satisfied:

e a; < 1 for every C; such that P € Cj,

e b; <1 for every Fj such that =(F};) = P.

This definition is independent on the choice of birational morphism 7 : S — S provided that
the surface S is smooth and >;_; C; + >°7_; Fj is a divisor with simple normal crossings.

Exercise 2.2. Let R be any effective Q-divisor on S such that R ~g D and R # D. Put
D.:=(1+¢)D—€R

for some rational number € > 0. Then D, ~g D. Show that there exists the greatest rational
number €y > 0 such that the divisor D, is effective. Show that Supp(D,,) does not contain at
least one irreducible component of Supp(R). Moreover, if (S, D) is not log canonical at P, and
(S, R) is log canonical at P, show that the log pair (S, De,) is not log canonical at P.
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The log pair (S, D) is called log canonical if it is log canonical at every point of S.

Exercise 2.3. Suppose that S is smooth at P. Let f: S — S be a blow up of the point P, and
let E' be the f-exceptional curve. Denote by D the proper transform of the divisor D on the
surface S via f. One has

Kg+ D+ (multp(D) = 1) E ~q f*(Ks + D).
Then the log pair
(S, D+ (multp(D) ~1)E)

is called the log pull back of the log pair (S, D) on the surface S. Show that it is log canonical
at every point of the curve E if and only if the log pair (S, D) is log canonical at the point P.
Conclude that (S, D) is not log canonical at P provided that multp(D) > 2,

Exercise 2.4. Suppose that S is smooth at P and (.S, D) is not log canonical at P. Prove that
multp(D) > 1.

We can measure how far the pair (S, D) is from being log canonical at P by the positive
rational number

letp(S, D) := sup {/\ € Q| the log pair (S, AD) is log canonical at P}.
This number has been introduced by Shokurov and is called the log canonical threshold of the
pair (S, D) at the point P € S. The log canonical threshold of the pair (S, D) is defined as
let (S, D) := inf lcto(S, D).
ct(5, D) := jnf leto (S, D)
Exercise 2.5. Suppose that S is smooth at P. Show that
2 _
multp (D) multp (D)’
The following exercise is a very special case of a much more general result known as Inversion
of Adjunction (see, for example, [16, Theorem 6.29]).

Exercise 2.6 ( [16, Exercise 6.31]). Suppose that both S and Cj is smooth at P, the log pair
(S, D) is not log canonical at P, and a1 < 1. Put A =37, a;C;. Show that multp(Cy - A) > 1.

> letp(S,D) >

Exercise 2.7. In the notation and assumptions of Exercise 2.3, suppose that (.S, D) is not log
canonical at P, and multp(D) < 2. Show that there exists a unique point in E such that
(S, D + (multp(D) — 1)E) is not log canonical at it.

Exercise 2.8. Suppose that S has a singular point of type D4 at a point P. Let g: S — S be
the minimal resolution of the point P. Denote by Ei, Es, E3 and E4 the g-exceptional curves,
where Ej is the (—2)-curve intersecting the other three (—2)-curves. Denote by D the proper
transform of the Q-divisor D on the surface S. Then

4
D ~g g*(D) = > a;E;,
i=1

for some rational numbers aj, as, ag and a4. Show that the log pair (S, D) is not log canonical
at P if and only if a4 > 1.

Exercise 2.9. Suppose that S is smooth at P. Suppose that both curves C; and C5 are also
smooth at P and intersect each other transversally at P. Put A = >7_3a;C;. Suppose that
(S, D) is not log canonical at P, and multp(A) < 1. Show that multp(C; - A) > 2(1 — ag) or
multp(Cy - A) > 2(1 — aq).
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Exercise 2.10. Suppose that S is smooth at P. Suppose that both curves C and Cs are also
smooth at P and intersect each other transversally at P. Put A = >7_3a;C;. Suppose that
(S, D) is not log canonical at P, and suppose that there are non-negative rational numbers «,
B, A, B, M, and N such that aa; +8as <1, A(B—-1)>1, M <1, N<1l,a(l1-M)+AB> A
and
a(A+M—1)> A*(B+ N —1)8.

Suppose, in addition, that 2M + AN < 2 or

a(B+1—MB—-N)+pB(A+1—AN - M) > AB— 1.
Show that multp(Cy - A) > M + Aaj — ag or multp(Cy - A) > N + Bag — ay.

All exercises we have considered so far in this section are local. Let us conclude this section
by two global exercises.

Exercise 2.11. Suppose that S is a smooth surface in P?, and D is Q-linearly equivalent to its
hyperplane section. Prove that each a; does not exceed 1.

Exercise 2.12. Suppose that S is smooth at P, and there is a double cover 7: S — P? branched
over quartic curve C' that has at most two ordinary double points. Suppose that D is Q-linearly
equivalent to —Kg. Show that each a; does not exceed 1. If (S, D) is not log canonical at P,
show that 7(P) € C.

3. DEL PEZZ0O SURFACES WITHOUT CYLINDERS

Let S be a surface with at most quotient singularities such that the divisor —Kg is ample. By
the Nakai—-Moishezon criterion, the latter condition is equivalent to Kg >0and —Kg-C >0
for every curve C on S. Note that K3 is a rational number.

Definition 3.1. We say that S is a del Pezzo surface of degree K?2.

Del Pezzo surfaces with quotient singularities are indeed rational. This easily follows from
Castelnuovo rationality criterion, basic vanishing theorems and the fact the fact that quotient
singularities are rational. Moreover, smooth and mildly singular del Pezzo surfaces are com-
pletely classified.

Exercise 3.2. Suppose that S is a smooth del Pezzo surface of degree d. Show that either
S=P' xP'and d=8, or d <9 and S a blow up of P? in 9 — d points such that

e 1o three of them lie on a one line,

e 1o six of them lie on a one conic,

e 1o 8 of them lie on a cubic curve that is singular in one of them.

Exercise 3.3. Suppose that S is a del Pezzo surface of degree d such that S has Du Val
singularities. Show that either S = P! x P! and d = 8, or S is a quadric cone in P3 and d = 8,
or d < 9 and there exists a diagram

where f and ¢ are birational morphisms such that S is smooth, K g~ [*(Ks), f contracts all
curves with self-intersection —2, and g is a blow up of P? in 9 — d points such that no four of
them lie on a one line, and no seven them lie on a one conic. The surface S is a weak del Pezzo
surface that corresponds to the surface S.
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Furthermore, if S is a del Pezzo surface of degree d > 3 with at worst du Val singularities, then
its the anticanonical divisor is very ample, and the anticanonical linear system embeds .S into
the projective space P?. In particular, del Pezzo surface of degree 3 with du Val singularities
is a cubic surface in P3. Similarly, del Pezzo surfaces of degree 2 with du Val singularities
are hypersurfaces in P(1,1,1,2) of degree 4, and del Pezzo surfaces of degree 2 with du Val
singularities are hypersurfaces in the weighted projective space P(1,1,2,3) of degree 6. This is
all well-known (see, for example, [11] or [15, Theorem 4.4]).

Exercise 3.4. Suppose that S is smooth del Pezzo surface of degree d < 3. Let D be an effective
Q-divisor on S, i.e., D = >"I_; a;C;, where every C; is an irreducible curve on S, and every a; is
a non-negative rational number. Suppose that D ~g —Kg. Show that each a; does not exceed
1. If (S, D) is not log canonical at some point P € S, show that there exists a unique divisor
T € | — Kg| such that T is singular at P, the log pair (S,7T) is not log canonical at P, and all
irreducible components of T' is contained in Supp(D).

If S is smooth, then it always contains cylinders by Exercise 1.2. If S is singular, this is no
longer the case. To see this, we need

Exercise 3.5. Suppose that S contains a cylinder U. Denote by C4,...,C, the irreducible
curves in S such that S\ U = "7 ; C;. Show that n is at least the dimension of the vector space
Pic(S) ® Q. Suppose that there are non-negative rational numbers A1, ..., \, such that

> XiCi ~g —Ks.

i=1
Show that the singularities of the log pair (5,3 " ; A\;C;) are not log canonical.

Now we can give explicit examples of del Pezzo surfaces with Du Val singularities without
cylinders.

Exercise 3.6. Show that there exists a del Pezzo surface of degree 1 with Du Val singularities
whose singular locus consists of two singular points of type Dy. Show that there exists a del
Pezzo surface of degree 1 with Du Val singularities whose singular locus consists of two singular
points of type As and two singular points of type A;. Show that there exists a del Pezzo surface
of degree 1 with Du Val singularities whose singular locus consists of four singular points of type
As. Suppose that S is one of these surfaces. Show that S contains no cylinders.

One can show that surfaces described in Exercise 3.6 are the only del Pezzo surfaces with du
Val singularities that contains no cylinders.

Exercise 3.7. Suppose that for every effective Q-divisor D on S such that D ~g —Kg, the log
pair (S, D) has log canonical singularities. Suppose, in addition, that S is of of Picard rank 1,
i.e., one has Pic(5) ® Q = Q.

Surfaces that satisfy all hypotheses of Exercise 3.7 do exist. One such example has been
constructed by Keel and Mckernan in [18, Example 21.3.3]. Moreover, in their example the
smooth locus of the surface has trivial algebraic fundamental groups, which provides a counter-
example to a conjecture by Miyanishi that smooth locus of every del Pezzo surface of Picard
rank 1 with quotient singularities has a finite unramified covering that contains a cylinder.
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4. o-INVARIANTS OF TIAN OF POLARIZED PAIRS

Let S be a surface with quotient singularities, and let H be an ample Q-Cartier divisor on it.
For the pair (S, H), we define its a-invariant as

a(S, H) :=sup {)\ €Q

the log pair (S, AD) is log canonical
for every effective Q-divisor D ~qg H € ®>0

Exercise 4.1. For every ample divisor H on the surfce S, compute «(S, H) in the case when S
is one of the following surfaces: P2, P! x P!, or F;.

The number «(S, H) has been studied intensively by many people who used different notations
for it. The notation (S, H) is due to Tian who defined the number «(S, H) in a different way
(see [25, Appendix 2]). Both the definitions match by [8, Theorem A.3]. The a-invariant plays
an important role in Kéhler geometry, e.g., if S is a del Pezzo surface and a(S, —Kg) > %, then
S admits an orbifold Kéhler-Einstein metric (see [24] and [10]).

Exercise 4.2. Suppose that S is a smooth del Pezzo surface of degree d < 3. Compute
(67 (S, -K S)-

The number «(S, H) is usually hard to compute. However, it can be approximated by numbers
that are much easier to control. Namely, if nH is a Weil divisor such that |nH| is not empty for
some n > 1, then we can define the n-th a-invariant of the pair (S, H) as

an (S, H) := sup{)\ ceQ

A
the pair <S, D) is log canonical for every D € |nH\} € Qso.
n

Otherwise we can simply put a, (S, H) = +00. Thus, we have a(S, H) < o, (S, H) by definition.
Exercise 4.3. Show that
a(S,H) = égfl {an(S, H)}
It is natural to expect that a(S, H) = a1(S, H) provided that H is a very ample Cartier
divisor on S (see [25, Conjecture 5.3]). This is indeed true in many cases.

Exercise 4.4. If S is a smooth del Pezzo surface, show that (S, —Kg) = a;1(5, —Kg).

Exercise 4.5. Suppose that S is a smooth surface in P of degree d < 4, and H is its hyperplane
section. Show that a(S, H) = a1 (S, H).

However, this is not true in general:

Exercise 4.6. Suppose that S is a general surface in P* of degree d > 8, and H is its hyperplane
section. Show that «(S, H) < ay (S, H).

5. ANTICANONICAL CYLINDERS IN DEL PEZZO SURFACES
Let S be a del Pezzo surface with at most quotient singularities.

Definition 5.1. An anticanonical cylinder in S is an Zariski open subset U of S such that

(C) U = A! x Z for some affine curve Z, i.e., U is a cylinder in S,
(P) there is an effective Q-divisor D on S with D ~g —Kg and U = S\ Supp(D).

We know that there are singular del Pezzo surfaces without cylinders, so that there are singular
del Pezzo surfaces without anticanonical cylinders as well. An easy way to construct infinitely
many families of such surfaces is by using
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Exercise 5.2. Suppose that S contains an anticanonical cylinder U. Denote by C1, ..., C,, the
irreducible curves in S such that S\ U = >1"; C;, and let A\q,..., A\, be non-negative rational
numbers such that >°7' ; A\;C; ~g —Kg. Show that the singularities of the log pair (S, >"i A\iC})
are not log canonical. Conclude that a(S, —Kg) < 1.

If a(S,—Kg) > 1, then S is usually called weakly-exceptional. We see that weakly-exceptional
del Pezzo surfaces do not contain anticanonical cylinders. By Exercises 4.2 and 4.4, smooth del
Pezzo surface is weakly-exceptional if and only if it has degree 1 and its anticanonical linear
system does not contain cuspidal curves. Weakly-exceptional del Pezzo surfaces with du Val
singularities has been classified in [4]. Many weakly-exceptional del Pezzo surfaces has been
constructed in [5] and [9].

Exercise 5.3. Suppose that S is a smooth del Pezzo surface of degree d < 3. Show that S does
not contain anticanonical cylinders.

Exercise 5.4. Suppose that S is a smooth del Pezzo surface of degree d > 4. Show that S
contains an anticanonical cylinder.

