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Peus mougér Gomee mwim MeHee 060 BCEM. BCE OKa3bIBAETCA B3aMMOCBA3AHHBIM. DTO COBCEM HOBHIE
Belu, cOBCeM MOmofas Hayka. OHa MOABUIACH, IO MOUM OueHKaM, 8-9 jet nazan. OHa cocTOUT U3 IBYX
vacten. Bénbuias gacts — 5710 JIéBar, 0 KOTOpOM MHOTHE U3 Bac, BUAUMO, cabimann, Cerequ u gpyrue
moau u3 Microsoft. HacTeio moOMeHbIe, KOTOpas HA3LIBAETCA aIreOpon (PIaros, 3aHNMAETCA BAI TIOKOD-
ubin cryra. Cerogus 1 0y Iy pacCKa3wIBaTh B OCHOBHOM 0 1acTu JloBamia. 310 — roMoMOphu3Mel TpadoB.
Onu, KaKk MBI YBUIUM, CBSA3aHEI C COBCEM PA3HBLIMU BelaMu. JIOBAI BEITYCTUI KHUTY B AMEPUKaHCKOM
MaTeMaTHIecKoM obmecTBe, KoTopas HasweBaercsa «Large Networks and Graph Limits» (2012). B sTon
KHUT€ CYMMHUPOBAHO TO, YTO B 3TON OOJACTU MPOU3OILIO C MOMEHTA €€ OCHOBAHUS, T.€. 3a mocaequaue 6-7
aer. Kaura gosoasHO yBecucTas, 475 crpanun. Ilo cBoen wactu, anreGpe (uaros, s HAMUCAT HEOOIBIION
BBOAHBIN TekcT M «Notices of American Mathematical Society».

3a mosnTopa Uaca s He CMOI'Yy paccKasaThb oueHb MHOrO. fl Hauny c BBemenus. He 3Haro, Bce Jium npu-
CYyTCTBYIOIIME C DTUM COIVIACATCS, HO aare6py OTIMYAeT OT AHAIM3A TO, 9TO aaredpa — 3TO HAYKA MPO
YPABHEHUs, a aHAJIU3 — 3TO HAYKA PO HEpaBeHCTBA. U B Takou HayKe, KAK KOMOMHATOPUKA, TUCKDPET-
Has MAaTEMAaTHUKA, TAKOE JeJeHue TOxe BUAHO. Bul MoxkeTe m3y4aTh Jub0 CTPYKTYPH, KOTOPLIE COBCEM
Tounble. HampuMep, KOHEIHYIO TPOEKTUBHYIO TLIOCKOCTh; 3TO — aHAJOT OOBIYHOUN TPOEKTUBHOU TLIOCKO-
cTu HaJ KOHEYHBIM nosieM. CyTh B TOM, YTO €CIU €€ HEMHOXKKO TOIIEBEINTh, TO OHA MEPECTAHET OLITH
TMPOEKTUBHON TIOCKOCTHIO; BBl M3YUaeTe COBCEM TOYHHIN O0BEKT. A MOXKHO M3ydaTh PA3IUIHBIE ACUMO-
TOTUYECKUE BOMNPOCHL, TJ€ OT TOr'O, 9TO BHI CBOU OOBEKT HEMHOXKKO IIEBEIUTE, OH HE U3MEHSETCS WK
mouyTu He m3MeHseTcsa. I[loaTomy y MeHs B 3aruaBuu W MOSIBWIOCH CJIOBO «HEIPEPBIBHAS». MBI ceronws
OyIeM 3aHUMATHCA UCKIYATEIHHO BOIPOCAME BTOPOT'O POMA.

Yro MBI TIBEITaEMCA caenaThk? Y HAC MMEETCA KaKasda-TO KOMOMHATOpPHAaA CTpykKTypa; B 90% crydaes
MOXKHO CUATATD, YTO DTO — CAMBIA OOLIKHOBEHHEIN Tpad. Maes cOCTOUT B TOM, 9TO 3TOT rpad OYeHbL
6oapmon. To ecTb OH HACTOALKO OOJBIION, 9TO YK€ XOYeTCs MOBOPUTL, YTO OH HE IPOCTO OOJBLIION,
a 6eckonevHBIN. MBI cOGUpaeMcsi U3ydaTh CBOUCTBA BTOrO rpada, KOTOPHIE HE MEHAIOTCA MPU MAIBIX
weseaenuax. To ecTs eciu K rpady 106aBUTH HECKOIBKO PEGep (uiu, HA060POT, Y IAIUTE), TO CBOUCTBO,
KOTOPO€ HAC MHTEPECYET, HE OYeHb CUJIBHO M3MEHUTCA. MBI XOTUM M3yvYaTh TaKue OOBEKTHI: 9TO O HUX
MOXKHO CKA3aTh, KAK UX MOXKHO ONPEIEINTh, KAK UX MOXKHO 33JaTh, I KAK UX U3y4aTh MATEMATUAIECKH.
To ecTb MBI XOTUM IOHATH, KAKUAE U3 DTOrO MOXKHO M3BJIE€Yb MATEMATUIECKUAE CTPYKTYPHI.

JaBaute nonpolOyeM MOHATH, KAK 3TO AeJaTh. ECIM MBI TOBOPUM O MOHATHUM OAU30CTHU, TO MEPBLIM
IIeJIOM HYXKHO BBECTHU TOMOJOTHUIO WX METPHUKY. IlepBBIN €CTECTBEHHBIA BONPOC: YTO O3HAYALT, YTO IBA
rpada 6ausku? /JaBauTe B HaUaIe A MOKAKY CIOCOO, KOTOPHIA HE OYeHL XOPOoIil. HO 3TOT ¢rmocob caMbin
ecTecTBeHHBIN. [[JiA TPOCTOTH MpeamnoaokuM, 9To Harmu rpadsl G 1 H UMEIT OQHO U TO Ke KOJIUYe-
crBo Bepum: |[v(G)| = [v(H)| = n. Ecain stu rpadsl m30MOPQHEL, TO 5TO O3HAYAET, ITO UX MOXKHO
COBMECTUTD TAK, 9TO PEOpa mepenayT B péopa. Camas mepBas u caMas eCTeCTBEHHAsS TIOMBITKA OMpe/Ie-
JUTH pacCTOSHUE MexK Ay rpadamu HaswiBaeTcsa Edit Distance. Mu paccmarpusaem 6uekuuio a: G — H
Mex Iy BepumHamu rpados G u H, paccMaTpuBaeM CUMMETPUYECKYIO pa3HocTh Mexay F(H) (péopamu
rpada H) u a(E(G)) (pébpaMu HaIO0KEHHOTO Tpada), JeJuM Ha KOAWYeCTBO pEébep momHOro rpada u
6epEéM MUHUMYM TIO BCeM OMEKIIMAM:

1
min —|E(H)Aa(E(Q))|.

o (3)

Ha (g) MBI JI€JIUM IOTOMY, YTO BCE BEIMYUHEL, O KOTOPBIX MBI CEr'0IHs Oy 1eM TOBOPUTH, OTHOCUTENbHEIE:
MBI TOBOPUM O TIOTHOCTSX, O BEPOATHOCTAX; O MOITHOCTAX MBI TOBOPUTEL He GyaeM.

