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The complex-analyticity of harmonic
maps and the strong rigidity of
compact Kihler manifolds'

By Yum-ToNG Siu

In 1960 Calabi and Vesentini [3] proved that compact quotients of
bounded symmetric domains are rigid in the sense that they do not admit
any nontrivial infinitesimal holomorphic deformation. In 1970 Mostow
discovered the phenomenon of strong rigidity [7]. He proved that the funda-
mental group of a compact locally symmetric Riemannian manifold of
nonpositive curvature determines the manifold up to an isometry and a
choice of normalizing constants if the manifold admits no closed one or two
dimensional geodesic submanifolds which are locally direct factors. In
particular, two compact quotients of the ball of complex dimension =2 with
isomorphic fundamental groups are either biholomorphic or conjugate
biholomorphic. Yau conjectured that this phenomenon of strong rigidity
should hold also for compact Kahler manifolds of complex dimension =2
with negative sectional curvature. That is, two compact Kahler manifolds
of complex dimension =2 with negative sectional curvature are biholomor-
phic or conjugate biholomorphic if they are of the same homotopy type. In
this paper we prove that Yau’s conjecture is true when the curvature tensor
of one of the two compact Kahler manifolds is strongly negative in the sense
defined in Section 2 with no curvature assumption on the other manifold.
The strong negativity of the curvature tensor is a condition stronger than
the negativity of the sectional curvature. This strong negative curvature
condition is satisfied by quotients of the ball and also by the compact Kahler
surface recently constructed by Mostow and Siu [8] which has negative
sectional curvature and whose universal covering is not biholomorphic to
the ball. Until now there is no known example of a compact Kahler mani-
fold of negative sectional curvature which does not admit a Kahler metric
with strongly negative curvature tensor.

Our result is proved by showing that a harmonic map of compact Kahler
manifolds is either holomorphic or conjugate holomorphic if the rank over
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R of the differential of the map is =4 at some point and if the curvature
tensor of the image manifold is strongly negative. This result on the complex-
analyticity of harmonic maps is obtained by a Bochner type argument. The
usual technique of proving properties of a harmonic map f is to obtain a
Bochner type formula by considering the Laplacian of the pointwise square
norm of df. For the complex manifold case the pointwise square norm of
df is replaced by the pointwise square norm of df in this technique (see [9]).
The metric tensor of the image manifold and the inverse matrix of the
metric tensor of the domain manifold appear in the pointwise square norm
of df. Hence in this Bochner type formula an expression involving the
difference of the curvature tensors of the domain manifold and the image
manifold appears. This prevents one from drawing any conclusion when
both manifolds have negative curvature. In our proof we overcome this
difficulty by replacing the pointwise square norm of df by the contraction of
of /\-57 with the metric tensor of the image manifold and by replacing the
Laplacian by 90. This method enables us to get rid of the curvature tensor
of the domain manifold in the Bochner type formula. Our result on the
complex-analyticity of harmonic maps can be applied to the problem of
representing homology classes by complex-analytic subvarieties. Unfor-
tunately it is still far from being able to prove the Hodge conjecture even
for the case of the compact quotients of the ball.

Our method of proving the complex-analyticity of harmonic maps and
strong rigidity can be applied to a much wider class of compact Kahler
manifolds than the class of those with strongly negative curvature tensor.
As examples, we apply our method to compact quotients of the four types
of classical bounded symmetric domains and obtain the following result.
Any harmonic map from a compact Kahler manifold to a compact quotient
of an irreducible classical bounded symmetric domain of dimension >2 is
either holomorphic or conjugate holomorphic if the map is a submersion
at some point. In particular, any compact Kdhler manifold which is of the
same homotopy type as a compact quotient of an irreducible classical bounded
symmetric domain of dimension =2 is either biholomorphic or conjugate
biholomorphic to it. This rigidity result is stronger than the corresponding
strong rigidity theorem of Mostow [7], because here only one manifold is
assumed to be locally symmetric whereas in Mostow’s theorem both mani-
folds have to be assumed locally symmetric.

These results were announced in [10].

I would like to thank S.-T. Yau for introducing me to harmonic maps
and his conjecture and for many conversations in connection with his con-
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jecture. E. Bedford drew my attention to the inequality that the second
elementary symmetric function of a finite number of real numbers is
dominated by the square of their sum. He showed me how to use such
an inequality and the complex Bernstein formula [2, p. 378] to obtain, in the
pseudoconvex case, a new proof of Bochner’s theorem on extending holomor-
phic functions from boundaries. This simple inequality is used in our proof
of the complex-analyticity of harmonic maps and its use is inspired by
Bedford’s proof of the special case of Bochner’s theorem. I would like to
express my indebtedness to him.
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1. Harmonic maps

Let f: N— M be a map of Riemannian manifolds whose metrics are
respectively

dsy = 22, ,Japdada’ ,
ds%v = Ei’jhijdyi dy] .
The energy E(f) of f is defined to be

1
Y SN trace,,: (f*ds}) ,

that is,

« 5rp
B = L( 5.,y 2L 287
(f) 2 Eha.uvﬁg'g ayi ayj
in terms of local coordinate charts. The Euler-Lagrange equation for the
energy functional ¥ is

a a a ? a 4 ij
A+ 2iin, Th aj;i #h =0

for all @, where A, is the Laplace-Beltrami operator of N and *I'§, is the
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Christoffel symbol of M. The map f is said to be harmonic if f satisfies the
Euler-Lagrange equation for the energy functional.

Eells-Sampson [4] proved that when M and N are both compact and M
has nonpositive sectional curvature, every continuous map from N to M is
homotopic to a harmonic map. Hartman [6] proved that the harmonic map
is unique in each homotopy class if M has strictly negative curvature. Since
the Euler-Lagrange equation for the energy functional is a second-order
quasilinear elliptic system of partial differential equations, it follows that
any harmonic map between smooth Riemannian manifolds is smooth. The
reader is referred to [4] for a survey of the theory of harmonic maps.

2. Curvature conditions and statement of results
Suppose M is a complex manifold with Kahler metric
ds’, = 2Re Emﬁg,,;dz“dz”’ .
The curvature tensor is given by
Rs = 0105945 — El,,,g“aagrﬁaﬁgxs .

The sectional curvature at the 2-plane spanned by the two tangent vectors

a
—2R .a__’

a

0

= 2R “
q 82“7] 024

is given by

~ 1P A G Do Rears €0 — 7EED — 7°8)
where

1D A QI = 22, 5,995 [ED — pe) &y — pen)

+ &y — @y — 7e)] .
Nonpositivity of the sectional curvature is equivalent to
EesraBaan(60P — )& — &) 2 0

for all complex numbers &%, »*. The sectional curvature is negative if, in
addition in the above inequality, equality holds if and only if

g — e =0 forall a, 3,

because the vanishing of all £%* — 7°¢? is equivalent to the vanishing of
Il A q|l* as one can easily verify by diagonalizing the matrix (g,;) and
making use of the identity
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&P — P = &P — PE [ — (e — ENN(EY — 1PER) .
We now introduce some notions of negative curvature stronger than the
negativity of sectional curvature.

Definition. The curvature R.;; is said to be strongly negative (respec-
tively strongly seminegative) if

Y epy.s Baprs (A“BP — C*D?)(A°B™ — C°D)
is positive (respectively nonnegative) for arbitrary complex numbers
A®, B*, C%, D* when A*Bf — C*D? + 0 for at least one pair of indices (a, 3).