Thus, if S is a smooth del Pezzo surface of degree d, then it does not contain anticanonical
cylinders if and only if d < 3. This can be generalized for del Pezzo surface with du Val
singularities as follows.

Exercise 5.5. Suppose that S is a del Pezzo surface of degree 1 whose singular points are du
Val singular points of type A1, Ao, Az, or Dy. Show that S does not contain anticanonical
cylinders.

Exercise 5.6. Suppose that S is a del Pezzo surface of degree 2 with only ordinary double
points. Show that .S does not contain anticanonical cylinders.

Exercise 5.7. Suppose that S is a singular cubic surface that has du Val singularities. Show
that S contains an anticanonical cylinder.

Exercise 5.8. Suppose that S is a del Pezzo surface of degree d > 4 with du Val singularities.
Show that S contains an anticanonical cylinder.

Exercise 5.9. Suppose that S is a del Pezzo surface of degree d with du Val singularities. Show
that S contains an anticanonical cylinder if and only if one of the following conditions holds:
o d>4,
d =3 and S is singular,
d =2 and S has a singular point that is not of type Aq,
d =1 and S has a singular point that is not of type Ai, As, A3, or Dy.

We show how to construct an anticanonical cylinder on a del Pezzo surface of degree 2 with
a single Du Val singular point of type As.

Example 5.10. On the projective plane P2, take a Q-divisor

7 5
Dp2=—-L1+-L
p2 = b + 1
where L; and Lo are distinct two lines. Let h: S — P2 be the composition of these ten blow
ups. Denote by Eg (resp. Fo,...,Fq) the proper transform of the exceptional divisor of the
first (resp. second,..., tenth) blow up to the surface S. Suppose that this blow ups follow the
depicted instruction:
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® Lr 1,

)]

e

® M B

Here we labeled Eg (resp. Eg,...,Eg) by @ (resp. @,...,®) for simplicity. We then obtain
Kg + DS’ ~Q h* (K]pz + Dp2> ~Q 0,

where Dg is the divisor

ZE@ + iE@ + %E@ + %E@ + iE@ + iE + iE@ + %E@ + ZLQ + gE(@ + ZE@ + ZLl
Here, the proper transforms of L; and Ls by h are denoted using the same notation. On
the surface S, the curve Ly is a (—5)-curve, the curve Ey is a (—3)-curve, the curves Eg, Eg
are (—2)-curves and the other eight curves in the second column of the table are (—1)-curves.
Starting from the (—1)-curve Lj, we can contract Ep and Eg in turn to the smooth weak del
Pezzo surface S corresponding to a del Pezzo surface S of degree 2 with singularity type Ay (see
Exercise 3.3). Denote the composition of these three blow downs by g: S — S. Put

Dg:g<iE®+iE@ﬁ‘iE@"‘lE@ﬁ‘iE@ﬁ‘iE+iE@+le
This is an effective anticanonical Q-divisor on the surface S. Note that the curves g(Ey) and
g(Ls) are the only (—2)-curves on the surface S and they intersect each other in the form of As.
Contracting these two (—2)-curves, we obtain a birational morphism f : S — S, where S is a
del Pezzo surface of degree 2 with one singular point of type As. Put

5

1 1 1 1 1 1 1
Dg=fog <4E@+ 1E®+ iE©+ ZE®+ ZE"F ZE®+ 4E®) .
Then Dg an effective Q-divisor on the surface S such that Dg ~g —Kg, and
S\ Supp(Ds) = P?\ Supp(Dp2) = C x C*

is a cylinder. Note that we have some freedom for the coefficients in the divisor Dg. We have
fixed its coefficients just for simplicity. Namely, we can replaced consider Dp2 above by

(2—6)L1—|—<1—|—6)L2
Then the proper transform of the divisor Dp2 by the birational morphism h must be replaced
by
(1 — G)E@ + (1 — 3€)E@ + GE@ + EE@ + €E® + 6E—|—
+eEs+€eEn+ (14+€)La+ (2—2€)Ep + (2—3€)Es + (2 — €)1

For this divisor to be effective and to contain the exceptional divisors of the birational morphism
h, it is enough to take a rational number € such that 0 < € < % In our original Dp2, we have

simply chosen € = %.

One can use construction in this example to prove the existence of an anticanonical cylinder

on every del Pezzo surface of degree 2 with a single Du Val singular point of type Ag (see [7] for
details).
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6. POLARIZED CYLINDERS IN SMOOTH DEL PEZZO SURFACES
Let S be a smooth del Pezzo surface of degree d.

Remark 6.1. The Mori cone NE(S) of the surface is polyhedral. Moreover, if d < 7, then NE(S)
is generated by all (—1)-curves in S. This is well-known (see, for example, [12, Theorem 8.2.23]).

Let H be an ample Q-divisor on the surface S. Let us generalize Definition 5.1 as follows:

Definition 6.2. An H-polar cylinder in S is an Zariski open subset U of S such that

(C) U = A! x Z for some affine curve Z, i.e., U is a cylinder in S,
(P) there is an effective Q-divisor D on S with D ~g H and U = S\ Supp(D).

This notion has been introduced and utilized by Kishimoto, Prokhorov and Zaidenberg in
[19], [20] and [21]. It plays an important role in the study of the unipotent group actions on
affine cones, e.g., [20, Corollary 3.2] implies

Theorem 6.3. Suppose that H is an ample Cartier divisor on S. Put

= Spec<@ H°(S, 05 (w))) .

n=0

If V is normal, then it admits an effective algebraic action of the additive group C. if and only
if the surface S contains an H-polar cylinder.

This theorem and Exercise 5.3 imply
Corollary 6.4. Let V be a threefold in C? that is given by
f3($7yvzuw) = 07

where f3 is a homogeneous polynomial. Suppose that V' has isolated singularity at the origin.
Then V does is not admit an effective algebraic action of the additive group C,.

Example 6.5 (cf. [13, Question 2.22]). The threefold in C? that is given by
2ty + 28wt =0

does not admit an effective algebraic action of the additive group C;..

Let Amp(S) be the ample cone of S. Denote by Amp!(S) the set

{H € Amp(S) : there is an H-polar cylinder on S}.

We will call this set the cone of cylindrical ample divisors of the surface S.
Exercise 6.6. Show that Amp®!(S) is not empty.
Exercise 6.7. Suppose that d > 8. Show that Amp®!(S) = Amp(S).

By Exercises 5.3 and 5.4, we know that

~Kg € Amp¥(S) < d>4.

To study Amp®!(S) more systematically, let us recall the invariant of the pair (S, H) defined by
Hasset, Tanimoto and Tschinkel in [17, Definition 2.2]. This number was implicitly introduced
by Fujita in [14]. It plays an essential role in Manin’s conjecture (see, for example, [17]).
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Definition 6.8. The Fujita invariant of the pair (S, H) is the positive rational number
W = inf{)\ € Qo ’ the Q-divisor Kg + AH is pseudo—effective}.

The smallest extremal face Ay of the Mori cone NE(S) that contains Kg + puy H is called the
Fujita face of H. The Fujita rank of (S, H) is defined by rgy := dim Ag.

Now we can generalize Exercises 3.5 and 5.2 as

Exercise 6.9. Suppose that S contains an H-polar cylinder U. Denote by Ci,...,C), the
irreducible curves in S such that S\U = Y ; C;. Let A\1,..., A\, be some non-negative rational
numbers such that N

> XiCi ~q H.

i=1
Show that the singularities of the log pair (S, ug > i1 A;C;) are not log canonical. Conclude
that a(S, H) < ;%H

Let ¢p: S — Z be the contraction given by the Fujita face Ay of the divisor H. Then
either ¢ is a birational morphism, or ¢ is a conic bundle with Z = P!. In the former case,
the ample Q-divisor H is said to be of type B(ry), and in the latter case it is said to be of type

C(rg).
Remark 6.10. If H is of type B(0), then ¢y is an isomorphism and
H ~g —)\Kg
for some positive rational number A. In this case, every H-polar cylinder is an anticanonical
cylinder.

The Fujita invariants can be used to describe the ample cone Amp(.S) explicitly.

Exercise 6.11. Suppose that H is of type B(rg) and rg > 0. Show that Z is a del Pezzo
surface of degree d + ry, and the Fujita face Ay is generated by rp disjoint (—1)-curves on S
contracted by ¢, where ry < 9 — d. Denote these (—1)-curves by Ei, ..., E,, . Show that

TH
Ks+puH ~g Y aE;
i=1
for some positive rational numbers a1, ..., a,, such that a; < 1 for every 7. Vice versa, for every
positive rational numbers €y, . .., €, that are less than 1, show that the divisor —Kg+ >/, € E;

is ample.

Let us denote the set of all ample Q-divisors of type B(rg) on S by Amp?H (S). Tt follows
from Remark 6.10 that Amp(]j3 (S) is the ray generated by the anticanonical divisor —Kg.

Exercise 6.12. Suppose that H is of type C(rg). Show that rig =9 — d > 0, the Fujita face
Ay is generated by the (—1)-curves in the 8 — d reducible fibers of ¢, and each reducible fiber
consists of two (—1)-curves that intersect transversally at one point. Denote by B the general
fiber of ¢p. Show that there are (8 — d) disjoint (—1)-curves Fy, Es, ..., Eg_g4, each of which is
contained in a distinct fiber of ¢, such that

8—d

Ks+pnH ~gaB+ Y a;E;

i=1
for some positive rational number a and non-negative rational numbers aq, ..., ag_g such that
a; < 1 for every i. Conclude that the curves B and F1, Es, ..., Fg_4 generate the Fujita face Ag.



CYLINDERS IN DEL PEZZO SURFACES 11
Vice versa, show that for every positive rational number € and non-negative rational numbers
€1,...,€8_q such that ¢; < 1 for each 4, the divisor —Kg + ¢B + Z?;ld €; F; is ample.
In the case when H is of type C(rpg), we put
Cr = |{aila; # 0}

and say that H is to be of length ¢g. The set of all ample Q-divisors of type C(ry) with length
{g on S is denoted by Amng(S ). It is clear that

8—d 9—d
Amp(S) = [ Amp{(S) U | AmpP(S).
/=0 r=0

Exercise 6.13. Suppose that d > 4. Show that Amp®!(S) = Amp(S).
Exercise 6.14. Suppose that d = 3. Show that Amp!(S) = Amp(S) \ Amp¥ (S).

Thus, we have a complete description of the set Ampcyl(S ) for d > 3. Unfortunately, we do
not have such description for d < 2. But we know a lot about Ampcyl(S) in the case d = 2, and
we know something about Amp®!(S) in the case d = 1.

Exercise 6.15. If d = 2, show that Amp!(S) is disjoined from AmpZ(S) and Amp?(S).
Exercise 6.16. Suppose that d = 2. Show that

6 7
( U Amp?(5)> U < U Ampf@)) C Amp™!(S),
r=3

0=3
show that the sets

Amp®(S) () Ampy (), Amp™ (S) (| Amp§ (S), Amp™! (S) () Amp{ (5

are not empty. Furthermore, if there is a tacnodal curve in | — Kg|, show that Amp®!(S) also
contains Amp§ (S) and Amp{' ().

Exercise 6.17. If d = 1, show that Amp®!(S) is disjoined from the sets Amp®(S), Amp?(S),
and Amp® (S)

Exercise 6.18. Suppose that d = 1. Show that

Amp™ () () AmpP(S) # 0
for each 3 < r < 8, and show that

Amp® (5) () Amp{ () # 0
for each 2 < ¢ < 7.
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SOLUTIONS TO SELECTED EXERCISES

Ezercise 1.2. Applying Minimal Model Program to S, we obtain either a birational morphism
S — TF,, or a birational morphism S — P2. Considering appropriate cylinders in F,, and P2, we
obtain the required assertion. O

FEzercise 1.3. Suppose S contains a cylinder U. Then U be a Zariski open subset in .S such that
U = C! x Z for some affine curve Z. Consider the commutative diagram

PlxPl«—C' xP < C' x Z=—U—-= 8§
/
pz / g
P2 Pp1 A //w S
/
/
/ \ k//
P! P! P!

such that pz and pp1 are natural projections, ps is the projection to the second factor, 9 is
a rational map, 7 is a birational morphism, S is a smooth surface, and ¢ is a morphism. By

construction, general fiber of ¢ is P'. Let Cy,...,C, be irreducible curves in S such that

n

S\U =]

i=1
Let F1,..., E, be the m-exceptional curves of = (if 7 is an isomorphism, we simply put r = 0)
and let T’ be the section of py that is a complement of C! x P! in P* x P'. Denote by Ci,...,Ch
and T the proper transforms of the curves C1,...,C, and T on the surface S, respectively.
Then T is a section of ¢. Moreover, the curve [ is one of the curves Ci,...,C, and Ey, ..., E,.
Furthermore, all other curves among Ci,...,C, and Ey, ... E, are 1rreducible components of

some fibers of ¢. Thus, we may assume that either T' = C’l, or I' = E,.. On the other hand, we
have

,
KS +ZM¢E¢ ~Q W*(Ks)
i=1
for some rational numbers py, ..., p-. Since S has quotient singularities, all these numbers are
less than 1 (see [16]). Let F' be a general fiber of ¢. Then Kg-F = —2 by the adjunction
formula. Put F = 7(F). Then Kg-F > 0, because F is a general fiber of ¢. On the other hand,
if I = E,, then

—1>-24pp =2+ B, - F——2+ZME -F =

which is absurd. Similarly, if T' = Cy, then

T T
—2=-2+4Y wki F=(Kg+» wk) - F=n"(Kg)-F=Kg-F>0,
=1 ]

which is absurd as well. O
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FEzxercise 1.4. By construction, the divisor 6/Kg is linearly trivial. Since there is no non-zero
regular 1-form on E x E invariant by diag(—7, —7), we obtain h'(S, Og) = 0. Using Castelnuovo
rationality criterion and rationality of quotient singularities, we conclude that the surface S is
a rational surface. For details, see the proof of [1, Proposition 5.1].