B Tou Teopmu, KOTOPYH MBI CTPOMM, 3Ta METPUKA UTPAET POJb, HO POJb HE OMpPENeIsronyo. Sl
XO4y MOKAa3aTh [BA MOYYUTENBLHBEIX TIPUMEPA, MOYEMy 3Ta METPUKA HE BIOJHE XOpoIla. [lepBeIU mpu-
Mep HPOUCXOAUT U3 OOJACTH, KOTOPAs CeMvac OYeHb MOMYJIPHA B TEOPETUYIECKOU MHPOPMATHUKE; 3TA
obuacTs HaswBaeTcsa Property Testing. Y mac umeercs vekoTopwit rpad (G U HAC UHTEPECYET, CKOIBKO
U3 HEero Hy»XKHO yIAIUTb pEGEp, YTOOB Pa3pyIIUTh BCE TPEYTOJbHUKU. JTO YKIAALIBACTCA B pamku Edit
Distance, moToMy 9TO 3TO — MUHUMAJILHOE PACCTOAHUE MO KAKOT'O-TO rpada 0€3 TPEyrolbHUKOB: MBI
HepéM Bce rpadbl 6€3 TPEYrOTLHIKOB U MUHMMU3UDPYEM PACCTOAHUE. Ecau MbI yIalgeM IpuMepHO £n’
pébep, Tae € — MajTas KOHCTAHTA, TO MBI MOXKEM Da3pyluTb He Oogee en’ TpeyroabHUKOB (IPOCTO
HOTOMY, 9TO KaxKj0€e pebpo NpUHALJIEXKUT He Gosee 4eM 1 TpeyroabHukaM). Temeps mocTaBuM BOIPOC
B 06paTHyIO cTopoHy. MasecTHO, uTO B rpade He 6otee dn® Tpeyrorpamkos. CymecTByeT Jm Takas
KOHCTaHTa £ = £(J), 9TO BCe DTM TPEYTOILHUKN MOYKHO Pa3pyIIITh, yIatus en’ pébep, Tak, 9TO TpH



aToMm € — 0, xorga 0 — 07 YTBepxkJaeHue 0 TOM, YTO 3TO MOXKHO CIEIATh, Has3biBaeTCsa Triangle removal
Lemma. Hukakoro siemeHTapHOro (B pasyMHOM CMBICJE CJOBa) 3TOro (akTa He cymecTsyeT. Ilepsoe
JOKa3aTeJbCTBO, KOTOPOE OBbLIO IOJY9eHO, OCHOBAaHO Ha JemMme peryispHoctu Cemepenu (Szemeredi’s
Regularity Lemma). D10, no-BugumMoMy, OAUH U3 CAMBIX M3BECTHBIX PE3YJIbTATOB B KOMOMHATODUKE.

IlepBoHAMAIBHO OIEHKA 31€Ch OBLIA Takad: d L > 22'"2; KOJIMHYECTBO JBOEK — IIOIHHOM OT € L. ToabKo
2-3 roga Ha3al MOABUIACH HOBAs OLEHKA — OAIIHS ABOEK, BHICOTA KOTOPOU SABIAETCA JOrapudMOM OT
e L.

Temepnb A X04y TPUBECTH BTOPOU TPUMED, KOTOPHIN TOXKE MOKA3LIBAET, 9TO He BCE 31eCh nianko. Ou
HA3LIBAETCA Cayualinwit epag. s mpocTOTH BO3BMEM BEPOSTHOCTH % u paccemorpum G(n, %) — Mo-
neab Jpaéima—Penbu; kaxkgoe pedpo PUCYETCs € BEPOATHOCTHIO % HE3aBUCUMO OT BCEX OCTAIBHBIX. ECTh
nenas HayKa, HATPAMYI CBA3AHHAA CO CTATUCTUYECKOU MEXAHUKOU, KOTOpas M3y4aeT CBOUCTBA DTOTO
o6mexTa. Ecam mocMoTpeTh IuTeparypy O CIydauHbX rpadax, TO €CTh OIIYIIEHUE, 9TO 3TO KAKOU-TO
uxcupoBaHHBU 00HEKT. UTO OBI PO HETO HE CIPOCKHIN, MBI BCE PO HETO 3HAEM: KAKUM CBOUCTBOM
on obnagaet ¢ BepoATHOCTHIO 1 — o(1), xkakum He obaanaer. Tam naxke ecTb HEKOTOPBIE OOIIME 3AKOHBL,
o6mme Teopembl. Ho, okaswiBaeTcs, merpuka Edit Distance sgech coBepieHHO He ajgeKBaTHA, IIOTOMY
YTO €CaU BHL BHIOEPUTE CIyYalHBIM 00Pa30M JBe KOIUM CJAyIalHOrO rpada, TO paccTosHue (OTHOPMU-
POBaHHOE) MEXKJIy HUMHU IO BTOU MeTpuke OyleT KOHCTAHTOU. VI BO3HUMKAET BOMPOC, CYIIECTBYET JU
00Jee aJeKBATHBINA CIIOCOO ONPEIEIATh METPUKY WU TOTOJOTUI0 — TIOKa Ha KOHEYHBIX 00HEKTaX, a Mo-
TOM nepenTu K 6eckoHedHbM. OKa3BIBAETCs, 9TO TAKOU CIOCO0 cymecTByeT. Ero mpoToTun BujgeH yxe
Ha sToMm npumepe. C ogHOU cTOPOHBI, ¥ HAC ecTh MeTpuka Edit Distance. A ¢ gpyrou cTopoHBI, ecTb
YTBEPXK JEHNE, 9TO KOJUIECTBO TPEYTOJIBHUKOB Majo. [JaBauTe BMECTO TOrO, 4TOOBI TOBOPUTH, UTO KO-
JUYIECTBO TPEYTOJBHUKOB MAJO, CKAXKEM, CKOJIBKO UX TaM. TOJBKO B COOTBETCTBUM C HAIIEU UIEOJOTUEN
0yJeM TOBOPUTH 06 OTHOCUTEILHOM KOJUYECTBE, a4 He a0COJIOTHOM, T.€. MOJIeIUM Ha (g) [laBauTe emé
MNOCYUTAEM HE TOJBKO TPEYTOMBHUKY, HO U UKL ((PUKCUPOBAHHOTO pa3Mepa). BymeM cuuraThb, 9TO aBa
rpada MOX0XKH, eCJIU A HAX BCE TAKUe Mephl OJIu3Kue.