Definition. The curvature tensor R.;; is said to be very stromgly
negative (respectively very strongly seminegative) if
Y s Raara 6P
is positive (respectively nonnegative) for arbitrary complex numbers &%
when £% = 0 for at least one pair of indices (a, 3).
Clearly very strong negativity of the curvature tensor implies strong

negativity of the curvature tensor. Strong negativity of the curvature
tensor implies negativity of the sectional curvature.

THEOREM 1. Suppose M and N are compact Kahler manifolds and the
curvature tensor of M is strongly negative. Suppose f: N— M is a harmonic
map and the rank over R of the differential df of f is at least 4 at some
point of N. Then f is either holomorphic or conjugate holomorphic.

In Theorem 1 the curvature condition on M can be weakened to the
following. The curvature tensor of M is strongly seminegative everywhere
and is strongly negative at f(P) for some Pec N with ranksdf = 4 at P.

The following strong rigidity theorem is a consequence of Theorem 1.

THEOREM 2. Let M be a compact Kahler manifold of complex dimension
at least two whose curvature tensor s strongly negative. Then a compact
Kahler manifold of the same homotopy type as M must be either biholomor-
phic or conjugate biholomorphic to M.

Though most of the bounded symmetric domains do not have strongly
negative curvature tensor, our method can also yield the strong rigidity of
compact quotients of classical bounded symmetric domains and the complex-
analyticity of harmonic maps into them. The precise statements are con-
tained in the following two theorems.

THEOREM 3. Suppose N 1s a compact Kahler manifold and M is a
compact quotient of a bounded symmetric domain of type 1,,., (mn = 2), 11,
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(n.= 3), IIL, (n = 2), or IV, (n = 3) (whose precise descriptions are given in
§5). Suppose f: N— M is a harmonic map which is a submersion at some
point of N. Then fis either holomorphic or conjugate holomorphic.

THEOREM 4. Let M be a compact quotient of a bounded symmetric domain
of type I,., (mn=2), II, (n = 3), III, (n =2), or IV, (n =3). Then any
compact Kahler manifold of the same homotopy type as M must be either
biholomorphic or conjugate biholomorphic to M.

The main part of this paper will devoted to the proofs of these theorems.

As examples of compact Kahler manifolds with very strongly negative
curvature tensor, we show that any compact quotient of the ball has very
strongly negative curvature tensor.

PROPOSITION 1. The curvature tensor of the imvariant metric of the
ball is very strongly negative.

Proof. The invariant metric 2Re Y, ﬁg,.;gdz"dz_ﬁ of the ball B of C" is
given by
9ap = aaa;(—log (1 — |z|2)) .
Since

E2N

—log (1 — [2f) = |2 + 120 4

4
Izl o,

it follows that at the origin all the components of the curvature tensor

4
Rugrs = 0,030,0i(~log (1 — |2]") = 0.0,0,0: (21

are zero except the following

Ruzez = 2,

Ruzi5 = Rugpa = 1 for a+p3.
Hence at the origin

T Rawrié = T (5, , R 6% + 1., (5, Raar 6%
= 3. (0, Ruari&™EM) + ., Rapsa £76F
= 2% 167 + 2, 6767 + 3, |67
= D0 EC + 30, 6T+ XL 1€
= 206 + | 2,67 + 12,1670
which is >0 and is zero if and only if all &% = 0. Q.E.D
Compact quotients of the ball are not the only examples in complex

dimension =2 of compact Kahler manifolds with very strongly negative
curvature tensor. Recently Mostow-Siu [8] constructed a compact Kahler
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surface with very strongly negative curvature tensor whose universal
covering is not biholomorphic to the ball of complex dimension two.

3. A Bochner type identity
Suppose M is a Kahler manifold with metric tensor
g = 2Re Emﬂg,,gdz“d?

and suppose N is a complex manifold and f: N — M is a smooth (i.e., C) map.
Let T, denote the real tangent bundle of M when M is regarded as a real
manifold. The complex structure of M gives a decomposition of T, X C into
tangent vectors of type (1, 0) and type (0, 1),

T, ®C=Ty"D Ty .
The differential df: Ty — T, of f given rise to a map
dfRC:TyRC— T, RC.
Composing this with the projection map
1, T, ®C—> T)°
we obtain
IT, 50 (df® C:TyQRQC— T .
This is equivalent to a bundle map
Ty R®C— f*Ty°
of C-vector bundles over N. Composing this bundle map with the inclusion
map
Il\)l1 — TN ® C )
we obtain a bundle map from T%' — f*T5° which we denote by df. Hence
df is a smooth section of the C-vector bundle
Homc(TIQI'l, f*T;l,O) f— (TIIV,O)* ®f* ;{.0
over N. In other words df is an f* T} valued (0, 1)-form on N.

Let (w?) be a local holomorphic coordinate chart of N. Then in terms
of the local coordinate charts (z%) and (w’) of M and N, df is simply repre-
sented by (0;f%), where 0; = d/ow'. In Sections 1-5 we will use the notation
9; = 0/dw' and also the notations 9, = 9/ow’, 3. = 9/0z% and 3z = 9/dz*. In
these notations we may substitute another lower case italic (respectively
Greek) for ¢ (respectively a).

Likewise we define of, af, and 6f. af is an f* T -valued (1, 0)-form on
N represented by (3,f%). of is an f*T*'-valued (1, 0)-form on N represented
by (8,f%). af is an £*T"'-valued (0, 1)-form on N represented by (3;f%). It
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is clear that df is the complex conjugate of df and of is the complex con-
jugate of of.

Let V be the Riemannian connection of M defined by its Kahler metric.
It induces a connection f*V on the vector bundle f*T"°. This connection
together with the o operator of N enable us to define, for any f*7T"°-valued
(0, 1)-form w on N, the o exterior derivative of @, which we denote by Dw.
It is an f*T"°-valued (1, 1)-form on N. In terms of local coordinates, if
® = (w3), then

Do = (¥, ;n%dw' A dw?)
with
75 = 0,05 + 35, "T5wi.f7
where *T% is the Christoffel symbol of M (evaluated at f(Q) when the
equation is considered at the point Q of N).
Likewise we define, for any f*7T*'-valued (1, 0)-form @’ on N, the o
exterior derivative D@’ of @’ which is an f*7T%'-valued (1, 1)-form on N.
Let A’ be the bundle over M of (complex-valued) tensors of contra-
variant order » and covariant order s. Let ¢ be a section of A7 on M and
let 7 be an f*A:-valued p-form on N. We denote by (o, t) the p-form on
N obtained by the contraction which contracts elements of A; with elements
of A: to form scalars.
Let R = (R.z;) denote the curvature tensor of M. We are now ready
to state our Bochner type identity.