FEzercise 1.5. See the proof of [22, Theorem 39]. O
Ezercise 2.2. Use D = 1+EO De, + 3% R and Definition 2.1. O
Exercise 2.3. Use Definition 2.1. O
FEzercise 2.4. Use Exercise 2.3 and induction on n (see [16, Exercise 6.18]). O
FEzercise 2.5. Use Exercises 2.4 and 2.3. (]

Ezercise 2.6. The required assertion is well-known (see, for example, [3, Theorem 7]). Put
m = mult(A). If m > 1, then we are done, since

multp(Cy - A) = m.

In particular, we may assume that the log pair (S, D) is log canonical in a punctured neighbor-
hood of the point P. Since the log pair (S, D) is not log canonical at P, there exists a birational
morphism h: S — S that is a composition of 7 > 1 blow ups of smooth points dominating P,
and there exists an h-exceptional divisor, say E,, such that e, > 1, where e, is a rational number
determined by

.
Kg+a1Ci+ A+ eB; ~g h*(Ks + D),
i=1
where each e; is a rational number, each E; is an h-exceptional divisor, Aisa proper transform
on S of the divisor A, and Ciisa proper transform on S of the curve C.

Let f: S — S be the blow up of the point P, let A be the proper transform of the divisor A
on the surface S, let E be the f-exceptional curve, and let C; be the proper transform of the
curve C; on the surface S. Then the log pair (S,a1Cy + (a; +m —1)E + A) is not log canonical
at some point ) € E by Exercise 2.3.

Let us prove the inequality multp(C; - A) > 1 by induction on 7. If » = 1, then

ap+m—1>1,

which implies that m > 2 —a; > 1. This implies that multp(Cy - A) > 1 in the case when r = 1.
Thus, we may assume that r > 2. Since

multp <01 . A) = m + multg ((71 : 5)7

it is enough to prove that m + muth(C_’l - A) > 1. Moreover, we may assume that m < 1, since
multp(Cy - A) = m. Then the log pair

(S;01C1 + (@ +m —1)E+A)

is log canonical at a punctured neighborhood of the point @ € E, since a1 +m — 1 < 2.
If Q ¢ C1, then the log pair (S, (a1 +m—1)E+ A) is not log canonlcal at the point @), which
implies that

mzA-E}muth<A-E)>1
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by induction. The latter implies that Q = C; N E, since m < 1. Then

a +m — 1+muth(C_'1-A> :muth<((a1+m 1)E+A> él> >1

by induction. This implies that multg(C - A) > 2 — a; —m. Then
m+muth(C_'1-A> >2—a;1>21
as required. O

Ezercise 2.7. If multp(D) < 2 and (S, D+(Amultp(D)—1)E) is not log canonical at two distinct
points P; and Pj, then

2 > multp(D) = D-E > multp, (D : E) + mult 5 (D : E) > 2
by Exercise 2.6. Now use Exercise 2.3. (]

Ezercise 2.8. The required assertion is [4, Lemma 2.5]. We have

4
Kg+ D+ a;E; ~g g*(Ks + D).
i=1
This implies that the log pair (S,D) is not log canonical at P if and only if the log pair
(§ .D+ 2?21 a;F;) is not log canonical at some point in Fy U Ey U E5 U Ey. This follow from
Definition 2.1. This, if ag > 1, then (S, D) is not log canonical.

To complete the solution, we may assume that a4y < 1. We must show that (S, D) is log
canonical. Then the log pair (5', D+ Z?Zl a;E;) is not log canonical at some point Q € E; U
E; U E3 U E4. Without loss of generality, we may assume that Qe FEUEs.

Wehave D-E1 >0, D-FEy >0, D-FE3>0and D-FE4 > 0. This gives the system of equations

2a1 —ayq 2 0,
2a —ayq 2 0,
2a3 —ayq 2 0,
2a4 — a1 —az — a3 2 0,
ag < 1,
which implies that a1 <1, ag < 1, and ag < 1.

Suppose that @ € E4. Then the log pair (S’,f) + a1 E7) is not log canonical at Q. By
Exercise 2.6, we get

2a1—a4:ﬁ-E1>1,

which contradicts the system of equations above. This shows that Q) € Fj.
We have Q = E; N Ey. Then (S,D + a1 E1 + a4FEy)is not log canonical at ). Applying
Exercise 2.6 to this pair and the curve E7, we get

2a1—a4:ﬁ~E1 > 1 — ay,
which give a1 > % Applying Exercise 2.6 to the same pair and the curve Ey, we get

2a4—a1—a2—a3:ﬁ-E4>1—a1,
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which give 2a4 > 1 + az + a3. Thus, we have

ay > 5’
2a9 —ay =2 0,
2a3 —ag 2 0,
2a4 > 14 ag + as,
ag < 1.
This system of equations is inconsistent. U

Ezxercise 2.9. The required assertion is [3, Theorem 13]. We may assume that a; < 1 and
ag < 1. Put m = multp(A). Since m < 1, the log pair (S,a1C1 + a2Cy + A) is log canonical in
a punctured neighborhood of the point P. Thus, there exists a birational morphism h: S8
that is a composition of » > 1 blow ups of smooth points dominating P, and there exists an
h-exceptional divisor, say F,, such that e, > 1, where e, is a rational number determined by

T
Kg + alél + CLQOQ + A+ ZelEl ~Q h*(KS 4+ a1C1 4+ aoCs + A),

i=1
where e; is a rational number, each E; is an h-exceptional divisor, Aisa proper transform on S
of the divisor A, C; and Cy, are proper transforms on S of the curves Cy and Cs, respectively.
Let f: S — S be the blow up of the point P, let A be the proper transform of the divisor A
on the surface S, let E be the f-exceptional curve, let C; and Cy be the proper transforms of

the curves C; and Cy on the surface S, respectively. Then

(S, a1Cy + asCy + (a1 + a2 +m — l)E + A)
is not log canonical at some point ) € E by Exercise 2.3.

If r =1, then a; + a2 +m —1 > 1, which implies that m > 2 — a; — a2. On the other hand, if
m > 2 — a; — az, then either m > 2(1 —a;) or m > 2(1 — az), because otherwise we would have

2m < 4 — 2(&1 + (12),

which contradicts to m > 2 — a3 — ag. Thus, if » = 1, then multp(A - C;) > 2(1 — ag) or
multp(A - C2) > 2(1 — a1) as desired.

Let us prove the required assertion by induction on r. The case r = 1 is already done. Thus,
we may assume that » > 2. If Q # ENC; and Q # E N Cy, then it follows from Exercise 2.6
that

m=A-E>1,
which is impossible, since m < 1 by assumption. Thus, either @ = ENC; or Q = E N Co.
Without loss of generality, we may assume that Q = E N Cj.
By induction, we can apply the required assertion to the log pair

(g,alél + (a1 +as +m — 1)E—|— A)
at the point (). This implies that either
muth(A . C_’l) > 2(1 — (a1 + a2 +m — 1)) =4 —2a1 —2a9 — 2m

or multg(A - E) > 2(1 — ay). In the latter case, we have

multp(A . 02) >m>2(1—ay),
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since m = multg(A - E) > 2(1 — a;), which is exactly what we want. Thus, to complete the

proof, we may assume that multg(A - C1) > 4 —2a; — 2ay — 2m.
If multp(A C3) > 2(1 — ay), then we are done. Thus, we assume multp(A - Cy) < 2(1 — ay).
This gives m < 2(1 — a;), because multp(A - C2) = m. Then

multp<A C’l) m + multg (A Cl> >m+4—2a1 —2a9 — 2m =
:4—2a1—2a2—m>2(1—a2),
because m < 2(1 — ay).
Ezercise 2.10. The required assertion is [4, Theorem 1.28]. Suppose that multp(A - C7) <
M + Aa; — ag and multp(A - C3) < N + Bag — a;. Let us seek for a contradiction.
First we observe that A+ M > 1, B > 1,
a(B+1—-MB—N)+p(A+1— AN — M) > AB — 1,
f1—-—N)+Ba>B,a(2—M)B+p(1-N)(A+1) > BA+1),
a(2—M) pB(2—N)
A+1 B+1
1-M N

ay > —— ,a2>T,a1<1anda2<1

Put moy = multp(A). Then my < M + Aa; — a2 and my < N + Bag — a1. Then the above
inequalities imply that mg + a1 + a2 < 2.

Let 71 : S1 — S be the blow up of the point P. Denote by F} the mi-exceptional curve, and
denote by Al, C} and C2} the proper transforms of A, C1, Cs on the surface S;, respectively.
Then the log pair

2 1,

(51, Al +a,Cf + axCh + (mo + a1 + ag — l)Fl)

is not log canonical at some point P, € F} by Exercise 2.3, and this point is unique by Exer-
cise 2.7. Note that mg + a1 + ag — 1 > 0 by Exercise 2.4.

We claim that either P, = F| N C'11 or P = F1 N 021. Indeed, suppose that P; ¢ Cll U 021.
Then the log pair (S1, Al + (mg + a1 + az — 1)F}) is not log canonical at P;. Then

moy = Al i >1
by Exercise 2.6. Thus, we have

<ﬁ+Ba a+ Ap 8+ Ba

AB -1

a+ A
AB -1’

+ (N+Ba2 —a1)

< _
AB—1 AB—1> < (M + Aay —az)

because mg < M + Aa; — as and mg < N + Bas — a1. On the other hand, we have

B + Ba a+Aﬂ<1+M6+MBa+Na+ANﬁ

AB -1 AB—1 " AB -1 ’

because aaq 4+ fas < 1 and AB —1 > 0. But we already proved that my > 1. Thus, we see that
B+Ba+a+AB<AB—1+ MB+ MBa+ Na+ ANS,

which is impossible. This shows that either P, = F; N C{ or P, = F; N C4.

Now we claim that P; # F; N C}. Indeed, suppose that this is not the case. Then the log
pair (S1, Al + a1C} + (mg + a1 + ag — 1)F}) is not log canonical at the point P;. Applying
Exercise 2.6 to this pair and the curve C{, we get

(M + Aai — GQ)

+ (N + Baz — a1)

M+Aa1—a2—m0:A1-C'11>1—(m0—|—a1+a2—1).
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This gives a; > 224, Then

A+1
2—Ma pB(1-N)
<1,
A1 5 < aaq + Pag
because ag > %. Thus, we see that % + B(IT?N) < 1 which is impossible. This shows that

P, # FyNCYL.

Since Py = Fy N C3, the log pair (S1, Al + a1CF + a2C2 + (mo + a1 + as — 1)F}) is not log
canonical at the point P;.

For any positive integer n, we consider a sequence of blow ups

Tn Tn—1 ™3 Uy T

Sh Sh S

So

such that m;41: S;4+1 — 5; is a blow up of the point F; N C’g for every i < n, where we denote
by F; the exceptional curve of the morphism ;, and we denote by C% the proper transform of
the curve C3 on the surface S;. For every positive k < n and i < k, denote by A* CF and FF
the the proper transforms on Sy, of the divisors A, C; and Fj, respectively. Put m; = multp, (A?)
for every i < n. For every k < n, put P, = F}, N C§ The log pair

n i—1
<Sn, A"+ a1CT + asCy + ) <a1 +iag — i+ ZmJ>FZ">
i=1 j=0
is the log pull back of the log pair (S, D) on the surface S,,. By Exercise 2.3, it is not log canonical
at some point of the set F*UFJU---UF'. We claim that this log pair is log canonical at every
point of this set except the point P,, and
i—1
1> ar +iaz —i+ Y m; >0,
§=0
for every ¢ < n. If we prove this claim for every n > 1, we immediately obtain a contradiction,
because the fact that (S, D) is not log canonical at P implies that
n—1
a1 +nazx —n+ ij > 1
j=0
for some n > 1. Let us prove this claim by induction on n. The case n = 1 is already done.
Thus, we may assume that n > 2.
For every k < n, the log pair

k i—1
(Sk, AF +a10F + a2C5 + ) <a1 +kay — k + ij) Ff)

i=1 j=0

is the log pull is the log pull back of the log pair (S, D) on the surface Si. By induction, it is
not log canonical at Py and is log canonical at every point of the set Ff U Ff U---U F,iC that
is different from Pg. Thus, it is not log canonical at P, by Exercise 2.3. Similarly, we have
1>a1+kas—k+ Z?;l mj = 0 for every k < n. We must show that the same assertions hold
for k = n.