To, ¥T0 5 cerogHs PaccKasbIBal0, OTHOCUTCA K ABYM TEOPUsAM — K roMoMopdusMaM rpadoB U K
anrre6pam Gaaros. YnoOHee CUNTATH HEMHOTO MO-PA3HOMY B 3TuX Teopuax. [lnsa rpadoB MBI CIUTaEM
hom(H,G)
[o(G)|TP (D]
(G, HOpPMUDPOBAHHOE €CTECTBEHHBIM 00pasoM. ['oMOMOpdU3MEL 31€Ch HE aarebpanvdeckue; rOMOMOPHU3IM
rpada H B rpad G — 570 oTOOpaKeHne U3 MHOXKECTBA BepiuH rpada H B MHOXKECTBO BepiuH rpada
G, nepeBogsmee pébpa B pédpa, He 00A3aTENHHO UHHEKTUBHOE — IBE BEPIIUHEI MOT'YT MONACTH B OJHY
BepimHy. Ecin pébpa nmepexoaar B pébpa, TO, B YaCTHOCTH, IBE BEPIINHLI, COEIUHEHHBIE PeOPOM, CKJIe-
UBATHCA HE MOUYT (B rpade HeT meTelb, BCe PacCMaTpPUBaeMble HaMu Ipadbl IPOcThE). B duciaurene
CTOUT YHUCJIO TOMOMOP(MU3MOB TPadOB, a B 3HAMEHATEIC — YUCJIO BCEX OTOODPAKEHWU U3 MHOXKECTBA
BEPIIMH OTHOTO Ipada B MHOXKECTBO BEPIIMHU APYTOTo rpada.

[l1a KOMOMHATOPHBIX MPUIOKEHUN yA00HEe He TOMOMOPGU3MEL TPadOB, a4 UHHLEKTUBHEIE 0TOOPaKe-
HUs HA UHIyIUPOBaHHBIU oarpad. [Ipyrumu cioBamu, Mbl BeIOUpaeM B G CIyIauHBIM OOPA30M CTOIBKO
BEPIINH, CKOJIBLKO UX B rpade H, u cMOTpUM, KAKOBA BEPOATHOCTD TOT'O, 9TO TO, YTO HA HUX HAXOJUTCS,
uzomopduo rpadpy H. Ho s 06 5TOM CKaxy JUIIb BCKOIB3b, TOTOMY YTO OJHO BHIPAXKAETCS Yepe3 Ipy-
roe ¢ IOMOIIbo mpeodpasoBanusa Mébuyca. C TOYKM 3peHNs MATEMATUYIECKOU TEOPUY STU ABA MOAX0A
SKBUBAJICHTHEI.

EcTb coBepmienno 3aMedaTenbHas pab0Ta, MPENIIECTBYIONIAA BCEMY TOMY, 9TO MbI CEMYAC IEJAEM.
Apropet aron padorsr Chung, Graham, Wilson (1987). HasmBanace ona «Ksasucayvanuse rpadsn.
Mur gamm obiee onpegenenue t(H,G), Teneps nocmorpum, uro takoe t(H, G(n, %)) OxasbBaeTcs, 910
B npegene t(H,G(n, %)) = 27 |EDI Tlomarno, yeMy paBHA 5Ta BepoATHOCTH. Hy:KHO 1m03a60THTHCA,
9TOOBI KaxXK 10€ pe6po mepexoamio B pe6po. MoxKHO 3TO menaTh He3aBUCUMO. Toraa BOSHUKAET OIMuOKA,
HOTOMY YTO BEPIIMHBEL MOI'YT CKJIEMBATHCA. HO (M DTO ABIIETCS YACTBIO UIEOJOTHMHU) IIPU N — OO 3TA
ommoka ucuesaer. B o6mem cayuae t(H, G(n,p)) = plPUDI.

IlycTs p — 5T0 rpad, COCTOANMEA U3 ABYX BEPIINH, COCIUHEHHBIX peGpoM, a G — TPOU3BOILHBIN
rpad, WIOTHOCTHL PEGEp KOTOPOTO IPUMEPHO paBHA p, T.e. t(p, G) ~ p. Ecam aaa nukaa C4 moaydaem
t(Cy,G) ~ p*, 1o rpad G HABBIBAIOT KEA3UCAYUATIHBIM. DTO OTPEIEICHNAe, KOHETHO, KAKeTCS HEMHOTO
crpanabiM. Ho, OKasbIBaeTCs, 9TO M3 BTUX IBYX CBOUCTB (T.e «IpaBWIbHBIe» mioTHOCTU aust p u Cy)
MOXKHO WM3BJEYhL MHOTHE CBOUCTBA, KOTOPHIMU OOIANA€T HACTOAIIMNA CIyYauHbn rpad. B vacTHOCTH,
BEITEKAET, 9TO TaKasd aCAMITOTUKA CIpaBeaauBa s Jwoboro rpada H. Taxou rpad G oxasbiBaeT-
€A XOPOIIUM DKCIAHAEPOM, T.€. BTOPOE COOCTBEHHOE 3HAYEHNWE €0 MATPHUIILI CMEKHOCTU OTAETICHO OT
[EPBOr0; IEPBOE COOCTBEHHOE 3HAUEHME HOPSAKA P', BTOPOe MOPAAKa o(n), u T.n.