PROPOSITION 2.
09¢g, of N ofy = (R, 3f A of N of A af) — (g, D3f A Dof) .
In local coordinates
303, ,9.501° A OfP =3 uprs Bawa0f* NOSFNBSTA af’
—X..,9D3f* A Dof?,
where
Dof* = dof* + EM“’ «Off NOfr,
Dof? =dof* + 3, "TLaf* Nof' .
Proof. Fix a point Q of N where we want to verify the equation. Let
P = f(Q). We choose a holomorphic local coordinate system (2*) of M at P

such that dg,; = 0 at P. Then at P all the Christoffel symbols *T'§; vanish.
It follows that at P,

Roprs = 0:05045
and at @
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Dof« = dafe,
Dof*=3dof".
Using 0,9.; = 0 at P and recalling that in the equation g.; stands for g,z f,
we have at Q

0L, ,0a0 S NOFF =3 05,0000 N BFT NS A Of°

+ Y oasr.0050:9a301° N BfT NIfC N OFP

+ D 0050a50S* AN 3T NS N O

b 0000307950 N OFT N TFT N OfF

— Y., 9500 N OfF .
Since 9,0,9.; is symmetric in a, v (due to the fact that the metric
2Re Y g.5dz°d2* is Kihler) and since af* Adf7 AdfN af* is skew-symmetric
in a, v, it follows that the first term on the right-hand side of the preceding
equation in zero. Likewise, it follows from the symmetry of 9;0,9.; in a, ¥

and the skew-symmetry of 6f° A 3f7 A 9% A of* in a, v that the second
term on the right-hand side is zero. And it follows from the symmetry of
;07945 in B, 6 and the skew-symmetry of 3° A 37 A 35 A of* that the last
term on the right-hand side is zero. Hence

99 Ea.ﬁgaﬁéfa A af_fj
= Ea.ﬁ,r,aRaﬁﬁfaf‘; A\ éﬁ AN gfa A aﬁ
— 32,29 D3f* A Dof? . Q.E.D.

4. Complex-analyticity of harmonic maps
PROPOSITION 3. Let M, N be compact Kahler manifolds and f: N— M
be a harmonic map. Let m = dim,M, n = dim;N, and f* (1< a < m) be
the components of f with respect to a local coordinate system of M. Let
w' (1 <1 < n) be alocal coordinate system of N and let

&8 = (0:f)(0; %) — (351 )(0.F7) -
If the curvature tensor R.z; of M is strongly seminegative, then for 1 =1,
J=m,
Ea,p,r'gRaﬁriéggég—: O .
Proof. Let g = 2ReY,, g.idz°dz* and h = 2Re Y, hjdw'dw’ be re-
spectively the Kahler metrics of M and N. Denote the Kahler form

V=1Y, ,h;dwidwi of N by w. We use the notations of Section 3. First
we show that
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(4.1) {9, Dof A Dofy A o = Ao
for some nonnegative function X on N.
Fix a point Q of N and let P = f(Q). To prove (4.1) at Q, we choose local
holomorphic coordinate systems (z*) at P and (w') at @ such that with
respect to these coordinate systems
0ai = Ousp (the Kronecker delta) at P,
dgaﬁ =0 at P f
hi; = 6”' at Q y
dh;=0 at Q.
Let »" and v* be respectively the real and imaginary parts of f¢ Let
MYy e MY (respectively p@, - -, pi®) be the eigenvalues of the complex

Hess1an of u”® (respectively v*) at @ with respect to the coordinates (w?).
We have

(9, D3f ADafy N @™ =3, 90F N 3of A @"*
=3, (aéu« A 30U + 90v* A 90v%) N\ @™

— E E#]()"(M )\l(a) + Iu(a)lu(a))wn
'n('n — 1)

where the last identity is obtained by diagonalizing the complex Hessians
of u* and v* (nonsimultaneously). Now (4.1) follows from the identity

#jkz)"a’ = (Ei AP — Ei AL
and the fact that the harmonicity of f implies
oMY =30 =0.
This proof of (4.1) yields also the statement that X = 0 at Q if and only if

Dof* = 0 at Q for all a.
We now express

(R, 3f NOF AOf AOf) A @
in terms of local coordinates. Fix @ € N. Choose an arbitrary local holomor-
phic coordinate system (w') at Q such that h;; = §,; at Q. Then at @
(R, 3f NOf Nof N afy A w*?
= D aprs Reaidf* NOFFNOFT NS A (n— 2)1 (V=D

X Elsm,gn /\lSkS'n k#1, j(dwk A d’ll?)

+ B f )@, )@@ 7) + (3;f SICADICH ’)(azf %)

- (a.;fn)(anp)(asz)(a[fE)) A (Algkgn(dwk A dwk))
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= S sncicsen R (GG — @57 Fof?))

nin — 1)
X ((@:7)@;07) — @;)(0./7))o™ .

Since R,s; is symmetric in 3, 4, it follows that

(42) (R, Of NOF NOF NOFY N @0 = s B prsnsicen Ruraéff 0"

at any point @ of N when h;; = 4,; at Q.

The strong seminegativity of the curvature tensor R,z; implies that

(4.3) (R,3f NOfF NOf NOf) N o™ = o
for some nonpositive function ¢ on N.
By Proposition 2,
00{g, Of ANOfY AN @ = (R, 0f ANOf N Of A Of) A @
— g, Daf A Daf> N o™ .

Since the left-hand side is an exact form, it follows that

[ <B.37 N aF N af A OF> A @ — g, Do A Daf> N = 0.
From (4.1) and (4.3) we conclude that X and o are identically zero. By (4.2),
(4.4) Tesro Reani&fel = 0.

To finish the proof, we take an arbitrary local holomorphic coordinate
system (%) at Q. Let

= 9 3P _ op O
Y oct ol o¢ o¢

evaluated at Q. We have to show that

(4.5) 2 wnr ,,Rapns’?i’fﬁ-’”- =0.

Fix 1 <7, j <n. Since 77‘{?.- = 0 when ¢ = 7, we can assume that i = j. At
Q let

ac, = Ek k ’
aC’ = Ek k
There exist uniquely two unit orthogonal n-vectors (A, ---, AY), v =1, 2,

such that a, = cA{" and b, = ¢'AY + ¢”AP, 1 <k < n, for some complex
numbers ¢, ¢/, ¢’’. Construct a unitary matrix (A%), 1 < v, k < n whose first
two rows are these two unit orthogonal n-vectors. Define a local holomorphic
coordinate system (z*) at @ so that
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0
k

0
— A(v)
2o Al ow

ot’
at Q. Let
g — Of 3f° _ of of°
ott or? at' ot
evaluated at Q. By replacing the coordinate system (w*) by the coordinate
system (z*), corresponding to (4.4) we obtain the following:

(1.6 s Besst 367 = 0.
Now

7]?:: = Ek,l&kl;l§g§
=o'y, APAPE; + e Y, ADAP S
= ¢c" %,
where the vanishing of Y, AP AP ¢ is due to the skew-symmetry of &5
in k, I. Hence (4.5) follows from (4.6). Q.E.D.

In order to avoid repeating part of the argument in the case of classical
bounded symmetric domains, instead of proving directly Theorem 1, we
prove a more general result. To state this more general result, we have to
introduce the following definition.

Definition. The curvature tensor R,s; of a Kdhler manifold of complex
dimension m is called negative of order k if it is strongly seminegative and
it enjoys the following property. If A = (A%, B = (B{) are any twom X k
matrices (1= a <m,1 <1 < k) with

A B
rank{ - _ | =2k
B A

__paBest
2 s Baprsbi26]; = 0

and if

forall 1 <+, j <k, where
3 = A}Bj — A3Bf,
then either A = 0 or B = 0.

The curvature tensor R,s; is called adequately megative if it is negative
of order m.

The above definition is motivated by the following equivalent definition
which is clumsier to state but which renders more transparent the motiva-
tion behind the definition.