By induction, the log pair

n—2
<Sn—17 A1 + azcg + <a1 + (n — 1)&2 — (TL — 1) + Z mj>F£_1>
=0
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is not log canonical at the point P,,_1. By Exercise 2.4, we have a1 + nas —n + Zj —omj =0.
Moreover, applying Exercise 2.6 to this log pair and the curve 02 , we obtain

n—2 n—2
N — Bay —a; — ij:A”_l-Cg_l >1— (al—i—(n—l)ag— (n—l)—l—ij),
j=0 =0

which implies that as > B”%an

Now let us prove that a1 + nas —n + Z] o m; < 1. Suppose that this is not true, i.e., we
have a; + nas —n+2” Omj > 1. We have mg + as < M + Aaq. Then

n—1
a1 +nM +nAay —n > a1 +nas —n+nmg = al—i—naQ—n—i—ZmJ > 1,
7=0
which immediately implies a; > ”2}4;]\14 . One the other hand, we just proved that as > 737?@{ T-

Therefore, we see that

a=M o\, A-1+M ,1-B-N_
A A(An+1) B+n—-1

n+1—Mn n—N
= <1
Sy e -
where a2= + 8 > 1. Therefore, one has
A+ M -1 B+N-1
o <p ,
A(An +1) B+n-—1
where n > 2. But A+ M > 1 and B > 1. Thus, we see that
A(An +1) B+n-1

@A+ M-1) BB+N_-1)
while A2(B+ N —1)8 < a(A+ M — 1) by assumption. Then

A B-1
a(A+M—-1) BB+N-1)7

N A? B 1 N A B B-1 -
“la@A+M -1 B+M-D)" T aA+rM—-1) BBLN_1)
which implies that SA(B+ N —1) > a(B —1)(A+ M —1). Then
a(A+ M — 1)
A

because A?2(B+ N —1)8 < a(A+ M —1) by assumption. Then a # 0 and A(B—1) < 1, which is
impossible, because A(B — 1) > 1 by assumption. This shows that a; +nas —n+ 0 m; < 1.

>BAB N —1)>a(B—1)(A+ M- 1),

Now let us show that the log pull back of the log pair (S, D) on the surface S, is log canonical
in every point of F), that is different F,, N F}’_; and F,, N C. Suppose that this is not true, so
that this log pair is not log canonical at some point () € F}, that is different from F;,, N F}} | and
F,NC%. Then the log pair

n—1
(Sn, A" + (al +nas —n+ Z mJ>Fn>

j=0
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is also not log canonical at the point (). Thus, mg > m,_1 = A™- F, > 1 by Exercise 2.6. Then

B+ Ba o+ AB B + Ba a+ Ap
AB—-1 AB-1 AB -1 AB -1’

><(M—|—Aa1—a2) + (N + Baz — a1)

because mg < M + Aa; — as and mg < N + Bas — a1. Thus, we have
B + Ba Oz+Aﬁ<1+Mﬁ+MBa+Noz+ANﬁ
AB -1 AB—-1 " AB -1 ’
because aa; + Sas < 1 and AB — 1> 0. But mg > 1. This gives

B+Ba+a+ A< AB -1+ MB+ MBa+ Na+ ANS,

which contradicts one of our initial assumptions.

To finish the proof of the claim (and complete the solution of the exercise), we must prove
the log pull back of the log pair (S, D) on the surface S, is log canonical at the point F,, N F)_,
Suppose that this is not the case. Then the log pair

n—2 n—1
(Sn,A +<a1+(n1)a2(n1 +Zm]> e 1+<a1+na2n+2m]> >

Jj=0 Jj=0

(M + Aa1 — ag) + (N + BCLQ — al)

is also not log canonical at the point F;, N F}' ;. Then

n—1
Mp—9 — Mp1 =A" - F,,_9>1— <a1+na2 —n+ ij>
§=0
by Exercise 2.6. Since
M + Aa; — as — my EmultP(A-C’l) — my >A'Cl—m0=A1-C'11 >0,

we have mg + as < Aa; + M. Then

n—1
nM + nAa; — nas = nmgy = (n—l—l)mo—mn_l > My — Mp—1 + ij >n+1—a; —nag,
7=0
which gives aq > %. Arguing as in the proof of the inequality a; +nag — n—l—zj “om; < 1,
we immediately obtain a contradiction. This completes the solution of the exercise. D

Exercise 2.11. Let X be a cone over the curve C; whose vertex is a general enough point in P3.
Then
XNnsS=0C;+ éi,
where Cj is an irreducible curve of degree (deg(S) — 1)deg(C;). Moreover, C; is not contained
in the support of the divisor D, and the intersection C; N C; consists of exactly deg(é’i) singular
points. Thus, we have
deg(Cy) = D - C; = a;C; - C; > azdeg(C),

which implies that a; < 1. This solution is due to Pukhlikov. For an alternative solution, see
the proof of [16, Lemma 5.36]. O

Ezercise 2.12. Suppose that a; > 1. Let us seek for a contradiction. We may write D = a1 C142,
where Q = >"7_ 5 a;C;. Since

2:—K5-D:—KS‘(CL101+Q):—ale-Cl—Ks-QZ—alKS-Cl>—KS'C'1,

we have —Kg - C; = 1. Then 7(C}) is a line in P2, Thus, there exists an irreducible reduced
curve C] on S such that C; + C] ~ —Kg and 7(C;) = n(C1). Note that C; = C] if and only if
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the line m(C1) is an irreducible component of the branch curve C. Since C' is irreducible, this is
not the case. Thus, we have Cy # Cj.

Note that C? = (C})? because C; and C] are interchanged by the biregular involution of S
induced by the double cover 7. Thus, we have

2
2= (-Kg)? = (C1+Cf)" =208 + 201 - ¢,

which implies that Cy - C] = 1 — C%. Since C; and Cf are smooth rational curves, we can easily
obtain

k
where k is the number of singular points of S that lie on C;. Now we write D = a1C1 +a,C| +T,
where a] is a non-negative rational number and I is an effective Q-divisor whose support contains
neither C1 nor Cf. Then

1=0C1 - (@101 +aiC1+T) =
=a,C? +ad\C,-C1+C,-T >
> a,C% +ad|Cy - C) = a1C? +a (1 - CP),
and hence 1 > a1C% + a) (1 — C%). Similarly, from C] - D = 1, we obtain
1>d\C?+a1(1-C%).

The obtained two inequalities imply that a; < 1 and a} < 1 since C? = —1 + %, k=0,1,2.
Since a1 > 1 by our assumption, this is a contradiction.

We see that a; < 0. Similarly, we see that a; < 1 for every i. Now we suppose that (S, D)
is not log canonical at P. Let us show that 7(P) € C. Suppose that this is not the case, i.e.,
T(P) ¢ C.

Let H be a general curve in | — Kg| that passes through the point P. Since 7(P) ¢ C, the
surface S is smooth at the point P. Then

2=H D >multp(H)multp(D) > multp(D),

and hence multp(D) < 2.

Let f: S — S be the blow up of the surface S at P. Denote by D the proper transform of
the divisor D on D, and denote by E the exceptional curve of the blow up f. Then it follows
from Exercise 2.3 that the log pair

(S,D + (multp(D) — 1))

is not log canonical at some point () € E. Moreover, this point is unique by Exercise 2.7.
Applying Exercise 2.4 to this log pair, we get

multp (D) + multg (D) > 2.

Since 7(P) ¢ C, there exists a unique reduced but possibly reducible curve R € | — Kg| such
that R passes through P and its proper transform on S passes through the point Q. Note that
R is smooth at P. This enables us to assume that the support of D does not contain at least
one irreducible component of R by Exercise 2.2. Denote by R the proper transform of R on the
surface R. If the curve R is irreducible, then

2 — multp(D) = 2 — multp(C)multp(D) = R - D > multg(R)multg(D) = multg(D),

which is impossible, since we already proved that multp(D) + multg(D) > 2. Thus, the curve
R must be reducible.
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We may write R = Ry + Ro, where R; and Ry are irreducible smooth curves. Without loss
of generality we may assume that the curve R; is not contained in the support of D. Then the
point P must belong to Ro, because otherwise we would have

1=D- Ry > multp(D) > 1,

since multp(D) > 1 by Exercise 2.4. Thus, we put D = aRs + 2, where a is a non-negative
rational number and 2 is an effective Q-divisor whose support does not contain the curve Rs.
Then

1:R1-D:(2—%l)a+R1'Q>(2—%[)@

where [ is the number of singular points of S contained in the curve R;. Denote by Ry the
proper transform of the curve Ry on the surface S, and denote by 2 the proper transform of the
divisor €2 on the surface S. Then the log pair

(S, aRs +Q + (multp(D) - 1)E)
is not log canonical at ). Note that we already proved that ¢ < 1. Thus, it follows from
Exercise 2.6 that 1
(2 — il)a =Ry- ((_2 + (multp(D) — 1)E> > 1.
This is a contradiction. O

Ezercise 3.2. Use the fact that K2 > 0 and —Kg - C > 0 for every curve C on S (see [12]). [

Ezercise 3.3. Let f: S — S be the minimal resolution of singularities. Then K g~ [*(Kg), so
that —Kg is big and nef, i.e., K% >0 and —Kg-C > 0 for every curve C on S. Use this to show

that either S is a quadric in P3 and d = 8, or S is a blow up of P? in 9 — d points such that no
four of them lie on a one line, and no seven of them lie on a one conic. See [11] for details. [

Ezercise 3.4. If d = 3, then each a; does not exceed 1 by Exercise 2.11. If d = 3, then a; < 1
for each ¢ by Exercise 2.12. If d = 1, we have

1= d = ng =D-. (—Ks) = Z(IZCZ . (—Ks) 2 ai(]i . (—Ks),
=1

which immediately implies that a; < 1 for each <.

Suppose now that (S, D) is not log canonical at some point P € S. Let us show that there
exists a unique divisor T € | — Kg| such that T is singular at P, the log pair (S,T) is not
log canonical at P, and all irreducible components of T is contained in Supp(D). We consider
the cases d = 1, d = 2 and d = 3 separately. For an alternative prove in the case d = 3,
see [6, Theorem 1.12].

Suppose that d = 1. Let C be a curve in | — Kg| that passes through P. Then C is irreducible.
If C is not contained in the support of D, we have

l=d>K%=D-C>multp(D) > 1,

by Exercise 2.4. This shows that C'is contained in the support of D. If (S, C) is not log canonical
at P, then we can put 7' = C and we are done. Thus, we may assume that (S, C) is log canonical
at P. Then Exercise 2.2 implies the existence of an effective Q-divisor D’ such that D" ~qg —Kg,
the curve C is not contained in the support of D', and (S, D’) is not log canonical at P. Now
Exercise 2.4 implies that

l=d>K%=D-C>multp(D) > 1,

which is absurd.
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Now we consider the case d = 2. In this case there exists a double cover 7: S — P? branched
over a smooth quartic curve C. Moreover, we have

D ~qg —Kgs ~1(L),

where L is a line in P2. By Exercise 2.12, we have 7(P) € C. Now we may assume that L is
tangent to the curve C. Denote by R the curve in | — Kg| that is mapped to L by 7. Then R
is singular at P by construction. If R is irreducible and is not contained in the support of D,
then Exercise 2.4 gives

2=d>K%=D- R >multp(D)multp(R) > 2multp(D) > 2,

which is absurd. Note that either R is irreducible or R consists of two (—1)-curves that both
pass through P. Thus, if one component of R is not contained in the support of D, then we
obtain a contradiction in a similar way by intersecting D with this irreducible component of D.
Thus, we may assume that all irreducible component of R are contained in the support of D.
Now we can use Exercise 2.2 as in the case d = 1 to conclude that (S, R) is not log canonical at
P. Hence, we can put T'= R and we are done again.

Finally, let us consider the case d = 3. In this case, S is a smooth cubic surface in P3. Denote
by Tp the intersection of S with the hyperplane in P? that is tangent to S at the point P. By
Exercise 2.11, Tp is a reduced cubic curve that is singular at P. If (S,Tp) is not log canonical
at P and all irreducible components of Tp are contained in Supp(D), we can put 7' = Tp and
we are done. Thus, we may assume that this is not the case. Now using Exercise 2.2, we may
assume that at lest one irreducible components of T is not contained the support of the divisor
D. To complete the solution, we must obtain a contradiction.

If Lp is a line in S that passes through P, then Lp is contained in in Supp(D), because
otherwise we would get

1=d>D-Lp>multp(D)multp(Lp) > multp(D) > 1
by Exercise 2.4. Thus, we see that mult p(Tp) = 2. )
Let f: S — S be the blow up of the point P. Denote by D the proper transform of the divisor

D on the surface S, denote by Tp the proper transform of the curve Tp on the surface S, and
denote by F the f-exceptional curve. Then multp(D) > 1 by Exercise 2.4, and the log pair

(8, D+ (multp(D) —1)E)

is not log canonical at some point @) € E by Exercise 2.3. Moreover, there exists a commutative
diagram

S J S
| |
S _.p2

where v is a projection from P, the morphism ¢ is a contraction of the proper transforms of
all lines in S that pass through P, and h is a double cover branched over a quartic curve. This
quartic curve has at most two ordinary double points, because multp(Tp) # 3. Now applying
Exercise 2.12, we see Q € ENTp.

Note that Tp is one of the following curves: an irreducible cubic curve, a union of a conic and
a line, a union of three lines. Let us consider this cases separately.