mIOTHOCTE romoMopousmos: t(H,G) = — KoJm4ecTBO romoMmopdusmoB rpada H B rpad



[laBauTe Temepb TOCMOTPUM HA MATEMATUYECKYIO TEOPUIO. Y HAC €CTh BO3PACTAOIIAA TIOCIEI0BA-
TeabHOCTh rpados G, G, ..., Gp, ... M0oXHO B3ATE 110601 rpad H 1 paccMOTpeTsh MOCIeI0BATEb-
socts aucea t(H,G1), ..., t(H,Gy,), ... Tenepb MOXHO BBECTH TOIOJOIUIO: MOCJAEL0BATEIBHOCTE IPaAdOB
CXOJUTCsA, €CJAU [Jis JTI000r0 GUKCUPOBAHHOrO rpada H 3Ta mocaef0BaTeIbHOCTD Yucesa cxoqurces. IIpo-
CTO TOTOYEYHAsI CXOAUMOCTD, HUKAKUX OIDAHMYEHUN HA PABHOMEDPHOCTH MBI He Hajgaraem. Ecam ecTb
MOTOYETHAA CXOAUMOCTD, TO €CTh TeopeMa TUXOHOBa, U BCE MOMYyIAETCS KOMIAKTHBEIM. JDTO O3HAYAET,
YTO U3 000U BO3PACTAILIEN MOCIELOBATEILHOCTY TPAGOB MOKHO BHIOPATH CXOMANIYIOCA TOATOCAEN0-
BATEJIBHOCTH. 1O €CTh, B IPUHIAIIE, MOXKHO OTPAHUYUTHCA TOJBKO CXOAAIIAMUCS MOCIEIOBATEIBHOCTAMA
rpa0B, B TOM CMEICIE 9TO, 0Js Jio6oro rpada H cymectsyer npegen nocaegoBarensroctu t(H, Gy),
..., t(H,G,), ...n on pasen xkakomy-To uucay ¢(H). llog rpadgamMu MOXKHO IOHUMATE JIOOBIE OOBEKTHL.
1 B 5TOM MecTe rOMOMOPGU3MBI TPAGOB U ANTeOPHI (PJIATOB HEMHOXKKO PACXOMATCS; OHU U3YIAIOT OIUH
U TOT XK€ O0BEKT, HO U3YIalOT €r0 CEMAHTUIECKU U CHHTAKCUIECKU. B Teopuu roMOMOPpU3MOB rpadoB
CTaBUTCsA BONPOC: & K YeMy XK€ CXOAUTCA mocaenosBaTensaocts t(H,G1), ..., t(H,G,), ... 7 Ects npe-
IEeJbHBIN OOBEKT, HA KOTOPOM €CTh CTPYKTYPA U KOTOPBIU MOXKHO U3Y4aTh. DTUM MBI U OyIeM Ceromus
3aHUMaThLCA. Bropas Teopus Godee cuHTakcwyueckas. OHa BO3HUKIA U3 NOTPEOHOCTEN DKCTPEMATBLHOU
KOMOWHATOPUKY, U B DTOU T€OPUU MBI CTAPAEMCA 3aMATINBATE BOMTPOC, K Y€MY CXOAUTCSA 3T MOCIE[0BA-
TEJIBHOCTH. Y HAC €CTh MOCAEI0BATEIBHOCTE dncen. OHa COOTBETCTBYET KakoMy-To npeaeny ¢(H). Yro
PO HEé MOXKHO CKA3aTh, HE BAABAACH B BOMPOC O TOM, U€M ¥Ke ABMACTCA MPEIEIbHBIN 00BEKT, a u3ydasa
ero 4ucto cuHTakcndecku?! OQKasbBA€TCsA, 9TO BO BTOPOU TEOPUM BO3HUKAET NOCTATOYHOE KOJUIECTBO
crpykTypsl. CTpykTypa 60mee 6eguas, yem romoMmopduamel rpados. Ho npeumymecTBoM ABAAETCA TO,
9TO OHA IPWJIOXKUMA B Oojee OOLIEH CATYyalud, a UMEHHO, IJIA NPOU3BOJLHBLIX KOMOMHATOPHEIX O0Db-
ekToB. [laa roMmomMopduamMor rpad)oB, KaK MbI YBUIUM, DTO yKe HE COBCEM TaK; A TOMOMOP(U3IMOB
runeprpad)0B CUTYAIUsA YKe Apyras, HeXKeau [ OOBIKHOBEHHBIX T'PadoOB.

Bcé menmo JOMKHO CXOAUTHCA K KAKOMY-TO GeckoHedHoMy rpady. BeckonevHOCTH GBHIBAIOT pasHBIE.
Koneuno, nepBas MbICAb KOTOpPas 306Ch BO3HUKAET: JABAUTE MOMPOOYyeM PACCMATPUBATHL CIETHOE MHO-
xkecTBO. OKA3BIBAETCA, 9TO BTO MBICIL COBEPIIEHHO HEMOAHAA. XOTs JOTUKA U 3aHUMAIOTCA CJIyYAaUHbIM
rpadoM Ha CIETHOM MHOXKECTBE, €r0 CKOpee HYXKHO Ha3BIBAThH HE CAYUYAUHBIM, & YHUBEPCAILHBIM T'Da-
oM. ITo 03HATAET, UTO €CIU TaM €CTh JI000€ KOHEIHOE MHOKECTBO BEPIINH U BbI XOTUTE HAUTYU HOBYIO
BEPIIMHY, KOTOPasA ¢ KAKUMU-TO U3 HUX COCIUHEHA, 8 C KAKUMU-TO HET, TO BHI €€ BCEra CMOXKETEe HAUTH.
Ho ¢ mamen Touxku 3peHUs 3TO HENPABUABLHO. MOXHO cpa3y MONBITATHCSA OOBACHUTD, TOYEMY 3TO TAK.
Ecam y Bac ecTb Takon caydanHb rpad, TO geMy oH coorBeTcTByeT: G(n, %) wnu G(n, %)7 ITO BCE-TaKu
OOBEKTHI PA3HBIE, U MBI XOTUM, YTOOBI OHU OBLIM PA3HBIMEU. A TyT OHU OQUHAKOBHIE; 3TO HEMPABUILHO. U
MOHATHO, TOYEMY HUYErO He TONYYIAeTCA: IOTOMY, UTO HA CIETHOM MHOXKECTBE HET HUKAKOU WHBAPUAHT-
mou Mepwl. TeMm He MeHee, CUETHBIE MHOXKECTBA TIOTOM TOABIAIOTCA, TOTOMY UTO TOT OOBEKT, KOTOPBI
A cerdac OMUIy, MOMYyCKAET OMUCAHUE MATHIO WM IECTHI0 PA3HBIMU CIIOCOOAMU, DKBUBAJEHTHLIMU. U
OJIHO U3 DTUX OMUCAHUUN KaK Pa3 DPTOAUIECKOE.