Definition. The curvature tensor R,z; of a Kahler manifold M is said
to be negative of order k at a point P of M if it is strongly seminegative at
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P and if it enjoys the following property. If f: U — M is a smooth map from
an open neighborhood U of 0 in C* to M with f(0) = P and rankzdf = 2k at
0 and if at P
Ea,ﬁ,r,aRaﬁﬁsgfsg? =0
for 1 <1, j <k, where
E?fj = (0:.)(0)(9;/*)(0) — (35*)(0)(2.f*)(0)

(the coordinates of C* being w*, 1 < i < k), then either 3f = 0 at Oorof = 0
at 0.

The curvature tensor R,z; is said to be adequately negative at P if the
above holds with the condition rankzdf = 2k at 0 replaced by the condition
that f is locally diffeomorphic at 0.

We will use only the latter definition, because there the indices have
transparent meanings and are easier to keep track of.

THEOREM 5. Let k = 2. Suppose M and N are compact Kahler mani-
folds and the curvature temsor of M 1is megative of order k. Suppose
fi: N— M is a harmonic map and the rank over R of the differential df of
f is at least 2k at some point of N. Then f is either holomorphic or con-
jugate holomorphic.

Before we prove Theorem 5, we have to prove first the following very
simple lemma in linear algebra.

LEMMA 1. Suppose V is a vector space of dimension n over C and W is
an R-vector subspace of V and the dimension of W over R is <2n — 2k. Let
E be the set of all bases of V over C and let F be the subset of E consisting
of all bases (e, ---, e, of V over C such that (EleCeiD) NW=0 for all
153, < - <y, =n. Then F is a dense open subset of E.

Proof. For 1 <4, < - - <i,<m let F, .., be the subset of E con-
sisting of all (e, ---, e,) with (EleCe%) N W = 0. It suffices to show that
each F, ., is a dense open subset of E. Let H be the set of all C-vector
subspaces L of complex dimension k in V with L N W = 0. It suffices to
show that H is a dense open subset of the Grassmannian G,(V) of all
C-vector subspaces of complex dimension kin V. Clearly H is open in G, (V).

Let K= W N1/ —1W be the maximum C-vector subspace of V contained

in W. We can choose a basis e, ---, ¢, of V over C such thate, ---, ¢, is a
basis of K over C and
€ty €py 1/—161, Tty 1/—16113 €pt1y "y €L

is a basis of Wover R. We have | + p = dimg W < 2n — 2k. First we show
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that H is nonempty. Let q be the largest integer <(I — p/2). Let Q be the
C-vector subspace of V spanned by

€pi1 + V_lep4-2’ €p+s + 1/_16171“4’ cr oty €ptaga + V_lep+2q’ Criyy "y €y

over C. Clearly @ N W = 0. We claim that dim@ = k. Since2¢=>1—p—1

and 2n — 2k =1 + p, it follows that 2n — 2k + 2¢ = 2] — 1, which implies

n—k+q=1, because n, k, q, l are integers. HencedimQ@=qg+ (n—10)=k.

Choose a C-vector subspace L’ of complex dimension k£ in Q. Then L' € H.
Take LeG,(V)and let g, - --, g, be a basis of L over C. Let

0. =3 ane; (A=i<k).

j=1
Let A = (aji)p<j<in<isk @nd B = (a;)icjsnisisk- Then L N W+ 0 if and only
if for some nonzero column ¢ of k complex numbers Im Ac = 0 and B¢ = 0,

ie.,
Ac — Ae =0
Be =0
Be =0
which is equivalent to
A —A
rank| B 0 < 2k,
0 B
because, if
Ac — Ad =0
Be =0
Bd =0

for some ¢, d not both zero, then by suitably adding the equations to and
subtracting the equations from their complex conjugates one obtains

A — AE =0
B =0
BE=0

for¢ =¢ + d, V' —1(¢c — d), one of which is nonzero. By replacing L by L’
we obtain g;, aj;, A’, and B’. For0 <t <1, let

9:(t) = (1 — t)g: + tgi,
a;(t) = (1 — ta,; + ta;'i ’
Aty =1 — t)A + tA’,
B(t)=(1 — t)B + tB’.



COMPLEX-ANALYTICITY OF HARMONIC MAPS 87

The following two inequalities

rank (a;,(t))izjenizize 2 K

A(t) — A1)
rank| B(t) 0 = 2k
0 B@®)

hold at ¢ = 1 and hence hold for all ¢ € [0, 1] — J, where J is some finite set.
Forte[0, 1] — Jlet L(t) be the C-vector subspace of V spanned by g¢,(¢), - - -,
9.(t) over C. Then L(t) € H and L(t) approaches L in G,(V) as t approaches
0. Hence H is dense in G,(V). Q.E.D.

Proof of Theorem 5. Now rankpdf = 2k at some point of N and hence
at every point of some nonempty connected open subset U of N. We first
prove that

4.7 either 3f =0 on U or df =0 on U.
It suffices to show that for every point @ of U
(4.8) either 3f =0 at Q or df =0 at Q,

because the nowhere-vanishing of df on U implies that the two closed sub-
sets UN{df =0} and U N {0f = 0} are disjoint and since by (4.8) their
union is the connected set U, one of them is equal to U.

Since the curvature tensor R,s; is strongly seminegative, it follows
from Proposition 3 that for 1 <4, j<nand1<a, B3 m

(4.9) Y sy Ramscii6E =0 at P
where
E?f: = @i/ N0, )Q) — (0; NR)(0.f*)(Q)

(w', 1 £ 1 £ m, being local coordinates of N and f*, 1 < @ < n, being com-
ponents of f with respect to a local coordinate system of M).

Let P = f(Q) and let T, , (respectively Ty,) be the tangent space of
M at P (respectively N at @) when M (respectively N) is regarded as a real
manifold. Let K be the kernel of df: Ty, — Ty ». The complex structure
of M makes T, ,» a vector space over C. Since rankpdf = 2k, it follows that
dimy K < 2n — 2k. By Lemma 1, there exists a basis ¢g,, - - -, g, of Ty, over
C such that for 1 <1, < - -+ < 1, < n the intersection of K with the C-vector
subspace of Ty , spanned by g,, - -, g,, is the zero vector subspace. Choose
a holomorphic coordinate system (w*) of an open neighborhood W of Q in U
such that g, = 2Re(d/ow’). For 14, <+ <1, =n let @, be the
restriction of f to

Wn{wrzwr(Q) for 1§7§n;7iiu"'yik}-

1k
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Then rankgd®, ..., = 2k at Q. Since R.j, is negative of order k at every
point of M, it follows from (4.9) that for 1 <4, < --- <1, < n either 0;f* =

atQforl<a<mand j=1, ---,%, 0r 0;f*=0at Q for 1 <a <m and
j=1, % Now (4.8) follows from k = 2, because, if 9;f* # 0 at Q for
somel<a<mandsomel<j<n,and o,f*#0at Qforsome 1<8=m
and some 1 <] < n, then we can select 1 <14, < --- <1, < n such that both
j and ! belong to the set {7, ---, 1,}. The theorem now follows from (4.8)
and the following proposition. Q.E.D.

PROPOSITION 4. Suppose M, N are compact Kahler manifolds and
f: N— M is a harmonic map. Let U be a nonempty open subset of N. If f
18 holomorphic (respectively conjugate holomorphic) on U, then f is holo-
morphic (respectively conjugate holomorphic) on N.