Suppose that Tp splits as a union of a conic and a line. Then Tp = Lp + Cp, where Lp is a
line, and Cp is an irreducible conic. We already proved that Lp is contained in the support of
D. Hence, Cp is not contained in the support of D. Thus, we write D = aLp + (), where a is a
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positive rational number, and € is an effective Q-divisor on S whose support contains none of
the curves Lp and Cp. Put m = multp(§2). Then multp(D) = m + a and

2—-2a=Q-Cp>2m
which gives m + 2a < 2. Similarly, we have
l+a=Lp-D=Q-Lp>m

which gives 1+ a > m. Denote by Cp the proper transform of the conic Cp on the surface S,
denote by Lp be the proper transform of the line Lp on the surface S, and denote by €2 be the
proper transform of the divisor {2 on the surface S. Put 7 = multg(€2). Then the log pair

(S,Qip—i—fl—i— (m+a—1)E)

is not log canonical at P. Applying Exercise 2.4 to this log pair, we obtain 2a +m +m > 2.
One the other hand, if Q) € Cp, then

2—2a—m:Q~C'p> 7

which implies that Q ¢ Cp. Since we already proved that Q € Tp, we see that Q € Lp. Now
we can apply Exercise 2.10 to the log pair (S aLp+Q+ (m+a—1)F) at the point . Put
Ci,=FE Co=Lp, M=1,A=1,N=0, B=2,and a = 3 =1. One can easily check that all
hypotheses of Exercise 2.10 are satisfied. Thus, Exercise 2.10 gives
m=multg(Q-E)>1+n+m—1)—n=m

or

I+n—m=multg(Q-L) >2n—(n+m—-1)=14+n—m
which is absurd. Note that we can obtain a contradiction in the case also by using Exercise 2.9
instead of Exercise 2.10.

We see that Tp a union of three lines. Denote these lines by L1, Lo and Ls. Without loss of
generality, we may assume that P = L; N Lo, and P ¢ Ls. We proved earlier that L and Lo
are contained in the support of D. Thus, we write D = a1Lq + asLo + A, where a1 and ag are
positive rational numbers, and A is an effective Q-divisor whose support does not contain the

lines Ly and Ls. Note that the support of A does not contain the curve L3 by assumption. Put
n = multp(A). Then

n<A- L= (H—alLl—a2L2> L1 =1+4a; — a9,
because Ly - Ly = 1 and L% = —1 on the surface S. Similarly, we see that
n<A-Ly= (H*Q1L1*CL2L2> -Lo=1—a; + a9,

because L3 = —2 on the surface S. Adding these inequalities, we get n < 1. Thus, applying
Exercise 2.9, we get
1+a1—ax=A-L1 >2(1—as)
or
1—a1+a2:A-L2>2(1—a1).
Thus, we get a1 + a2 > 1. On the other hand, we have

O<A-L3:(H—alLl—ang)-L3:1—a1—a2,

which implies that a; + a2 < 1. The obtained contradiction completes the solution. O
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Ezxercise 3.5. Since Cl(U) is trivial, the curves Cy,--- ,C), generate the group CI(S). Since S
has at most quotient singularities, the group Cl(S) ® Q coincides with the group Pic(S) @ Q.
Thus, the curves Cy,--- ,C), generate the vector space Pic(S) ® Q over Q, which implies that
their number n is at least the dimension of this space.

Since U is a cylinder, U = C! x Z for some affine curve Z. Consider the commutative diagram

PlxPl— OC!xPl=— O Clx Z=—U——>§

/
& TN
/
D2 Pp1 Z //w S
/
/
/ \ y ¢

P! P! P!
such that pz and pp1 are natural projections, py is the projection to the second factor, 9 is
a rational map, 7 is a birational morphism, S is a smooth surface, and ¢ is a morphism. By
construction, general fiber of ¢ is P!. Let F1,..., E, be the m-exceptional curves of 7 (if 7 is
an isomorphism, we simply put » = 0), and let I" be the section of ps that is a complement of

C! x P! in P! x P!. Denote by C1,...,C, and I the proper transforms of the curves Cr,...,Cy
and T on the surface S, respectlvely Then T is a section of ¢. Moreover, the curve I' is one

of the curves Cl, ..., Cp and Eq,..., F,.. Furthermore, all other curves among C’l, .. ,C’n and
FEq,...,E, are 1rreducible Components of some fibers of ¢. Thus, we may assume that

e cither I=0Ch,

eorI'=F,.

If T = C, then 1 is a morphism, so that we may assume that 7 is an isomorphism. If I =E,,
then we may assume that 7 is a composition of 7 blow ups of centers the discrete valuation v
associated to the curve I', so that I' is the exceptional curve of the last blow up. Then

S+Z)‘C —|—Z,u,E ~Q T <K5+Z)\C)NQO
=1 =1

for some rational numbers 1, ... S b Let F be a general fiber of ¢. Then Kg . F = —2 by the
adjunction formula. Put F = n(F). If T = E,., then

n '
— 24y =24 B F =2+ NCi- F+ ) piE; -
=1 =1

F=
= (Kg+§ninéi+§ijEi) : ( (Ks+z>\ 0)) = (wa)&@) F=0
i=1 i=1 i=1 i=1
Similarly, if I' = C4, then

n T
—2+)\1:—2-{—)\101'F=—2+Z/\iéi‘F+ZMiE
=1 =1

F=
- <K§+§:>\i@+imﬂ) : ( (KS+Z)\ c)) = (KS—an:)\iCi) F=0
i=1 i=1 i=1 i=1
Therefore, we see that

e either A\; =2 (in the case when =0y,
e or i, =2 (in the case when I' = E,).
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In particular, the singularities of the log pair (S,>"1; \;C;) are not log canonical. O

Ezercise 3.6. The existence of desired surfaces is well-known. See, for example, [15]. The absence
of cylinders on S follows from [7, Theorem 1.5]. Indeed, suppose that S contains a cylinder U.
Denote by C1, ..., Cy, the irreducible curves in S such that S\U = > ; C;. Note that the rank
of the Picard group of S is 1. Hence, there is a positive rational number A such that

n
A> Ci~g —Ks.
i=1
Put D = A} C;. Then the singularities of the log pair (S, D) are not log canonical at some
point P € S by Exercise 3.5.

Let C be a curve in | — Kg| that passes through P. Then C is an irreducible curve. Note
that C' contains at most one singular point of S. This implies that C' # D, because S\ U is
smooth, and S\ C' is not smooth. Thus, there exists a positive rational number p > 0 such that
the support of the Q-divisor

(1+up)C —pC
does not contain at least one irreducible component of P. Applying Exercise 3.5 to this divisor,
we see that the log pair (S, (14u)D—pC') is not log canonical at P. Replacing D by (1+u)D—puC,
we may assume that (S, D) is not log canonical at P, and C' is not contained in the support of
the divisor D. Let us show that this leads to a contradiction.

If S is smooth at P, then

1=K%=C-D > multp(C)multp(D) > multp(D) > 1

by Exercise 2.4. Hence, P is a singular point of S.

Let f: S — S be the minimal resolution of the singular point P. Denote by Fi, ..., E, the
f-exceptional curves, denote by D the proper transform of the divisor D on the surface S, and
denote by C the proper transform of the curve C on the surface S. Then there are non-negative
rational numbers aq, ..., a, such that

T
Kg +D+ZaiEi ~Q f*(Ks—l-D) ~Q 0.

i=1
We can immediately see how the proper transform C of the effective anticanonical divisor C
intersects the exceptional divisors Fj;.

Suppose that P is a singular point of type Dy. Then r = 4 and we may assume that the

exceptional divisor Ey is the (—2)-curve that intersects all the other three (—2)-curves. We see
that, C-Es=1and C-E,=C - FEy=C-E3;=0. We then obtain

1 —ai= (F(-Ks) - Y aik) -C=D-C>0.
=1

Thus, the log pair (S, D) is log canonical at P by Exercise 2.8, which is a contradiction. We see
that P is not a singular point of type Dy.

Suppose that P is a singular point of type A,, where r < 3 by assumption. If r > 1, then
we assume that £ and E, are the tail curves, i.e., the (—2)-curves intersecting only one (—2)-
curve, respectively. In this case the curve C' intersects F; and E,., respectively, at one point
transversally, and it does not intersect the other (—2)-curve in the case when r = 3. If r = 1,
then C - E; = 2. Therefore, we have

1—a; —a, = (f*(—KS)—Za,-Ei) .C=D-C>0,
i=1



26 IVAN CHELTSOV

and hence a; +a, < 1 (if r = 1, then a1 < 3).

Consider the case r = 1. Since D - By = 2a1 < 1, the log pair (S’ D+ a1 E1) is log canonical
along the exceptional curve E; by Exercise 2.6. Therefore, the log pair (S, D) is log canonical
at P.

Next we consider the case r = 2. We then have a1 + a9 < 1. Moreover, we obtain 2a; > as
from the inequality

2a1—a2:D~E1>0.

Similarly, 2a2 > a1. Since a1 + a2 < 1, we may assume that a; < 5. We obtain
(E + CLQEQ) - FEp = 2a1 <1,

and hence the log pair (5‘ , D+ a1 Eq + ag Es9) is log canonical along the curve Fy by Exercise 2.6.
Furthermore, the inequality

DE2—2(12—CL1 2a1+(2—a1):a1+a2<1

and Exercise 2.6 imply that the log pair (S D+ a1E + azF») is log canonical along the curve
E,. Consequently, the log pair (S, D) is log canonical at P.

Finally we consider the case r = 3. We have a; 4+ a3z < 1. Moreover, we may obtain 2a; > as,
2a9 > a1 + a3 and 2a3 > ag from

2a1—a2:l~)-E1>0,
2a2—a1—a3:D-E2>O,
2a3—a2:l~)-E3>O.

since a1 + a3z < 1. Since

We may assume that a; < 5,

(D + asFEy + a5E3) - F1 =2a1 <1,

the log pair (S, D+ a, E; +as By + a3 E3) is log canonical along the curve By by Exercise 2.6. By
Exercise 2.6, the log pair (S, D + a1 Fy 4+ aaFEs + agE3) is log canonical at every point of Fy U E3
that is different from FE3 N Es, since

D-FE3=2a3—as < (2a2 —a1) + a3 —az <a; +ag <1,
{D-E2—2a2—a1—a3 < 2(ay +a3) — (a1 +a3) = a1 +ag < 1.
Let @ be the intersection point of Fy and E3. We have
D - E; =2as — a1 — a3 < (4a1 — a1 + a3) — 2a3 = 2a1 + (a1 + a3) — 2a3 < 2(1 — ag),
{D-E3:2a3—a2:2a3+a2—2a2 < 2a3 + 2a1 — 2as < 2(1 — a9),

and muth(D) < E3- D = 2a3 — ag < 1. Thus, the log pair (S, D + a1 F) + agEy + azF3) is log
canonical at @) by Exercise 2.9.

We proved that the log pair (S’,f) + a1 Fy + asEs + a3FE3) is log canonical along the three
exceptional curves, and hence (S, D) is log canonical at P, which is a contradiction. U

FEzxercise 3.7. The required assertion follows from Exercise 3.5. O

FExercise 4.1. Use Exercises 2.2 and 2.4. O
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Ezercise 4.2. 1t follows from Exercises 3.4 and 2.2 that «(S, —Kg) = a1 (S, —Kg). The number
a1(S, —Kg) is easy to compute. Thus, if d = 1, then

1 if | — Kg| contains a cuspidal curve,

a(S,—Kg) = )
( ) { 8 if | — Kg| does not contain cuspidal curves.

Similarly, if d = 2, one has

3
1 if | — Kg| contains a tacknodal curve,

a(S,—Kg) =
g if | — Kg| does not contain tacknodal curves.

Finally, if d = 3, we have
if S contains an Eckardt point,

Oé(S, —Ks) =
if S does not contain Eckardt points.

el wwl N

For an alternative solution, see the proof of [2, Theorem 1.7].
FEzercise 4.3. This follows from the definitions of a(X, L) and oy, (X, L).

Ezxercise 4.4. By Exercises 4.1 and 4.2, we may assume that 7 > Ké% > 4. Then

a(S, —Ks) < (Xl(S, —KS) < ;
Suppose that a(S, —Kg < a1(S,—Kg). Then there exists an effective Q-divisor D such that
D ~g —Kg and (S,AD) is not log canonical for some A < a1(S5, —Kg). One can easily see that
the log pair (S, \D) is log canonical outside of finitely many points.
Let P be one of these points at which (S,AD) is not log canonical. Then there exists a
birational morphism f: S — P? such that f contracts 9 — K% disjoint (—1)-curves and f is an
isomorphism in a neighborhood of the point P. Then

(P2, 7f(D))

is not log canonical at the point f(P) and is log canonical outside of finitely many points. Note
that f(D) ~g —Kp2. This easily leads to a contradiction (see the proof of [2, Theorem 1.7]). O

Ezxercise 4.5. If d < 2, then the required assertion follows from Exercise 4.1. If d = 3, then
the required assertion follows from Exercise 4.2. Thus, we assume that d = 4. Suppose that
a(S,H) < a1(S, H). Then there exists an effective Q-divisor D such that D ~g H and (S, AD)
is not log canonical for some A < «a1(S, H). By Exercise 2.11, the log pair (S, AD) is log canonical
outside of finitely many points.