CuéTHble MHOXKECTBA MBI TIOKa MPOITYCKAEM U MEPEXOAUM K U3MEPUMBIM IpocTpancTBaM. [lycTs y Hac
€CTh KAK0e-TO U3MEPUMO€e MPOCTPAHCTBO ), I IPOCTOTHI MOXKHO CIMTATh, 9TO §) — 5T0 oTpesoxk [0, 1]
C €BKJNJIOBOU MEPOU; KAKOE UMEHHO 3TO MPOCTPAHCTBO B KOHIIE KOHIIOB OKAXKETCA HE BaXHBIM. ['padom
Ha npocTpaHcTee () OygeM HA3LIBATH MOAMHOXECTBO F C ) X (), cumMeTpuvyHOEe M m3MepuMoe. DTO
ompeeseHre yxke OIuXke K UCTUHE, HO BCE PABHO OHO HEJOCTATOYHO. HeoCTATOYHO OHO MO CJIeAYIOMEN
npuaune. Uro Takoe caygannsim rpad G(n, %)? Ecau ects mocsieoBaTeNbHOCH CIYyYalHBIX TPAdOB, TO
OHA C TOYKM 3PEHUA TAKOU TOMOJOTUU CXOAUTCA. ECau 3a1aTh 3TOT BOMPOC CTYIEHTY TIEPBOrO KypPCa, TO
OH OTBETHUT: MBI 6EPEM «CIYyIarHOEe» TTOAMHOXKECTBO B () X ) u Kk Hemy oHa OymeT cxoauThca. Ha maTom
KypCe TaKoW OTBET HUKTO HE JACT, TOTOMY UTO U3MEPUMBIX CIYIANHBIX TOAMHOKECTB {2 X () He OLIBACT;
UX CyLUIECTBOBAHUE 3AIPENIAETCSI TEOPUEU MEDHI.

MeuoxecTBy F MOXKHO CONOCTAaBUTH XapakTepuctudeckyio ¢yukuuio E(z,y). Hanpumep, aucio Tpe-
YTOJBHUKOB B rpade F 3amaéTcsa mHTErpaioM

/m /y /ZE(a:, Y)E(z,2)E(y, z)dz dy dz.

Xapaxrepuctuieckas pyukuus npunumaet 3Hadenus 0 u 1. I exurcTBeHHOE, YTO 30€CH HYXKHO HUCIPA-
BUTH, 9TO0OBI BCE MOJLYIWIOCH, — Pa3PEIIUTh 3TOU (YHKUUW NPUHUMATH 3Ha4YeHus B uaTepsaie [0, 1],
T.e. PACCMATPUBATD B3BEIIEHHBIE TPAadbl. DTO U HA3BIBAETCA 2Pador — OCHOBHOU OOBEKT DTOU TEOPUMU.
To ecTs rpadgor — 5T0 cumMeTpudeckas GyHkuusa W:  x Q@ — [0,1]. DTo 0JHO U3 TATH WIN IIECTH
SKBUBAJEHTHBIX OTPEICICHUN.



[laBauTe Temepsb IONOBOPUM O TOM, I€M XK€ DTOT 00BeKT Xoporl. OKa3LIBaAeTC s, ITO OH XOPOIII, TPY60
rOBOPA, BCeM. B gacTHOCTH, eciv y 00BEKTa €CTh TATH WX MECTh SKBUBATCHTHRIX ONPEIEJEHUN, TO 3TOT
00BEKT XOPOIINH.

[pyroe onpegenenne rpagoHa — 3TO CXOAAMAACA MOCAEIOBATEIBHOCTD IPadOB.

Eciu W = p — nocrosuuas pyHKums, TO Takou rpadoH u ecThb caydaussim rpad G(n,p). Takue
rpadOHBl ¥ HAC UMEIOTCA, W JaJbIe Mbl KaK MO KJIABUIIAM MPOXOAUMCA TO BCEMY CIEKTDPY CBOUCTBE,
KOTOPBIE MBI ObI XOTEJIU UMETh.

1°. Komnaxraocts. @yukuumio t(H, W) MoxHO 06001mTh HA rpadQOHBL; NUIIETCS TAKOU YK€ UHTE-
rpaj, Kak [QJs 9UcJa TPEyTOJIbHUKOB. MBI POBOPUM, UTO HOCJAEIOBATEILHOCTH Ipad)oB (miu gaxke rpa-
¢onos) G1, ..., Gy, ...cxogurcs K rpadony W, eciu mocaenosareasnocts yucea t(H,Gy), ..., t(H, G,,),
...cxonutea K p(H) = t(H,W). Ecan nocieoBaTeabHOCT TpadOB CXOAUTCSA, TO CYIMIECTBYET IPadOH,
KOTODBIU ABIAECTCA €€ penenoM. [Joka3aTensCTBO TOr0 UCIONBL3yeT JeMMy peryiaspaoctu Cemepenn; 6e3
Hed He moTy4aeTca. Boree Toro, remva Cemepenn 1 3T0 yTBep K eHMe (0 KOMIAKTHOCTH MPOCTPAHCTBA
rpadOHOB) — 3TO 60Jee WIM MEHee OJHO U TO ¥K€e; DTOMY MOXKHO IPUAATH BIIOJHE TOYHBIM CMBICI.

2°. IlnoruocTs. Y Bac umeercs rpadon. MoxXHO Jgu ero npubIn3uTh KOHEIHOH MOCAE[0BATEIBHOCTHIO
rpados? OTeer nonoxurensHb. Ecau y Bac ects orpesok [0, 1], u BbI Ha HEM HAGPOCAETE CIYYalHO
7 TOYEK, IOCMOTPUTE HA MOJIYICHHBIM WHIYIUPOBAHHBLIN Ipad Ha 3TUX TOUYKax (& ecau rpad B3BEIIeH-
HBIU, TO TOCJIE HAOPACHIBAHUA TOYEK HAJIO0 €IIE ¢ COOTBETCTBYIOIINMHA BEPOATHOCTAME MPOBECTH PEOPA),
TO OKA3BIBAETCS, 9TO C BEPOATHOCTHIO 1 BTa MOCIEIOBATEIBHOCTD Oy €T CXOAUTHCA UMEHHO K HAIIEMY
rpadony. To ects 10601 rpagor NpubINKAETCA IPOCTO C MOMOLILIO CIyYANHON BLIOOPKH.