Proof. Since the proofs of the holomorphic case and the conjugate
holomorphic case are similar, we prove only the holomorphic case.

Let Q be the largest connected open subset of N containing U such
that df vanishes identically on Q. It suffices to show that Q is closed in N.
Suppose the contrary. Q has a boundary point Q. Let W be a connected
open neighborhood of @ in N such that

i) there exists a holomorphic coordinate system (w‘) on some open
neighborhood of the closure of W and

ii) there exists a holomorphic coordinate system (z*) on some open
neighborhood of the closure of f(W).

The harmonicity of f is given by the equation
Avf 4 2050, THO@LH@ N =0,
where (%) is the inverse matrix of the matrix (h,;) of the Kahler metric of
N, A, is the Laplace-Beltrami operator of N, and T}, is the Christoffel
symbol of M. Applying d; to this equation and recalling Ay =23, jhffa,.a;,
we obtain
Ay@ef) + 20, ;(20eh 00557 + 30,(0 5., 0T 5 (0 HRT))35 ™
+ Ej(Ei,ﬁ,rM ;T(aifﬁ)h;i)al?a?fr =0.

Hence for some positive number C

|Ay@ef] < C(XT, ;10.050%| + 20, 19567 | + 25, 10305 71)
on W. Let uf and v§ be respectively the real and imaginary parts of d;f".
Since A, is a real operator (i.e., it maps real functions to real functions), it
follows that for some positive number C’

|Ayul® < C’Zﬁ’,(lgradu’;P + |gradvi® + |ub* + V),

|AyvEP = C'Y, (Igradul® + [gradvf” + | + |vil)



COMPLEX-ANALYTICITY OF HARMONIC MAPS 89

on W, where grad is the gradient with respect to the coordinate system
whose coordinate functions are the real and imaginary parts of w’. By
applying Aronszajn’s unique continuation theorem [1, p. 248] to the system
of functions u$, v 1<a=<m,1 <k =mn) and to the elliptic operator Ay,
we conclude from the identical vanishing of u$, vf on WNQ that %, v{ vanish
identically on W. This contradicts the fact that @ is a boundary point of Q.
Hence Q = N and 6f = 0 on N. Q.E.D.

Theorem 1 follows from Theorem 5 and the following lemma.

LEMMA 2. If the curvature tensor R,z of a Kdhler manifold M is
strongly negative, then it is negative of order 2.

Proof. Let U be an open neighborhood of 0 in C* with coordinates w',
w?, Suppose f: U — M is a smooth map which is a local immersion at 0 such
that for1 <74, 72

Ea.ﬂ,,rtsRaﬁr.—sEg?Eg =0
at P = f(0), where
£2% = (8:f)(0)(@;17)(0) — (3;:5)(0)(0.7)(0) .
We have to show that either 3f = 0 at 0 or 9f = 0 at 0.

Let m = dimcM. Let T, » be the tangent space of M at P when M is
regarded as a real manifold. The complex structure of M makes Ty,» a
vector space over C. Since f is a local immersion at 0, the image L of df is
an R-vector subspace of real dimension 4 in T, ,. By Lemma 1, we can
find a basis e, ---, e, of T, over C such that for 1 < a < 8 < m the inter-
section of L with the C-vector subspace of T, , spanned by ¢;,, 1 < v = n,
v # a, B, is the zero vector subspace. Choose a local coordinate system (z%)
of M at P such that e, = 2Re(9/0z%) at P. For 1 < a < 8 < m the map

Q51 (W', w*) — (F(w', w?), fA(w', w?)
is locally diffeomorphic at 0.

Since R, is strongly negative, it follows that 55”]’: =0forl<a, B=m
and 1 <4, j <2. Assume of # 0 at 0. We want to prove that 3f = 0 at 0.
Since 0f* # 0 at 0 for some 1 < a < m, without loss of generality we can
assume that o'+ 0 at 0. Let p be the number of C-linearly independent
(1, 0)-forms among of*, ---,df™ at 0. We distinguish between two cases.

Case 1. p = 2. Without loss of generality we can assume that /" and
df* are C-linearly independent at 0. For 1 < a <m and g = 1, 2, it follows
from &4 = 0 that 3f* = c.,0f° at 0 for some c,; € C. Hence, if df*+0 at 0
for some 1 < a < n, then of" = (ca/cn) 0f* at 0, contradicting the C-linear
independence of 9" and o0 f* at 0.
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Case 2. p =1. For 1 < a <m there exist complex numbers 7, such
thatof*=r,0f"'at 0. For 1 < a < m it follows from 5{‘;: 0 that 6f* = c.of"
at 0 for some ¢, €C. For 1S a<g=<m, df*Ndf* Adf* Ndf? is a linear
combination of exterior products of 3 and 5" at 0 and hence vanishes at
0, contradicting the fact that ®@,, is locally diffeomorphic at 0. Q.E.D.

5. Bounded symmetric domains

We recall the four types of classical bounded symmetric domains which
we denote by D,, ,, D!, D", DY and compute their curvature tensors.

Type 1,,... The domain D) , is an open subset of C™* and is the set of
all m x m matrices Z = (z,;) with complex entries such that I, — 'ZZ is
positive definite, where I, is the identity matrix of order » and 'Z is the
transpose of the complex conjugate of Z. An invariant Kahler metric has
the potential function

® = logdet(I, — ‘ZZ)™!
=Y |2l + LE Zar%asZ g5 + higher order terms.
2

At Z = 0 the coordinates (Z,,) are normal coordinates in the sense that the
first order derivatives of the coefficients of the metric tensor with respect
to these coordinates vanish at Z = 0. Hence the curvature tensor at Z = 0
is given by

o'
R 50 = = 0230310700, + 0ap05307005¢ -
7 BP A0, iz aza,azﬂ,,azl,,ai,,r 80210700 10207p
It follows that at Z = 0
(5.1) 32 Ry 7510, i £ PO 15T

= 3 upaudreBp ET T T By SO

— Ea’j’r,psanﬁélr-l—p + Ea,ﬁyrlagar»ﬁ-féaa,??;

S IRD DRI DN D DO L

Type 1I1,. The domain D' is an open subset of C*" /% and is the set of

all skew-symmetric » X n matrices Z = (z,,) with complex entries such
that I, — *ZZ is positive definite. It is a complex submanifold of D! ,. The
invariant Kahler metric of D} , induces an invariant Kahler metric of D}
At Z = 0, the coordinates (z,,) for @ < 8 are normal coordinates. Hence the
second fundamental form of D.'in D) , vanishes at Z = 0 and the curvature

tensor of D' at Z = 0 is the restriction of the curvature of D! ,. It follows
thatat Z =0

62 Doasr p<p 1<0 u<e By 5 s T E TG
Sp ) AR oE D DN D Dt Sy
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where £# is skew-symmetric in «, ¥ and skew-symmetric in 3, .

Type I1I,. The domain D}" is an open subset of C***!/2 and is the set
of all symmetric n X » matrices Z = (z,,) with complex entries such that
1, — 'ZZ is positive definite. It is a complex submanifold of D!,. The
invariant Kahler metric of D! , induces an invariant Kahler metric of D}".
At Z = 0, the coordinates (z,;) for &« < 3 are normal coordinates. Hence the
second fundamental form of D," in D} , vanishes at Z = 0 and the curvature
tensor of D" at Z = 0 is the restriction of the curvature tensor of D, .. It
follows that at Z = 0

(5.3) Ea§7ﬂﬂ§p;)§ayﬂéfR“”ﬂ_p'l"’ﬁéar'ﬁgm
SD DAY DR D NN DN
where £7# is symmetric in @, v and symmetric in g, p.
Type 1V,. The domain D)’ is an open subset of C* and is the set of all
2= (7, -, 2, in C" satisfying
51 + 125,25 — 23 |2.[*> 0
(C.lz.P<1.