Let P be one of these points at which (S, \D) is not log canonical. Then the support of D
contains all lines in S that passes through P. Indeed, if L is such a line and L is not contained
in the support of D, then

1
1:L-H:L-D>multp(L)multp(D):m>X>1

by Exercise 2.4.
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Consider the quartic curve Tp that is cut out on S by the hyperplane in P? that is tangent
to S at the point P. By Exercise 2.11, Tp is a reduced plane quartic curve. Note that Tp is
singular at the point P. By Exercise 2.5, one has

2

letp(S,Tp) < —————.
¢ P( ’ P) multp(Tp)

In particular, if multp(Tp) > 3, then A < % Use parameter count to show that aq (S, H) < %,
so that A < %.

By Exercise 2.2, we may assume that the support of the divisor D does not contain at least one
irreducible component of the plane quartic curve Tp. In particular, we see that multp(Tp) < 4,
since the support of D contains all lines in S that passes through P. Similarly, if C' is an
irreducible quartic curve and multp(7p) = 3, then

4=H -C=D-C Zzmultp(C)multp(D) > 3multp(D) > ;,
which is impossible, since \ < %. In all other cases, we can obtain a contradiction in a similar
way using Exercises 2.6 and 2.9, the fact that (S, AD) is not log canonical at P, the inequalities
A< % and A < ﬁ(ﬂ?)’ and the assumption that the support of the divisor D does not contain
at least one irreducible component of the plane quartic curve Tp. Let us consider just the case
when Tp consists of a (possibly reducible) conic and two lines, and the two lines intersect at P
and P does not lie on the conic.

We suppose that Tp consists of two lines I; and Lo, and a possibly reducible conic C, where
P is the intersection point of the lines L1 and Lo, and P is not contained in the conic C. We
denote by C, the irreducible component of the curve Tp that is not contained in the support of
the divisor D. We already know that both lines Ly and Lo are contained in the support of the
divisor D. In particular, Cy # L1 and Cy # Ls. Write D = Q + a1L1 + as Lo, where a1 and as
are positive rational numbers, and 2 is an effective Q-divisor whose support does not contain
the lines L1 and Ls. Note that the support of €2 does not contain the curve C by assumption.
Put n = multp(2). Then

n<Q- L1 = (H—alLl—ang) - L1 =14 2a1 — as,
because L1 - Ly = 1 and L% = —2 on the surface S. Similarly, we see that

n< Q- Ly= (H—alLl—ang) - Lo =1— a1 + 2as9,
because L2 = —2 on the surface S. Finally, we have

0 g Q- C* = (H — a1L1 — ang) . C* = deg(C*)(l — a1 — CLQ),

which implies that a1 4+ as < 1. Adding these three inequalities together, we get n < %

Let f: S — S be a blow up of the surface S at the point P. Denote by E the f-exceptional
curve, and denote by (2 the proper transform of the divisor 2 on the surface 2. Similarly, denote
by L1 and Lo the proper transform of the lines L1 and Lo on the surface €2, respectively. Then
the log pair

(Sv, Aalil + )\CLQEQ + )\ﬁ + ()\(al + as + n) — 1)E>
is not log canonical at some point () € E by Exercise 2.3. On the other hand, n + a1 + a1 < %,
because a; + a2 < 1 and n < % Thus, the latter log pair is log canonical at every point of the
curve F that is different from Q.
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Put n = muth(Q) Then 1 < n.
Suppose Q € Li. Then Q & Ly and

néQ-Ll:Q-Ll—n:1+2a1—a2—n.

This gives 2n < n+n < 142a; —as, because n < n. Since, we already know that n < 1—a1+2as,
we get
3n<2n+n<2+a; +a2 <3,

because a1 + ag < 1. Thus, we see that n < 1. On the other hand, the log pair
(S, Aa1Ls + A2+ (A(a1 + az +n) = 1) E).
is not log canonical at Q. Thus, we can apply Exercise 2.9 to this log pair. This gives
M1+ 201 —ay = n) = A(Q- L —n) =20 Ly > 2(1 = (Aa1 + a2 +n) — 1)

or \n=\1E > 2(1—Xay). Since A< 3 , the former inequality gives n+4a; +ao > 13 , and the
later inequality gives n+2ay > Slnce we already proved that n < 1+2as—aq and a1 +a2 1,
the inequality n + 4a1 + a2 > 133 leads to a contradiction, and the inequality n + 2a;1 > g gives
az > % Hence, we have ao > % Now applying Exercise 2.6, we obtain

A+3Xa; —1=A(1+2a1 —az) + da1 + dag — 1 =
= M(H = a1y — azLs) - Ly + Aa1 + Aag — 1= AQ- Ly + Aa1 + Aap — 1 =
=ANQ- Ly —n)+Xag +Xag + A —1=XQ2- Ly + ay + hag + In — 1 =
= ()\ﬁ—i—()\(a1+a2+n)—1)E>-E1>1,

which results in a1 > 5 . On the other hand, we have a1 + as < 1 and ag > 3, which is absurd.

We see that Q & L1. Similarly, we see that Q) ¢ L.

Let g: S — S be the blow up of the surface S at the point @), and let I’ be the exceptional
curve of g. Denote by E the proper transforms of E on the surface S, and denote by Q the
proper transform of the divisor {2 on the surface S. Since Q ¢ LiU f}g, the log pair

(g,)\§+ (May +az+n)—1)E+ ()\(a1+a2+n—l—ﬁ)—2)F)

3

is not log canonical at some point O € F. Since a; + a2 < 1 and n < n < 5, we have

~ 3
a1+a2+n+n<a1+a2+2n<4<x,

because A < %. Thus, it follows from Exercise 2.7 the latter log pair is log canonical at every
point of F' that is different from O. If O = F N E, then

Mar+az+2n) —2=An—-n)+ XNai +az+n+n)—2=
=X E+Mar+as+n+7) —2= X0+ (Mar +az +n+0) =2)F) - E>1

by Exercise 2.6, which implies that a; + as + 2n > % > 4, because A < %. Since we already

< 3, we see that O # F N E. Applying Exercise 2.4, we get

proved that a; + a2 <1 and n < 3,

_ — 3
ai + az +n+n+ multp(Q) >X>4'
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Consider the linear system
M= |(fog)*(H)—2F — E|.

It is a free pencil, because QQ ¢ LU f/g. Thus, M contains a unique curve that passes through
the point O. Denote this curve by M, and denote its proper transform on S by M. Then M is
a hyperplane section of the surface S and P € M. In particular, M is reduced by Exercise 2.11.
Moreover, M # Tp by construction. Thus, M is smooth at P, which implies that M is the
proper transform of the curve M on the surface S.

Since M is smooth at P, the log pair (S, AM) is log canonical at P. Thus, it follows from
Exercise 2.2 that there exists an effective Q-divisor D’ such that D’ ~q H, the log pair (S, \D’)
is not log canonical at P, the support of the divisor D’ is contained in the support of the divisor
D, and the support of the divisor D’ does not contain at least one irreducible component of the
curve M. Replacing D by D’, we may assume that D enjoys all these properties.

Denote by M, the irreducible component of the curve M that is not contained in the support
of D. Similarly, denote by M’ the irreducible component of the curve M that contain O, and
denote its image on S by M’. If M, = M’, then

multo(ﬁ)gﬁl-ﬁgdeg(M’)—al—ag—n—ﬁ<4——a1—a2—n—ﬁ,

which contradicts the inequality we obtained earlier. Thus, we see that M, # M’. In particular,
the curve M is not irreducible. L

Since M is smooth at P and P € M’, we have P & M,. Since Q ¢ L1 U Lo, the curve M’ is
not a line. Hence, either M’ is a conic or M’ is a cubic curve. Put Q = aM’ + A, where a is a
non-negative rational number, and €2 is an effective Q-divisor whose support does not contain
M'. Then a < 1 by Exercise 2.11. In fact, we can say more. Indeed, we have

deg(M,) = H- M, = D - M, > aM' - M,.
Since M’ - M, = deg(M')deg(M,) on the surface S, we have

deg(M,)
5 deg(M’)deg(M,)’

1
t 3 _

Denote by A the proper transform of the divisor A on the surface S. Put m = mult p(A) and
m = multg(A). Since O # ENF and Q ¢ Ly U Ly, the log pair

which implies that a <

(S, AaBT' + XA + (Am + Aar + Aag + Mo + 2ha — 2)F).
is not log canonical at the point the point O. Applying Exercise 2.6 to this log pair, we obtain
M A+ (AntAay +Aas + X+ 22 —2) = M- (XA + (Am+Aay + Aaz + i+ 2a—2)F) > 1.
This gives

M -A+m+a+as+m+2a > ;

On the other hand, we have
M A =M'"-A—m—i = M'-(H—ay L1 —ag Ly—aM')—m—m < deg(M')—a;—ag—a(M")> —m—rn.
Therefore, we obtain

deg(M') — a(M')? > % —2a >4 — 2a,
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because A > %. Thus, we have

a(Q — (M’)Q) > 4 — deg(M').
This gives a > %, which is impossible, because a < % O
Ezercise 4.6. We must show that a(S, H) < «;1(S, H). First, we use parameter count to show
that oy (S, H) = %. To show that «(S, H) < %, pick a point P in S, and consider a blow up
f:S — S of the surface S at the point P. Denote by F the f-exceptional curve, and denote

by H the class of a hyperplane section of the surface S. Fix a rational number m such that
8 <m < Vd. Put D= f*(H) — mE, so that

D?=d—m?>0,
because % < m < Vd. Let n be a sufficiently large integer such that mn is an integer. By the
Riemann-Roch formula for surfaces, we get

h?(nD) 4 h*(nD) = h°(nD) — h'(nD) + h*(nD) = x(Og) + é (n2D2 —nD- K§> :

By Serre duality, we have
h?(nD) = h’(Kg —nD) = h°((d — 4 —n) f*(H) + (mn + 1)E),

which vanishes for n > d — 4. Hence, it follows from positivity of D? that h°(nD) > 0 for large
enough n. Fix such n. Pick M € |[nD|. Then

M ~nH — nmE.
Denote by M the proper transform of the divisor M on the surface S. Put D = %M . Then
D ~g H and multp(D) > m. By Exercise 2.3, the log pair (S, 2D) is not log canonical, and
hence a(S, H) < a1 (S, H) = 3. O

Ezxercise 5.2. The required assertion follow from Exercise 3.5. O

Ezxercise 5.3. If d < 2, the required assertion is [21, Proposition 5.1]. If d = 3, the required
assertion is [6, Theorem 1.7]. In all cases, the required assertion follow from Exercises 3.4 and
5.2. Indeed, suppose that S contains an anticanonical cylinder U. Denote by C1,...,C), the
irreducible curves in S such that S\ U = Y7 ; C;. Then there are positive rational numbers
A,y ..., Ay such that

n

Z i C ~Q —Kg.

i=1
Put D = "7 ; A\iC;. Then the singularities of the log pair (S, D) are not log canonical at some
point P € S by Exercise 5.2. Hence, by Exercise 3.4, there exists a unique divisor T' € | — K|
such that T is singular at P, the log pair (S,7) is not log canonical at P, and all irreducible
components of T is contained in Supp(D). Note that D # T, because n > 3 by Exercise 5.2,
and T does not have more than d < 3 irreducible components. Thus, there exists a positive
rational number > 0 such that the support of the Q-divisor

(14 p)D — pT

does not contain at least one irreducible component of P. Applying Exercise 5.2 to this divisor,
we see that the log pair

(S, (1 + p)D — uT)
is not log canonical at P. This contradicts to Exercise 3.4, because (1+pu)D —uT ~g —Kg. O
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Ezxercise 5.4. The required assertion is [19, Theorem 3.19]. Let us consider the case d = 4. Then
there exists a birational morphism f: S — P? such that f is the blow up of P? at five points
that lie on a unique irreducible conic. Denote this conic by C. Let C be the proper transform of
the conic C on the surface S and let E1, ..., E5 be the exceptional divisors of the morphism f.
Let L be a sufficiently general line in P? that is tangent to C. Denote by L its proper transform

on S. Then .

~Kg~g (1+6)C+ (1 —2¢)L + ZGE};,
i=1
where € is any positive rational number such that € < % On the other hand, we have

S\(CN'UINJUE1UE2UE3UE3UE5) %’]P)Q\<CUL>
is a cylinder. O

Ezercise 5.5. The required assertion follows from [7, Theorem 1.5]. In fact, its proof is almost
identical to the solution to Exercise 3.6. U

Ezercise 5.6. The required assertion follows from [7, Theorem 1.5]. Its proof is mixture of
solutions to Exercises 3.6 and 5.3, see also Exercise 2.12. For details, see the proof of [7,

Theorem 1.5]. O
Ezercise 5.7. Use projection from a singular point. For details, see [7]. O
FEzercise 5.8. Use Exercise 5.7 (see [7]). O

FEzercise 5.9. By Exercises 5.3, 5.5, 5.6, 5.7 and 5.8, we may assume that either d = 2 and S
has a singular point that is not an ordinary double point, or d = 1 and S has a singular point
that is not of type A1, Ao, As, or Dy. Then we have many possibilities for S. In all of them we
can construct an anticanonical cylinder on S similar to Example 5.10. These constructions can
be used to prove that all such del Pezzo surfaces admit anticanonical cylinders. This is done
in [7]. Namely, for a given singular del Pezzo surface S we find an effective Q-divisor Dg such
that Dg ~g —Kg and the complement of the support of Dg is a cylinder. To this end, instead
of the singular surface S, we can consider its minimal resolution f: S — S. Since we only allow
du Val singularities on the surface S, the surface S is a smooth weak del Pezzo surface, i.e., a
smooth surface with nef and big anticanonical class —Kg (see Exercise 3.3). On this smooth
weak del Pezzo surface, it is enough to find an effective Q-divisor Dg such that Dg ~¢o —Kg,
its support contains all the (—2)-curves on S, and the complement of the support of Dg is a
cylinder. Then we can take the divisor Dg as f(Dg). In order to find such a divisor Dg, we
start with the projective plane P2 and one of the following effective Q-divisors Dp2 on it:

e a triple line 3L;

e a1l 4+ as Ly, where a; + a9 = 3 and Ly, Lo are distinct lines;

e al +bC, where a+ 2b = 3, C is an irreducible conic and L is a line tangent to the conic

C;
e a1l + asLo + aszLs, where a; + as + ag3 = 3 and Ly, Ly, L3 are three distinct lines
meeting at a single point.
In all these cases, Dp> ~g —Kp2, and the complement P? \ Supp(Dp2) is a cylinder.
Let S be a given del Pezzo surface with du Val singularities and S be its minimal resolution.