3°. TpeTbe CBOMCTBO COBEPIIEHHO (PAaHTACTHUECKOE. Sl ero cemdac CKaxy, HO MHE HUKTO He MOBe-
PAT, ITO DTO TaK. DTO OUEHL OOJBINAA CTATHA C OYEHL CJIOKHOU MATEMATUKOU, C HACTOAIICU TEOpUen
Meprl. OkaswiBaeTcs, 9To rpad)OH, COOTBETCTBYIOMINN CXOIAMIEUCA TTOCAEIOBATETHLHOCTH, € IUHCTBEHHBIN
B DPTOANYECKOM CMBICTE. TO €CTh eciu y Bac eCTh aBa rpadOHa, AAA KOTOPHIX BCE HAIM WHTETDPAJILI
COBHmaa0T auas Bcex rpadoB H, To coorBercTByomme GyHKIMYU W SKBUBAJEHTHBI ¢ TOYHOCTBIO IO
MHOXECTBA MEPBI HYJb: MOXHO YCTPOUTH TaKOE MPEOOPA3OBAHNE OTPE3KOB, YTO OHU OyIyT COBIAIATH.

Ects emé ogua Teopus, KOTOpas MeHee pa3pabOTAHA, M HA MOU B3TJIAL G0Jee CJIOKHAA. JTO TO, UTO A
HA3LIBAIO 2padunbl. Y BAC UMEETCA KAKasA-TO KOHCTAHTA D u Bac mHTEPECYOT rpadbl, Y KOTOPHIX CTETEHD
OTpaHUYeHa STOU KOHCTAHTON. OKA3BIBAETCA, YTO U B DTOM CIyYae MOXKHO CKA3aTh, YeMy OyIyT PaBHBI
npegensl. I mouTu BCE B 5TON TEOPUU TMEPEHOCUTCS, MPABAA, C TOPA3A0 OOJBIIMME TPYIHOCTAMU, HA
rpadunsl. UTo Takoe rpaduH, s TOIHO ONpeneaaTh He Gyay, HO IPUMEPHO TPOUCXOAUT caeayiomee. Mer
OyieM CIUTATh, 9TO B Ipade B KAXK,I0U BepIIuHe oMedeHsbl pébpa. B srou mogenu rpadun onpegensercs
6€e3 BCAKMUX BECOB, IPOCTO KaK KakoW-TO rpad crenenu D Ha orpeske [0, 1]. MuoxkecTBO Bepuims rpada
U3MEPUMO, a GOMbIIe TIOYTH HUYEero He TpefyeTca. ECTh TOMBKO OQHO MOTOJTHUTENILHOE YCIOBUE: €CJIU
B rpade BrIGpaTh nogmuoxecTBa A u B (mycTh A1 MPOCTOTHL DTU MHOXKECTBA OJUHAKOBOU MEPHI) U
paccMoTpeTh rpad, coCTOAMUN U3 pEGEp MEX Iy STUMU MHOXKECTBAME, TO CPEIHsS CTENeHb BEPIIUHBI
B MHOXKeCTBe A paBHA CPEIHEN CTENeHUW BePUIMHBI B MHOXKecTBe B. [l MHOXECTB Pa3HOU MEPHI TOXKE
BRITIOJHACTCA AHAJOTMYHOE CBOUCTBO; HYKHO TOJBKO JOOABUTH MHOKUTEb.

NuTepecHo, 9To Te CBOUCTBA, KOTOPLIE 17 TPadOHOB CIOXKHEIE, OHM HA MpaduHbl epenocatca. [lo-
Ka3aTelbCTBA, MPABAA, CTAHOBATCA €I 60Jee CIOXHBIMU. A BOT TO, 4TO Aid Trpad)OHOB OYUEBUIHO, a
UMEHHO IIOTHOCTh, Ciofla He nepeHocuTcsa. QOueBuqHoe 1OKA3ATENAbCTBO /s IIOTHOCTH HE TIEPEHOCUTC,
MOTOMY 4TO €CJIM Y BAaC €CTh FpadUH U BbI CAEMAETE CAYIANHYI0 KOHEYHYIO BHIOOPKY B HEM, TO, BBUIY
TOT0, YTO OH OYEHL PA3PEXKEHHBIN, BHI HE YBUAUTE BOOOINE HU OJHOTO pedpa. Boaee mim Menee ode-
BUHO, KaK THITATHCA DTO MOAUMPUITPOBATDL: OPATh KAKYI-TO TOUKY, OpaTh €€ TOKPHIBAIOIIEE J1ePEBRO,
CMOTPETDb, C YeM OHO COEIUHEHO, KAK-TO MHEITATHCA TO CAelaTh. HO yCTPOUTH XOPOIIYIO CIyYanHyo
BBIOOPKY TIOKa HU y KOPO HE MOJYIUIOCH.

[s rpaduHa TOXKE MOXKHO JIATH OIpPENeNeHNe B TEPMUHAX IIOTHOCTH, KAK 3TO NEJAETCA I T'Da-
dona. B xomeunom rpade GUKCHPyETCs BEPIUIMHA Vg U PACCMATPUBaeTCA mwap paguyca R ¢ menTpom B
sTou Beprmue. [loaydaercs mekun KoHednbin rpad. Ilocae 5TOro Mbl ycpeaHseM MO BHIOOPY BEPITUHED
vo. llomydaeTcsa pacnpenenenue mapoB paguyca R.

[IBa onpeneaenus rpadona a gan. Ha Tperbe ompenesnenue s mpocTto HamexkHy. OKa3biBaeTCs, 9TO
nocaegoBaTenbHoCcTh duced ¢(H) coorBercTByeT romoMopdusMy u3 aareSpsl (pIaroB B BELIECTBEHHLIE
qucaa. ['pador — 5T0 mpegcTaBIeHre STOU ANreOpHl, 1 KOHEYHAS MOCIEI0BATEIbHOCTD TOXE MPEACTa-
BJIEHUE DTOU AIreOpHI.