An invariant Kahler metric is given by the potential function
© = —log(l — 2} |2z.]" + |2, 2]
=23 |2." = |23,25* + 2(30, [2.]°)* + higher order terms.

At z = 0 the coordinates z, (1 £ a < %) are normal coordinates. Hence the
curvature tensor is given by

0D
Rus; = ——————— = 4(0ap0s, + 0as0sp — 0aslpy) -
o 92.0%,02,0%, (9ap0s F 000
It follows that at 2 = 0
(5.4) Yo Regssoe?

=AY 0upBp0 EPET A AN 0000 E PR — 43 0updpe 6P EP
= 4Ea,ﬂ5‘i“s” + 425,,,,;’_'35” - 435, &g
— 4’2(,5““’2 + 22a¢ﬂ|5aﬂ — Eﬁajz .

The curvature tensors of these four types of classical bounded sym-
metric domains are strongly seminegative, but are not strongly negative.
In the following four Sections 6-9, we will show that these curvature tensors
are adequately negative so that Theorem 3 follows from Theorem 5. For
the proof of the adequate negativity of the curvature tensors, we will need
the following very simple lemma in linear algebra.
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LEMMA 3. Suppose @ is a smooth map from an open neighborhood of 0
in C™ to an open neighborhood of 0 in C* with @(0) = 0. Let w, ---, W,
(respectively z,, - - -, 2,) be the coordinates of C™ (respectively C*).

a) If the rank of the n X m matrix (0z,/ow,) at 0 1s n, then there exists
a nonsingular linear transformation

(5.5) w, =), bw; As1Em)
such that at 0,

0%,

ow;

b) If the rank of the n X m matrix (02./ow;) at 0 is p < m, then there

exist a nonsingular linear transformation (5.5) and a unitary transforma-
tion

=04 Jfor l12asn,1Z1<m.

Ze = 2 p 0% (1= a=mn)
such that at 0,

aza’:b‘«i for 1sasp, l15i1<m
ow;
and
020 .
~ =0 for p<a=nl1=s71=m.
ow;

c) If the rank of the n X m matrix (0z,/ow;) at 0 is p < n and 0z,/0w, # 0
at 0 for some 1 < 1 < m, then there exist a nonsingular linear transforma-
tion (5.5) and a unitary transformation of the form

z; =2,
P— E::,Zaaﬁzﬁ 2=Zasn)
such that at 0
02

=0, for ls=as=p l=sism
ow;
and
2 _0 for p<asm2=i=<m.
ow;
Proof. Let ®:C™ — C* be the C-linear map defined by the n X m matrix
(0z4/0w;) at 0. Let e, ---, e, (respectively u,, - -+, u,) be the standard unit

basis vectors of C* (respectively C™).

a) Take a basis v,4,, -+, v, of Ker®. Let v, be a vector in C* with
O, =¢, (1 <1< n). Let

v =Y byu;,  (L<i<m).
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Then (b,;) satisfies the requirement.

b) Take a unitary basisd,, - - -, d, of C* such thatd, e Im® for 1<a<p.
Take a basis v,4,, - -+, v,, of Ker ®. Let v, be a vector in C™ with ®(v,) = e,
121 < p). Let

v, =30 biu, 1gism)
and

de = 255 Qaps lsa=sn).
Then (b;;) and (a.;) satisfy the requirement.

¢) Let 7: C* — Ce, denote the orthogonal projection. Since 0z,/ow, #= 0
at 0 for some 1 <7< m, wo® is surjective. Let K = Ker(wo®). Let
v: K—Kerm = @7_,Ce, be induced by ®. Then rank ¥ = p — 1. Take a
unitary basis d,, ---, d, in @2_,Ce, such that d,eIm ¥ for 2 < a < p. Let
d, = e¢,. Let ' denote the orthogonal projection from C* onto the linear
subspace V spanned by d,, - --, d,. Thenz'o®:C™ — Vissurjective. Choose
a basisv,,,, - --, v, of Ker (7' o ®). Let v, be a vector in C™ with (7' - ®)(v,)=d,
for1 <1< p. Let

v, = D" biu; A1 m)

=117

and

de =230 Japes (2=a=p).
Then (b;;) and (a.,) satisfy the requirements, because ®(v,) =d, for2<i<p
which follows from the fact that ®(v,) — d, belongs both to Im ® and to the
linear subspace spanned by d,.,, - - -, d,. Q.E.D.

6. Adequate negativity of the curvature of D,

PROPOSITION 5. For mn = 2 the curvature tensor R, 7...= 1= a, 8, N,
L=E=m,1<v,p,0,t<n)of D,, is adequately negative.
be the coordinates of C™*. Denote 4/ow,,;, 6/dw,; by d,;, d; respectively. Let
f: U— D, , be a smooth map which maps the origin to the zero matrix and
which is locally diffeomorphic at 0. Let f* 1 <a<m,1 < B3 =<n) be the
components and let

= = 05 0)(0f™)(0) — (0af*)0)(0,;F7)0) .

Assume that
(6'1) Eavﬁ,r.p.l.y-a,rR“Y-Wolmlzfg:i—';éf_ﬂg = 0
at Z = 0 for all (3, ), (k,l). We have to prove that
either d0;f* = 0 at 0 for all (4, j) and (a, B)

6.2
(6.2) or 9,;f* = 0 at 0 for all (s, ) and (a, B).
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The following three conventions will be used in this proof and also in the
proofs of Propositions 6 and 7. Moreover, in the proofs of Propositions 6
and 7 the notations o,;, 05, f*¢, and 5;‘-;",:—7 will carry analogous meanings.
i) For notational simplicity we will denote (d,,*)(0), (3;5*)(0),
(0.;£°%)(0), (05£%)(0) simply by 6.,f*, 35, 3.,f, 65;f° respectively.
ii) After we apply linear transformations to the coordinates (w,;) and
(z45), we will use the same symbols for the new coordinates.
iili) We use the lexicographical ordering for the double indices (i, 7).
By (7, 5) > (k, l) we mean either t =k and j >1lori>k. By (3, ) = (k, 1)
we mean (1, 7) > (k, ) or (2, J) = (k, ).
From (6.1) and (5.1) it follows that
Yo Ewa = for all (v, 0),
Serl =0 forall (o).
We will prove (6.2) from the equations (6.3). The equations (6.3) are invariant
under the following transformations of D) ..
Z+—— 27,
Z—1Z,
(6.4) Z+—— AZB,

(6.3)

where A and B are fixed unitary matrices respectively of orders m and ».

To prove the proposition from (6.3) we can assume without loss of
generality (after the transformation Z — ‘Z if necessary) that m = 2.