Starting from P? with one of the divisors DPQ we will present the composition of a sequence of
blow ups h: S — P2 and a contraction g: S — S with the following properties. We write

ngh (K]pz +Zai i
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where E;’s are h-exceptional curves. Then we consider an effective Q-divisor Dg on S such that
(S, D¢) is the log pull back of (P?, Dp2) (see Exercise 2.3). Then Dg ~g —Kg, since Dp2 ~q
—Kpz. In all cases, we will see that D¢ is effective, its support contains all the exceptional
curves of h, and its support contains all the curves contracted by g. We put Dg = g(Dg) and
Dg = f(Dg). Existence of such birational morphisms h and g shows that the given surface S
admits an anticanonical cylinder.

For a given del Pezzo surface S that satisfies the above restrictions, we provide the divisor Dp2
and the birational morphisms h and g. They are described in Tables 1 and 2, below. We read
these tables in the following way. In the first column the singularity types are given in normal
size letters. The singularity types in small letters in Table 1 are those for del Pezzo surfaces
of degree 2. These singularity types in small letters will be explained later. The birational
morphism h is obtained by successive blow ups with exceptional curves Fy, ..., Eg in this order.
The configuration of these exceptional curves given in the third column shows how to take these
blow ups. The exceptional curves Fg,..., Eg are labelled by @, ... , @, respectively, in the
third column. The configuration in the third column also shows Dp2. We denote the proper
transforms of lines from P? by L; (or L). We denote the proper transforms of an irreducible
conic from P? by @Q. In the second column, the sum of the first divisor and the second divisor
(if any) is the divisor Dg. If we have the second divisor in the second column, the birational
morphism g is obtained by contracting curves drawn by dotted curves in the third column. The
second divisor in the second column is contracted by g. Indeed, each component of the second
divisor is depicted by a dotted curve in the third column. If we do not have the second divisor
in the second column, then S = S and the morphism ¢ is the identity. The fat curves in the
third column are the curves to be (—2)-curves on S. The wiggly lines are the curves to be
non-negative curves on S. The thin lines with dots at one of the ends are the curves to be (—1)-
curves on S. The curves without superscripts are (—2)-curves on S. The curves superscripted
by black-circled numbers are the smooth rational curves on S with self-intersection numbers of
the negatives of the black-circled numbers. The curves superscripted by the circled numbers are
the smooth rational curves on S with self-intersection numbers of the circled numbers.

For a del Pezzo surface of degree 2 with a singularity type written in small letters in Table 1
the divisor Dp2 and the birational morphisms h and g can be easily obtained by contracting
one of the (—1)-curves (thin lines with dots at one of the ends) in the third column. Only for
singularity types D4, A3 and Ay they cannot be obtained in this way. For these three types, we
provide the divisor Dp2 and the birational morphisms h and g separately.

The methods are given according to the singularity types of singular del Pezzo surfaces. Even
though they show how to construct the birational morphisms h and g for a seemingly single del
Pezzo surface S of a given singularity type, they indeed demonstrate how to obtain the birational
morphisms h and g for every del Pezzo surface S of a given singularity type (see [7] for details).

Table 1: Degree 1

Singularity Tiger/ ‘ .
Type Divisor contracted (if any) Construction
Es 2Fy+4Fs+6FEs+5FEs +4FEs+3Ee + o Lla o
E; 2Eo + ES + 3L o A N >
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5 10 8 4 2 10 2 2
E7 + A4 SEo+3 Ee+3Ee+2Ee+5Es+5Eg+ | o >
Eo, Do + A1 $Es+3ES+1Q+ 1L
@ L
E; 2Eo+FEo+3Es+2Ee+3Ee+1ES+
Ee, D6 %E@ + %E + %Qo + %L
2ES+YE;+REy+3Es + 1EQ +
Boths | Lpp+ 2+ R+ R+ 3L0+ s
Ds + A1, As + Az
8L +2E,
2R+ YEy+ Y By + 8o+ LES +
Eo + Ay lpe , 1 270 , 170 , 870 | 5
D5 + A1, Ds, 7bo+7Es+7Eg+ 7Ly +57L7 + 513
(As + A1)’ %L‘2’+2E1
L72Eg + %E@) + 175E@ + §E© + %Eé' +
E6 N S e
Ds, (As)’
SL? +2E,
D 3Eo+3FEe+1Es+2Ee+2Es+3Ee+
8 proTyleoT 1o @T gLeT5Lhe
De + A1, A7 %E@—F%E—{—%Lo—{—%Q
3 3 7 9 5
]D)7 4E@+2E@+4E@+2E@+4E@+2E@+
Ds + A1, Ag 1B +1iE2 +10+35Q
?T:f“% 2Eo+8Fe+2Es+1EQ+1Es+2Eg+
4 L 1 2170 , 6 6 3
(AS"FAl)” 5E®+5E +5L1+ 5L2+5L3
J]?itAAl(A ) 280 +5 Fat s Eot+ s ES + 3 Fat+ S EQ+
4 1 5 ) 1 [1) 1 1) 6 6 3
(85 + A1) sEo + 5 + 5L+ 512+ 513
Lo
Dg 2Es+ B+ 8Ea+1EQ+L1ES+LIES+ | 5 N0 .
Ds + A1, (As)” 1ES+1ES+ 5Ly + 8Ly + 2Ly ®®/ °
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D5 + A3 4 8 6 1pe 1 2 ° s
N tbot+zFEeo+2Eet+Eg+sEetiEe+ @ ®
A3+A1’ %E®+%E+%L+%Q Y ot @
4 2 ®
Ds + A ° s
ol tEo+8Es+8Es+31EQ+1ES+1Eet | 2 ®
3 2 15 2 3 10 3 6 ) ol
Ag+ Aoy Ay + A Bo + 58 + 51450 ®
“ ©)

Ds + 2A4 2Eo+3Ee+SEs+1EQ+1Es+2E9+ 2 ®
As 4341, Ay + A %E@—l—%E—}—%L—i—%Q s ol
D5 + Ay 4 8 6 170 1570 1710 ° s
(ks + 201 sEot+zFEetzFEet+zEyg+sEg+sEe+ @ @
s +241)", it 20 | 3 6 ® L
A+ A1, Ag sEo +5Es + 5L+ 50 57
By LBy 488 408+ B9+ ES+ LR
(A3 + A1), A sEQ+1EQ+3L+2Q
Ag 1Eo+Ee+3Es+ 3ES + 3Eo+ Eo +
hs + Az SEp+3ES+ 301+ 3Ly
fg jAAl 3Eo+3Be+Es+5Es+ 353 +5Ee +

s+ Ay, i 200 1 4
(As + Aq)” §E® + gE + gL + gQ
(A7) 1Es+2Ee+Es+3Ee+3ES+2Es+
243, (As + A1)" 3Es+1EQ+3L°+2Q

A "
i ?A 13B0 + §Ea + 5B + 13 B9 + 55 B +

1+ ho, 5 5 1pe_ 17e _ 17
(ks + A1)’ ofo il 3l +5l7 4 1
Ag + A
To T SE® 4 SFy+ 2Es + 2Ey + 1EO +
cooT LEeo+ tEo+i1ES+tL+ 1

4+ A
Ag EQ+ %Ee + 3Eo + Ee + 1E9 +

Az + Az, Ay + Ay

5
12
5Eo+ 1By + 1EQ + 110+ 11
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2Fo+32Ee+iES+1Ee+2ES+2Ee+

o, ® @ _®
ho+ho+hn | 858+ LB 1 2B, + 108 b LA
342, As + 3h 7 870 @ e Ly

ng + 5L2

2B+ £Ea+SES+LES+LiES+EEe+ | o_ o 0o,
As + A gEg + %E + %EC@ + %Eg o o>, ®57/\
3Ao, Az + 3A; - ‘o LC::) L

ng + gLQ
As + 244 §Eg+%F@Jf%ggt%Eero%E&r%E@Jr P
242 4 A1, Az + 3A1, 3E®+5E+5E®+5E® 0 e 9 f
AN B2 76 12 T b

2Fo+2Ea+ S ES+1FEe+2E2+2Ee+| o 0o
(As+A1) | EES+L1ES+1E9+ LES b2
(As + 2A1)", 28, @ ©

tLi+ 519 O Lz
ormy | PR
(A3+A1)”, 5@ ‘|‘ gE + 5E® ‘l‘ EE(@ @ gi; @/ -
2A2 + Ay %Ll + %Lg Ly e Lo

2Ey+3Ee+EQ+LES+LIES+3Fe+ | o o @
As SE9 + 1 Eg + 1E9 + 1 ES

(As + A1), 2A,

B+ 318

Bpe+ 18+ UEs+ UE,+ LES +

1

284 +Eo+ 1Ep + £F0 + 2Eo + 1 ES i -
Az + A2 + A Ypre 9 p TEy+ 2970 4l Ly . HW
50 T 1gle T gLe + 3501 + 35/ S
® @
19 1 11 11 11 ®
Ag+ As @E8+6E§+%E@+1—5E@+I—OE + @y ,,,,,,, /)\@
As+ Ay + A 10E8 + 15En + 5Eo + 15Ee + $ E§ ®
2 1, N g ’ @
Ax + Ay 9 7 49 "
2Ao + %Eg + EE@) + EE@ + %L? + %L2 L1®L X{\@
@
1 11 11 11
RIS+ 3B+ o + HEp 4 B+ | po
Ay + Ag + Ay %E©+%E®+%Eg+%E®+5E3

Ao +3A1, 2A2 + Ay

19 e 9 7 4970 41
19p8 4 SFy + 1Ee+ 200+ 41,
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Ay + Ay

205 + Aq, Ao+ 247

BE;;’ + lEg

E@+ Up,+1 E,

LES + 190E@ + IEs + 49L° + %LQ

Ay +2A4

Az +3A1, Ay +2A;

19 e 1 0
o tghs + abe il

HLEe+ %;EQD + 5 Ee +

BES+ 2Es+ tEe+ 2L+ 2L,

Ay + Ay

Ax +2A1, Ax + Ay

19 e 1 0
?E% N é1-E@0 (1] 1 o

19 @
52 +

E@+ E®+ 11E®

16Es + ¢EBo + 5 LY + 55 L2

Ay
Ay + Ay

BEg + lEg

E@+ E@+“E‘*’+
E0+ E0+ E0+ E0+ EO

BES + 5B + §Eo + 55 L7 + 5512

]

Qo]
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Table 2: Degree 2

Singularity Tiger/

Type Divisor contracted (if any) Construction

2Eg+3Ee+ 3 ES+3ES+1ES+1ES+
TEQ+ 301+ 35Lo+ 3L o

EQ+1EQ+ 1 ES+ES+3Ee+3Ee+

1
A 4
’ TES+ 310+ 32Q

3
4
1
AQ 4
6
4

Ezercise 6.6. See the solution of Exercise 1.2. For details, see [19, Proposition 3.13].
FEzercise 6.7. Straightforward (cf. Exercise 4.1).
Ezercise 6.9. The required assertion follows from the solution to Exercise 3.5.

Exercise 6.11. Straightforward.

O 0Ooo0o0god

Exercise 6.12. Straightforward.

Ezxercise 6.13. The required assertion was proved by Perepechko in [23]. By Exercise 6.7, we
my assume that d < 7. Now we can use Exercises 6.11 and 6.12 together with the solution to
Exercise 5.4. Namely, let H be an arbitrary ample divisor on S, let p be the Fujita invariant
of H, let A be the Fujita face of H and let r be the Fujita rank of H. Let ¢: S — Z be the
contraction given by A. By Exercise 5.4, we may assume that A is not an origin.