HIpu wém Tyr xommakTHOCTs? Ha rpadoHAX MOXKHO B3aJaTh METPUKY MHOTHME CHOCOGAMM, HANpPHMED Kak
>on 27 (Hn, W1) — t(Hn,Wa)|, e {H,} — IpoM3BOIbHOE IepeduciIenne KOHEUHBIX rpados. W Torga cxojammuecs 1o-
CJIeIOBATEIBHOCTH I'PAadOB miau rpadoOHOB — DTO B TOYHOCTH MOCaeq0BaTenbHOCTH Kormmm.
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[laBauTe s Tenepb OOBACHIO, I9TO TAaKOe aareopa ¢paaros. TOIBKO g X0Uy TIepenTu K 60Iee TPUBBIYHO-
My (mas mers) s3piky u paccmarpusath p(H,G). Ecau rpad H cogepxut | Bepuwmd, 10 B rpade G MbL
crydauHbIM 06pa30M BEIOUpaeM [ BEPIIWH U CMOTPUM, KAKOBA BEPOATHOCTD TOI'O, 9TO MOPOK JEHHBIA UMY
rpad uzomopden H. Ecau rpadp H dpukcupoBan, TO y HAC ecThb QYyHKIUA HA MHOXKECTBE Beex rpados G.
MoxKHO paccMOTpeTsh (OpMaabHbIe JJMHENHLIE KoMOuHanyuy RM. 3gecs M — 0T CI0Ba, «<MOJEIb», IOTO-
MYy YTO Ty KOHCTPYKIWIO MOXHO IMPUMEHUTH HE TOJBKO K rpadam, a K 9eMy yrogHo: K rumeprpadam,
OPUEHTUPOBAHHBIM I'DadaM, paCKpalleHHBIM I'padaM, CMeIIaHHbBIM Ipadam.

Oro6paxenue RM — R (gas ¢pukcuposansoro 6oasmoro rpada, a eme ayd4ue rpadona G) y Hac
yxe ecTb. OKa3BIBAETCS, 9TO €10 MOXKHO MPOGAKTOPUIOBATH 110 COOTHOIIEHUAM, KOTOPBIE BBIIOJIHAIOTCA
Bcerga. S mpuBeny M mpuUMepa TMPOCTENIee COOTHOIeHue. /JomycTuM, 9To 1 TPOCTO XOUy MOCUUTATD
WIOTHOCTE péGep B rpade mim aydrie B rpadoHe. MOKHO NIPOCTO MOCYNTATH, 8 MOXKHO MOCIATATEH TAK:
naBanuTe A HaGpPOCAa TPU TOYKHU CIYIAUHBIM 06Pa30M, TIOCMOTPIO, CKOJBKO €CTh PEGEP MEXIY DTUMU
TOYKAMHU, U COCTABJIO JUHEUHYI0 KOMOMHAINIO. DTO MOXKHO 3aMUCATh TAK: ) = %I . +§V + V (Bepost-
HOCTL pebpa B rpadge paBHA OJHOU TPETU BEPOATHOCTH TOrO, YTO Ha TPEX TOYKAX OAHO pebpo, ILIIOC
IBE TPETU BEPOATHOCTU TOTO, UTO HA TPEX TOUKAX IBa pebpa, IUI0C BEPOATHOCTb TPEYyTroJbHUKA). Ta-
KHe COOTHOINEHUA Y HAC OyAyT BHIMOJIHEHBI BCEra. JTO MPUMEP JUHENHOTO COOTHOIICHUS, 8 €CTh eIé
TIOMMHOMUAJIBbHEIE COOTHOIIEHUA. [loMMHOMUANBHBIE COOTHOIIEHUS TIPOIIE BCETO ONMUCHIBATD, €CJIU HA (PaK-
TOPIPOCTpaHCTBe, KoTopoe a o6o3nawy A, BBecTH CTPYKTYypy anre6pel. Ilorywaercsa accomumaTuBHAA
KOMMYyTaTUBHAasA aarebpa.

Ywuuox)eHre BBOAUTCA creayoomum obpasom. IlycTs, HanpumMep, s X049y BEIMUCIUTH KBAAPAT SJIEMEHTA
p (T.e. kBagpar wioTHOCTHU pebpa). [lasa 3Toro A HabpOCaw CIAyIanHbIM 06Pa3oM 4 TOYKU U IOCMOTPIO HA
KOJIMYECTBO APOCOYETAHUN B TOM, UTO TTOLYIUTCA, C KOIDPUIMEHTOM % Hyxuo 6yneT nepeyucanTs BCe
rpadbl Ha 9eThIPEX BepmunHax (ux 11 mTyk), u 4 Kax 40ro B3ATh 9UCI0 IapOCOIeTaHul, JeIEHHOe Ha 3.
Kosdpdunuentsr nony4atorcs ciregyiomum obpasom. fI nabpaceiBaioo aBe mapsl Toduek. Mens unTepecyet
coOBITHE, KOTOPOE 3AKII0YAETCA B TOM, YTO B IEPBLIU PA3 MOJYIaeTCs peOpPO U BO BTOPOU Pa3 MOLy IaeTCa
pe6po. Do 6yaer p?, W3-3a HE3ABUCUMOCTH. A Temephb s XOUy MOCIUTATE TO-APYTOMY: A CIMTAIO0, ITO
CcHAYAMA 1 HAOPACHIBAIO YETHIPE TOYKMU, a TIOTOM YKE UX CIYIAWHBIM O0pa3oM [N TO mapam. JTO
dopMyna yCIOBHOU BEpOATHOCTHU, KOSDPUIUEHTH! OYAyT B TOYHOCTU BEPOATHOCTU HA BTOPOM IIIare.
Buruucanm, Hanpumep, kosddunment npu rpade, nzobpaxénnom ua puc. 1, a. fI Bce ero Touku mabpocau,



TOCJe DTOTO A JeTH0 WX CIyYauHbLIM 00pa30M HA Taphl. Y MEHA €CTh TPU BO3MOXKHOCTHU DTO CAEIATh.
TonbKO OHA W3 HUX NPUBOJUT K MapocodeTanuioo (puc. 1, 6): pebpo MOMKHO OBITH Ha KaXKIOU Tape
Touek. B urore kosdpdunuent 6y et %, MOTOMY 9TO TOQUTCA TOJBKO OTHA BO3MOXKHOCTB U3 TPEX. A s
rpada, n306paxEHHOr0 Ha puc. 2, koddduirent O6yneT %

Ewé nyxno morpe6osatsb, uro p(H) > 0 mua awoboro H, noromMy 9TO 3TO y HAC BEPOATHOCTH.
" oxaswiBaeTCs, 9TO HTOrO yKEe AOCTATOYHO; CPABHUTENBHO MPOCTO NOKA3ATH CJAENVIOIIEe: €CIU y BaC
ecThb JM060# ToMOMOpPGU3M U3 arre6psl LAY B BeIIeCTBEHHEBIE UHCIA, KOTOPHIH YIOBIETBOPSAET YCIOBHIIO
p(H) > 0, TO 5TO TO ke camoe, 9TO IPadOHLL, TO Ke CAMOE, ITO CXOAINECs HOCAeI0BATEIbHOCTH. Ml
HUAYEro He MOTEePSIN.