Assume that 0,,f** = 0 for some (%, j) and some (a, 8). We want to
prove that o5/ = 0 for all (¢, j) and («, B). By applying a unitary trans-
formation to the rows of Z (i.e., a transformation of the form (6.4) with
B =1,), we can assume without loss of generality that o,;f'# = 0 for some
B and some (%, 7). Let the rank of the n X (mn) matrix

(04" izpznazismizizn
be p. By applying Lemma 3b) to the smooth map
fY e M v—0C,
we conclude that, after we apply a linear transformation to the coordinates
(w,;) and apply a unitary transformation to the columns of Z (i.e., a trans-

formation of the form (6.4) with A = 1,,), we can assume without loss of
generality that for 1 < g8 < =,

3,,-f”’ = Bjﬂ fOI‘ 1 § j é P

(6.5) 0 f* =0 for (4,5)> (1, p).
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For1 <1< pand (k) > (1, p), consider
I g =05
that is,
> @af " 0uf" — dufro. ) = 0.

Since 6, = 0 and 0,,f'f = d,;, it follows that
(6.6) oaf"=0 for 1<i<pand (k,1)> (1, p).

We claim that the rank of the (n — p) X (mn — p) matrix

P: = 0af")p<renmen>nm

is m — p. Suppose the contrary. Then at 0,

OfiPti A o AOf* =0 mod (d,,, - - -, dw,,) .
By (6.5), of** = 0 for p < B8 < n. Hence at 0,
(6.7) dft*tt A o ANdfr =10 mod (d®,,, - -, dw,,) .
By (6.5) and (6.6), df'*, 1 < B8 < p, is a linear combination of dw,,, - - -, dw,,,
dw,, ---,dw,, at 0. It follows that at 0,

A (@fP A dfP) = ¢ Nbo (dwis A did,s)
for some constant ¢. This together with (6.7) implies that at 0,
N @FFANdfF) =0,

contradicting the assumption that f is locally diffeomorphic at 0. Hence the
rank of P is n — p. By applying Lemma 3 a) to the map (f"7*, .-, f™)
whose domain variables are (w,,), (k, I) > (1, p) (the other variables being
fixed), we conclude that after a linear coordinate change in the variables
(ww), (k, 1) > (1, p), we have for p <7 ==,
(6.8) 057 =0; for p<j=mn

' ouf'r =0 for 2<k<m,1<1l<mn.

Since this last coordinate change involves only w,, with (k, ) > (1, p), the
validity of (6.5) is not affected.

Takeany l1<a<m. Let1<k<m,1<0l<n,and p<i=<n. Consider

TR =0
that is,
2 @afouf® — dafo.f*) = 0.

Since 95 = 0 and 0rf* = 9,5 by (6.6) and (6.8), it follows that
(6.9) duf=0for l<as=m,1<k=<m,1<0l=<n,and p<i=n.

Consider now
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" safTp
ﬂ=IEET,1_]" - ’

wherel<a=m,l1<k=m,1<l<m,and1l<j<p. Thatis,
b 0af 0, " — 05/ 0uf") = 0.
Since 9,/ = 0 and 0,;f** = d;, by (6.5), it follows that
(6.10) odaf“=0forl<as<m,1<k<m,1<l<mn,and1<j=<p.
We claim that, after a linear coordinate change in (w,,) for k > 1 the
following hold for 1 <1 < m:
0uf"* = 0y for 1<I<p and 1ZB=Zn.
0uf* =20 for (k,0)>(¢,p) and 1=R8=n.
oaft =0, for p<l,B<m.
o0af* =0 for k>4,15, 835 n.

(6.11),

We prove this by induction on . When 7 = 1, (6.11), follows from (6.5) and
(6.8). Suppose (6.11), holds for 1 <7< j and 7 < m and we want to show
that (6.11); holds. From (6.11),, 1 <7 < j, it follows that

df*,1<a<j,1<B<mn, is a linear combination of
(6.12) { fhlsa<al=g

AWy, Ay, 1< k<j,1 <1< n, at 0.
From (6.10) it follows that
6.13) {df”’, 1 < B < p, is a linear combination of dw,;, 1 <k < m,
1<l n,anddw,, 1<r<n at 0.

The p x (m — 7 + 1)n matrix

(aklfjﬁ)l§5§1)>j§l§m.l§lén

must have rank p, otherwise from (6.12) and (6.13) it follows that

(Arsacinzssn @A D) A (Azpsp @S A dfP)
vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 3 a) to the map (f?, ---, f’») whose domain
variables are (w,,), § <k <m, 1 <1 < n (the other variables being fixed),
we conclude that, after a linear coordinate change in (w,), j <k =m,
1 <1 < n, we have the first two equations of (6.11);. This implies that

df*, 1 < B8 < p, is a linear combination of dw,,;, dw,,,
(4, ») = (k, 1), at 0.
From (6.9) it follows that
{df"ﬂ, p < B < m, is a linear combination of dw,, 1 <k < m,
1<lZn,anddw,, 1<r<mn,ato.

(6.14) {

(6.15)
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The rank of the (n — p) x ((m — j + 1)n — p) matrix

(ak_lfjﬂ)p<ﬂ§n,(k,l)>(j,p)
must be n — p, otherwise it follows from (6. 12), (6.14), and (6.15) that

vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 3 a) to the map (f7*+, ..., fi*) whose domain
variables are (w,) with (k, [) > (4, p) (the other variables being fixed), we
conclude that, after a linear coordinate change in (w,,) with (k, 1) > (J, p),
we have the last two equations of (6.11),.
We distinguish between two cases.
Case 1. p = n. By the first two equations of (6.11), we have for all
(a, B)
0upf* =1
0uf* = for (k, 1) > (a, B) .

Hence the (mn) x (mn) matrix

is nonsingular. By Lemma 3 a) we can apply a linear change of coordinates
to (w;;), 1 £1<m, 1= j < nsothat after this linear coordinate change we
have
(6.16) 0:i;f " = 0:a0p 5
but statements derived above concerning d;f* may no longer remain valid,
i.e., (6.6), (6.8), (6.10), and the last two equations of (6.11); may no longer
hold.

We are now ready to show that o;f* = 0 for all @, 3, ¢, j. Fix arbi-
trarily (a, B) and (7, j). Consider first the case i = a. We have

Er 1521; g; =
i.e.,
> 05T 0us T — 0z [ 10 f) = 0.
By (6.16), 0,;f* = 0 and 0.,f* = 0,. Hence d5f* = 0. Consider now the
remaining case ¢ = a. Since m =2, there exists 1 <k <m with k #= «.
We have

that is,
2 Oag [0S — 0msf T 0usf*) = 0 .
By (6.16), 0.;f*7 = 0 and d,,f*" = ;.. Hence o5/ = 0.
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Case 2. p <m. From the last two equations of (6.11),, we have
0mf~=1
0mf"=0 for i>7.
It follows that the rank of the m x (mn) matrix

(ai—jf“n)l§i§myl§j§n.l§a§m
is m. Since p < m, we must have n = 2. After we apply the transforma-
tions
Z+—— A'Z

where A is the matrix obtained from I,, by interchanging the first and last
rows, we reduce this case to Case 1 and we therefore conclude, by the
arguments of Case 1, that 9,;/* =0foralll <4, a<mand 1< j, < n,
which is a contradiction. Hence Case 2 cannot occur and ;1% = 0 for all
1<i,a<mandl1=7, 8 n. Q.E.D.

7. Adequate negativity of the curvature of D)
PROPOSITION 6. For n >3 the curvature tensor R, 7, .,7= (1Sa<vy=<n,
1=8<p=En,1sv<o<n, 1< <t <n)of DI is adequately negative.