Suppose that H is of type B(r) and Z 2 P! x P!. Let us show that S contains an H-polar
cylinder. Let Fi,..., E, be the (—1)-curves that generate the face A. Then

,
Kg + pH ~q ZaiEi
i=1

for some positive rational numbers ay,...,a,. Note that r <9 —d and FE1,..., E, are disjoint.
The surface Z is a smooth del Pezzo surface of degree d + r. Since Z % P! x P!, either Z = P?
or Z is a blow up of P2 in 9 — d — r distinct points in general position. Let 1: Z — P? be
such a blow up. Put k=9 —d and 0 =1 o ¢. If kK > r, denote the proper transforms of these
1-exceptional curves on S by E,i1,...,E,. Put P, = o(E;). Let C be an irreducible conic in
IP? passing through the points P, ..., P;. Such a conic exists because k < 6. Let L be a line in
IP? passing through the point P; and tangent to the conic C. For a positive rational number €
we have —Kp2 ~q (1 +¢)C + (1 — 2¢)L. Hence,

k k
—Kg~o*(—Kp2) =Y Ei~g (1+46)C+ (1—-2)L—2E +¢) E;,
i=1 =2
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where C and L are the proper transforms in S of C' and L, respectively. Thus, we have

1 . 7 - S
Hrg o ((1 +e)C+(1=2e)L + (a1 = 20)E1 + ) (a; +e)Ei+e ) E) |
i=2 i=r+1

For 0 < e < %, this is an H-polar cylinder.

Suppose that H is of type B(8 —d) and Z 2 P! x P!. Let us show that S contains an H-polar
cylinder. Let Ei,...,E, be the (—1)-curves that generate the face A. Note that r = 8 — d.
Then

,
KS + ,LLH ~Q ZaiEi
i=1
for some positive rational numbers ay,...,a,. The (—1)-curves Fi,..., E, are disjoint. Put
P, = o(E;). Since r < 5, there is an irreducible curve C of type (2,1) in P! x P! passing
through the points Pp,---,P,.. Let L be a curve of type (0,1) in P! x P! that is tangent to
the curve C. Let P be the intersection point of C' and L. Then there is a unique curve M of
type (1,0) in P! x P! passing through the point P. For a positive rational number ¢ we have
—Kpiyp1 ~q (1 —¢)C+ (1 +¢)L +2eM. Hence,

—Kg ~ ¢*(—Kpiyp1) = > Ei~g (1—e)C+(1+e)L+2eM - Ej,
=1 =1

where C, L, and M are the proper transforms in S of C, L, and M, respectively. Thus, we have

H ~q ; ((1 —e)C+ (1+¢e)L +2eM + i(ai - s)Ei> .

i=1
Furthermore, we see
S\(CULUMUE;U---UE,) =P xP'\ (CULUM).

By taking 0 < € < min{ay,...,a,} we obtain an H-polar cylinder on S

To complete the solution, we may assume that the contraction ¢ is a conic bundle. Let us
show that S contains an H-polar cylinder. If the contraction ¢ is a conic bundle, then, we may
write

T
Ks+ pH ~gaB+ Y a;E;
i=1
where B is an irreducible fiber of ¢, a is a positive rational number, a;’s are non-negative rational
numbers, and r = 8 — d. We may assume that a1 > ao > --- > a,. Let ¢1 : S — Z be the
birational morphism obtained by contracting the disjoint (—1)-curves Ei, ..., E.

Case 1. a, # 0 and Z = F;.

There is a (—1)-curve E on S whose image by ¢ is the unique (—1)-curve on Z. Let 1) :
Z — P2 be the birational morphism given by contracting E. Put ¢ = ¢ o ¢. Denote the points
o(E;) by P;,i=1,---,r , the point o(E) by P, and the line ¢(B) by M. Note that the line M
passes through the point P.

Let C be the conic passing the five points Py, -, P.. Such a conic exists because < 5. Let
L be a line that passes through the point P and that is tangent to the conic C. We may assume
that the line L is different from M.
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For any rational number € we have —Kp2 ~qg (1 —¢)C + (14 2¢ + a)L — aM. Hence,

~Kg~o*(—Kp2) =Y _Ei— E
=1

T
~Q (1—8)6’—}—(1+25+a)[~/+25E—aB—€ZEi,
i=1

where C' and L are the proper transforms of C and L on S, respectively. Thus, we have

1 B 5 '
H ~g ; ((1 —e)C+(1+2e+a)l +2eFE + Z(ai - 5)E2> .
i=1

By taking a sufficiently small positive rational number € we obtain an H-polar cylinder on S.

Case 2. a, =0ora, #0, Z = P! x P

Let E, be the other (—1)-curve in the fiber of ¢ contained the (—1)-curve E,.

In case where a, = 0, by contracting E, instead of E,, we may assume that Z = P! x P'. Let
E be the (—1)-curve, in the fiber of ¢ containing F,, that is contracted by ¢;. The curve E is
either E, or E,.

Denote the points ¢1(E;) by P;, i =1,--- ;r— 1, the point ¢1(FE) by P, and the curve ¢;(B)
by M. The curve M is a curve of type (0,1) or (1,0) on P! x P!. We may assume that it is of
type (0,1).

There is a unique curve C of type (1,2) passing through the points P, P,--- , P,_1. There is
a curve L of type (1,0) that is tangent to C. Let @ be the point at which L meets C' and let NV
be the curve of type (0,1) passing through the point Q.

For an arbitrary rational number € we have —Kpip1 ~q (1+)C+(1—e)L+(a—2¢e)N —all.
Hence,

r—1
K~ ¢i(~Kpip) — E— Y E;
i=1
~ B B r—1
~p(14+e)C+(1—¢)L+ (a— 2€)N—aB+5E+Z€EZ-,
i=1

where C, L, and N are the proper transforms of C, L, N on S, respectively. Thus, we have

1 B B B r—1
H ~q m ((1+5)C+(1—5)L+(a—25)N+€E+Z(ai+a)Ei,>.
i=1

By taking a sufficiently small positive rational number £ we obtain an H-polar cylinder on S [J

Exercise 6.14. This follows from the solution to Exercise 6.13. We just need to use Exercise 5.3
instead of Exercise 5.4. (]

Ezercise 6.15. Use Exercise 5.3 and its proof. The set Amp®!(S) is disjoined from Amp{ (S)
Exercise 5.3. Let us show that Amp®!(S) is disjoint from Amp?(S). To do this, let E be a (—1)-
curve on S. For a positive rational number a the surface S does not contain any (—Kg+aF)-polar

cylinder. Suppose that there exists an effective Q-divisor D such that D ~g —Kg + aE and
S\ Supp(D) is a cylinder.
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Let f: S — S be the contraction of the curve E. Put D = f(D). Then S is a smooth del Pezzo
surface of degree d +1 < 3. Moreover, we have D ~g —Kg. This implies that £ ¢ Supp(D).
Indeed, if £ C Supp(D), then

S\ Supp(D) = S\ Supp(D) = Z x A",

which implies that S\ Supp(D) is a (—Kg)-polar cylinder on S. This contradicts Theorem ?7?.
Since
l—-a=(-Kg+aE)-E=D-FE >0,
we see that a < 1. Note that the divisor D is nef and big.
Put D = >, a;D;, where Dq,..., D, are irreducible curves, and ay,...,a, are positive
rational numbers. None of the the curves Dy, ..., D, is contracted by the morphism f and

Zalf(Dz) = D ~Q —st.

Therefore, we have a; < 1 for each ¢ = 1,...,n by Exercise 3.4, and hence it follows from

Exercise 6.9 that there exists a point P on S such that for every effective Q-divisor B on the

surface S such that Kg + B is pseudo-effective and Supp(B) C Supp(D), the log pair (S, B) is

not log canonical at P . In particular, we see that (S, D) is not log canonical at the point P.
The inequality

1>21—-a=(—Ks+aF)-E=D-FE > multp(D)multp(E)

and Exercise 2.4 show that P lies outside of E. Therefore, (S, D) is not log canonical at the
point £(P).

Let T be the unique divisor in | — Kg| that is singular at f(P). Denote by T its proper
transform on the surface S. Since D ~q —Kg and (S, D) is not log canonical at the point f(P),
it follows from Exercise 3.4 that (S,T) is not log canonical at f(P) and Supp(7) C Supp(D).
Hence, Supp(T') C Supp(D).

For every non-negative rational number p, put D), = (1+u)D — uT and D,, = (14 p)D — uT.
Since —Kg T = KL% < 3, the divisor T consists of at most 3 irreducible components. Therefore,
D # T because the divisor D has at least 8 component by Exercise 3.5. Put

V= sup{,u e Rxo ‘ D, is effective}.

Then Supp(T) ¢ Supp(D,) and Supp(T) ¢ Supp(D,). In particular, we have v > 0 since

Supp(T’) C Supp(D).
We have D, ~q D ~q T ~g —Kg for each rational number p. This implies that

D,u ~Q —-K S + aME
for some rational number a,. Note that a, is either linear or constant in p.

Suppose that a, > 0. Then Kg + D, is pseudo-effective. Therefore, the log pair (S, D,) is
not log canonical at the point P by Exercise 6.9. Then (S, D v) is not log canonical at f(P).
The latter contradicts Exercise 5.9 because Supp(T') ¢ Supp(D,) by the choice of v.

Suppose that a, < 0. Since ag = a > 0, there exists a positive rational number A € (0,v)
such that a) = 0. It follows from A < v that Supp(7) C Supp(D,) and Supp(D,) = Supp(D).
Therefore,

S\ Supp(Dy) = S\ Supp(D) = Z x A
is a cylinder. However, this contradicts Exercise 5.3, because ay = 0, i.e., D) ~g —Kg. O

FEzercise 6.16. Use the solution to Exercise 6.13. |



42 IVAN CHELTSOV

FEzercise 6.17. Use Exercise 6.15 together with Exercise 5.3 and its proof. The set Ampcyl(S)
is disjoined from Amp{(S) Exercise 5.3. The solution of Exercise 6.15 implies that Amp®!(S)
is disjoint from Amp¥(S). Let us show that Amp!(S) is disjoint from AmpZ(S). To do this,
let E and F be two disjoint (—1)-curves on S. We must show that the surface S contains no
(—=Kg+ aFE + bF)-polar cylinder for any positive rational numbers a and b. Suppose that there
exists an effective Q-divisor D such that D ~g —Kg + aE + bF and such that S\ Supp(D) is
isomorphic a cylinder. Let us seek for a contradiction.

Let g: S — S be the contraction of the curve E. Put D = g(D) and F' = g(F). Then S is
a smooth del Pezzo surface of degree 2, F' is a (—1)-curve and D ~q —Kg+ bE. This implies
that E ¢ Supp(D). Indeed, if E C Supp(D), then

S\ Supp(D) = 5\ Supp(D) = Z x A
is a ﬁ—polar cylinder on S , which is impossible by Exercise 6.15. Since E ¢ Supp(D), we have
l-a=(-Ks+aE+bF)-E=D-E >0,

which implies that a < 1. Similarly, we see that F' ¢ Supp(D) and b < 1

Write D = >, a;D;, where Dy,..., D, are irreducible curves and ay,...,a, are positive
rational numbers.

Let f: S — S be the contraction of the curves E and F. Put D = f(D). Then S is a smooth
cubic surface and D ~g —Kg. None of the the curves D1,..., D, is contracted by the morphism
f and

Zalf(Dl) = D ~Q _KS"

Therefore, we have a; < 1 for each i = 1,...,n by Exercise 3.4, and hence it follows from

Exercise 6.9 that there exists a point P on S such that for every effective Q-divisor B on the

surface S such that Kg + B is pseudo-effective and Supp(B) C Supp(D), the log pair (S, B) is

not log canonical at P . In particular, we see that (S, D) is not log canonical at the point P.
We claim that P belongs to neither E nor F'. Indeed, if P € E, then

1>1—-a=(—Ks+aE)-E=D-E >multp(D) > 1

by Exercise 2.4. This shows that P ¢ E. Similarly, we see that P ¢ F'. Therefore, the birational
morphism f is an isomorphism in a neighborhood of the point P, and hence the log pair (S, D)
is not log canonical at the point f(P).

Let T be the unique divisor in | — K g| that is singular at f(P). Denote by T its proper
transform on the surface S. Since D ~g —Kg and (S, D) is not log canonical at the point f(P),
it follows from Exercise 3.4 that (S,T) is not log canonical at f(P) and Supp(T) C Supp(D).
Hence, Supp(T') C Supp(D).

For every non-negative rational number y, put D,, = (1+p)D —uT and D, = (14 pu)D — uT.
Since —Kg - T = K% = 3, the divisor T consists of at most 3 irreducible components. Therefore,
D # T because the divisor D has at least 9 component by Exercise 3.5. Put

v= sup{,u € Ry ‘ D, is effective}.

Then Supp(T) ¢ Supp(D,) and Supp(T) ¢ Supp(D,). In particular, we have v > 0 since

Supp(T') C Supp(D).
We have D, ~q D ~q T ~q —Kg for each rational number p. This implies that

D'u ~Q —KS + CLME + buF
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for some rational numbers a, and b,. From —Kg+ E+ F ~q f*(D,) = (14 p)f*(D) — uf*(T)
and ag = a, by = b we obtain

ay = (mult p()(T) — multy)(D)) i+ a
b (multf(F) (T) — rnultf(F)(D)> p+b.

Because mult ¢z (T) = mult (D) and mult gy (T) > mult (D), we have a,, > 0 and b, >
0. Then Kg + D, is pseudo-effective, and hence the log pair (S, D,) is not log canonical at the
point P by Exercise 6.9. Then (S, D,) is not log canonical at f(P). Since Supp(T) ¢ Supp(D,),
this contradicts Exercise 5.9. (]

FExercise 6.18. Use the solution to Exercise 6.13. O
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