Korga s geT mecTs Ha3za pacckasbiBad 5Ty Bemw B IAS, Tam Toxe cupenn aare6paucTsl, U KOrAa
onn yBugem Mmoé o6os3matenue Hom™ (A%, R), (Buammo, 114 HUX 5TO eCTeCTBEHHAS PEAKIMs) Cpa3y CIpa-
[IUBAIOT: HEJIb3S JIU KAK-HUOYIb TPUMEHUTH KOTOMOJOTUH, YTOOKI DTO Ae]10 n3y4darh. Bonpoc ectecTBen-
HBIN, KOHEYHO. Ha caMoM [gesie, U3 TOr0 BOMPOCA TOCIEI0BAIA €[UHCTBEHHAS HETPUBUAILHAA TEOPEMa
camou Teopuu anre6ps Gpuraros. Beé ocranbHOe 31€Ch — OPOCTO A3BIK. Y JOOHBIN A3BIK, YTOOBI TIOIYIaTh
KOHKPETHBIE PE3yJbTATHL. TeopeMa COCTOUT B TOM, YTO I rpad)OB, a TAKKe I OUPOMHOU MACCHI Te-
opuit (ecTh TOYHEIE KPUTEPWUH) OKasbIBaeTcs, 1To anredpa A’ He ovens mHTepecHa; »TO TPOCTO aare6pa
TIOTMHOMOB OT CYETHOTO “mcia HemspecTHEX. M 06bexT Hom (A%, R) Ges s3maka mioc okaswBaeTCA He
CJWIIKOM WHTEPECHBIM; 3TO IPOCTO MOCJIE[0BATEIBHOCTD YMCEI.

s mo6oro anemenTa f uma amre6per A° MoXHO cpocuTs, 6ymeT M OH HEOTPUIATENEH Ha JIOO0M
romomopduame 3 Hom™ (A°, R). 3amuces f > 0 osmamaet, wro ¢(f) > 0 ara moboro ¢ € Hom™t (A% R).
A smemenT f — 5T0 nuHenHAST KOMOUHALUA, BO3MOXKHO, ¢ OTpunaTeabusiMu Koddduuuenramu. Hamed
Hatami u Cepéxa Hopun nokasanaum COBEPIIEHHO 3aMedaTenbHylo Belb. OHU MOKa3aaM, ITO DTA 34,1394
AICOPUTMUYECKN Hepaspermmma. bojee Toro, COOTBETCTBYIOIMIEE MHOXKECTBO PEKYDPCUBHO HEEPEINCIU-
MO.

BosaukaeT Bompoc, KOTOPHIU MHE KAaXKeTCsA OU€Hb UHTEPECHBIM, HO s HE 3HAI0, KAK K HEMYy HOACTY-
naTeCsa. MOXKHO 1M aHAJOIWYHBIE BEIIM JO0KA3aTh [ €CTECTBEHHBIX 3aa4, IyCTh 1ayKe W B CMBICIE
OT'PAHUYIEHHOUN HEMOJIHOTHI, T.€. B TOM CMEICJIE, UTO €CTh KAKUe-TO UHMEPECHble 3a0a9N, KOTOPHIE NaH-
HBIM KJACCOM METOOB PEIINTh HEBO3MOXKHO. JIydie 651, KOHEYHO, YTO UX BOOOIIE HEBO3MOXKHO PEIIUTh,
HO XOTs ObI JAHHBIM KJIACCOM METOIOB.

N emé s x04y mOrOBOPUTH O TOM, KaK I'pad)OHBI CPABHUBATEL MeX 1y cobou. Tomonoruio s onpeaeus,
Tenephb OIpeeto MeTpuKy. MeTpuky MOXKHO ONpPEIeIuTh Pa3Hble, caMas IpOCTas (B COOTBETCTBUU CO
suadenusvu t(H,W)) yxe ynomunanace B npumedanuu 1. Ho Hac ceryac MHTEPECYIOT «BHYTDPEHHUE»
onpenenenus. [lepBas MeTpuka, KOTOPYIO A CeUYac Onpeaento, mioxas. I'padoust Wi u Wy moHATHO, Kak
CPABHUBATH. BO-IEPBBIX, X HYKHO NMBITATHCA HATOKUTE APYT HA IPYra C IOMOIIBIO COXPAHSIOIIETO Me-
py npeobGpasoBanus. JTo dakTudecku 1o, ¢ dero 1 Hadanx (Edit Distance); Ho MBI OT HEro OTKa3aIUCH.
Ho Temneprs noseaserca magexaa. B camom gere: ecim y Bac uMerTCs rpadOHbI, KOTOPHIE OAMHAKOBEI
C TOYKU 3PEHUs 3TOU MOCJIEJOBATEALHOCTH, TO OHU M3OMOPQHBL. ECTH TOJIBKO OAWH COYyYaWHBIU I'pa-
dou: mocTosHHAS QYHKINA %; opyrux HeT. [[eno 3a «ManbIiMy: HAUTU TOAXOAAILYI0 HopMy. [lombiraemcs
HanoxuTh Wi Ha Ws onTumanpHbIM O6pazoM. HamoxuMm ux, BeraTeM. Bompoc B ToMm, ecau y Bac eCcTh
He rpadOH, & MPOCTO OTOOPANKEHUE U3 KOHEYHBIX I'PDA(OB B BEIIECTBEHHBIE YKUCJIA, TO KAK €r'0 HOPpMU-
POBATH, U OKA3BIBAETCS, YTO MPABWIBHLIM OTBETOM OyleT Tak HasblBaemas cut-norm dg. JTa HOpMa
onpepnensercs Tak. llycts D = Wy — a(Ws), rae a@ — mexoropoe Hanoxenue. Toraa

/A /B D(a,b)dadb

roe A C Wy u B C Ws. Ecth Teopema, 9TO 3TO B TOYHOCTH COOTBETCTBYET IpadOoHaM, T.€. HaéT Ty XKe
camyto Tonogoruto. JIpyrumu crosavu, t(H, W1) = t(H, Ws) nna scex H TOrga u TOJIBKO TOTIa, KOTAA
semmauna 0 (W, — Wa) mana. B ogny cropony (u3 Toro, uro Bemnuauna o (W, — Wa) maza, cregyer, 910
t(H,W1) =~ t(H,W,)) sT0 nokasbiBaeTcs 6osee win MeHee Jerko. O6paTHoe yTBEDPK J€HIe HETPUBUAIBLHO,
TaM BO3HUKAIOT TBOUHBIE DKCIOHEHTEL

og(Wy — W3) = min max

a A,B ’