Proof. Let U be an open neighborhood of 0in C*?** " Let (w;;)<;<j<n
be the coordinates of C/*"»~V  Let f: U — D}' be a smooth map which maps
the origin to the zero matrix and which is locally diffeomorphic at 0. The
components f** of the map f satisfy f* = —ff*forl < a, 8 < n. Assume
(1.1) 2 s s<pr<oncs Ber o e €55 = 0
at Z = 0. We have to prove that
jeitheréf"ﬂ =0 at O foralll<sa<pg=<n
| orof*=0 at 0 forall l<a<pgB<n.

It follows from (7.1) and (5.2) that

(7.3) S Egfm=0 for 1=a,B8=n.

i, kl

(7.2)

We will prove (7.2) from the equations (7.3). The equations (7.3) are
invariant under the following transformations of D.":

Z— 7,
(7.4) Z+——'AZA
where A is a fixed unitary matrix of order . Since fis locally diffeomorphic
at 0, we have either

0¥+ 0 for some ¢ < j and some S



COMPLEX-ANALYTICITY OF HARMONIC MAPS 99

or
05/ =0 for some i < j and some 3
(otherwise d f*# = 0 at 0 for all 8, contradicting A .;(df** A df*) = 0 at 0).
Since the equations (7.3) are invariant under the transformation Z — Z, we
can assume without loss of generality that o,;f'* + 0 for some 7 < j and
some B. Let the rank of the (n — 1) x (1/2)n(n — 1) matrix
(aijflﬁ)l<ﬂ§n,1§i<j§n
be p — 1. By applying Lemma 3 b) to the smooth map
(fm, e, fm): U c! ,

we conclude that, after we apply a linear transformation to the coordinates
(w,;) and apply a transformation to Z of the form (7.4) with

(05)
A=
0B
where B is a unitary matrix of order n — 1, we can assume without loss of
generality that for L <8< n
0 f?* =0, for 1<j=p
0:;f* =0 for (1,5)> (1, p) .
Forl1l <i<pand (1) > (1, p), consider

(1.5)

Since 0,/ = 0 and d,,f"* = 0,;, it follows that
(7.6) daf"=0 for 1<i<pand (k,1)>(Q1,p).

The rank of the (n — p) x ((1/2)n(n — 1) — p + 1) matrix

(alﬁflr)p<7§n,(k,l)>(l,p)
must be n — p, otherwise it follows from (7.5) and (7.6) that

Ni@f N df'P)
vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 3 a) to the map (f***!, ..., f™) whose domain
variables are (w, ;) with (k, [) > (1, p) (the other variables being fixed), we
conclude that, after a linear change in the coordinates (w,.), (k, 1) > (1, p),
we have for p < v < n,
05f" =0y for p<j=mn
oaf'r =0 for 2<k<i<n.
This does not affect the validity of (7.5).

(1.7
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Forl<a=<sn,1<k<l<n,and p <1i<n, consider
Y =0.
Since 0 f** = 0 by (7.7) and 05 f* = d,, by (7.6) and (7.7), it follows that
(7.8) Ouf" =0 for 1<asn l<k<l<n, and p<i<n.
Forl<a=zn,1<k<l<mn,and 1< j< p, consider
GG =0,
Since a0,/ = 0 and 4,/ = d,, by (7.5), it follows that
(7.9) 0af® =0 for 1<a=sml<k<lZn,and 1<j<p.
We claim that, after a linear coordinate change in (w,) for 1l <k <l =n
the following holds for 1 < ¢ < n:
0uf* =0, for i<l<pand i<B=n
ouf* =0 for (k,1)> (1, p)
(anf“’ =0, for max(i,p)<l=<mand i<B=mn
Oaf*=0 for i<k<l=<=mand i<B=m.

(7.10),

We prove it by induction on i. When ¢ = 1, (7.10), follows from (7.5) and
(7.7). Suppose (7.10); holds for 1< ¢ < j and 7 < n and we want to show
that (7.10); holds. From (7.10),, 1 <1 < j, it follows that

(7.11) [dfaﬁv 1<a<j,a<pB=mn, is a linear combination of

dwy, div,, 1<k <j, k<l =<m, at 0.
From (7.9) it follows that
dfi* j < B < p, is a linear combination of dw,,, 1 =k <! < n,
and dw,,, 1 <r < n.

(7.12) {
When p > 7, the (p — J) x (1/2)(n — 7 + 1)(n — j) matrix
(aklfjﬁ)j<ﬂ§ﬂ»f§k<l§n
must have rank p — j, otherwise from (7.11) and (7.12) it follows that
(A zaciacssa(@fP A dfﬁ)) A (N (AP N dfﬁ))

vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 3 a) to the map (f#*!, ---, f*) whose domain
variables are (w,), 7 <k <l < n (the other variables being fixed), we con-

clude that, after a linear coordinate change in (w), j < k <! < n, we have
the first two equations of (7.10);. This implies that

(7.13) df*, j < B = p, is a linear combination of dw,,, dw,,,
(4, ) = (k, 1) at 0.
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From (7.8) it follows that

(7.14) df*, max (7, p) < 8 < n, is a linear combination of
dw,, 1<k <l<mn, and dw,,, 1 <r <mn, at 0.

The rank of the (n — max(j, p)) X (1/2(n — j + 1)(n — j) — max(0, p — J))
matrix

(O S P maxts,p<s<n, k> Giop
must be » — max(j, p), otherwise it follows from (7.11), (7.13), and (7.14)
that

Arzasiia<szn (AP N dfF)
vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 3 a) to the map (f7™> @+ ... £) whose domain
variables are (w,;) with (k, [) > (j, p) (the other variables being fixed), we
conclude that, after a linear coordinate change in (w,,) with (k, 1) > (4, p),
we have the last two equations of (7.10),.

We distinguish between the following two cases.

Case 1. p=mn. By the first two equations of (7.10), the ((1/2)n(n — 1)) x
((1/2)n(n — 1)) matrix
(0i;1f isicisnisa<ssn
is nonsingular. By Lemma 3 a) we can apply a linear coordinate change to
(w,;), 1 £ 1 < j = n, so that after this coordinate change we have
(7.15) 0, = 00,5 for 1=i<j=mand lZa<pB=n,

at the expense of possibly sacrificing the validity of (7.6), (7.7), (7.9), and
the last two equations of (7.10),.
We want to show that 0;;f* =0for 1<i<j<nand 1Za<pg=<n.

For notational convenience, we define, for 1<¢<j<mn, d0,, = —0d,; and
0n = —05. First we show that
(7.16) 0;f* =0 for 1<a,B,j=<n with j#+a and B+« .

Since n = 3, we can choose 1 < k < n with k¥ # a and k + 8. Consider

2 bmE=0;
that is,
(7.17) Y 057 e [T — 0w f T 0usfFT) = 0.
Since a # k, it follows from (7.15) that 0,,f* = 0 if v # a. On the other
hand, if v = a, then f = 0. Hence in any case 0/ 0.,/ = 0. Since
0xs ¥ = 04 by (7.15), it follows from (7.17) that é7; f** = 0.
Now fix 1sa<pB8=<nand 11, j5=<n withi=j. We want to prove
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that o;f* = 0. Because of (7.16), we can assume without loss of generality
that a, B, 1, j are distinet. Consider

arar

;=175 ap ’

that is,
(7.18) 2o Bif T 0u S — 0z [0 fT) = 0 .
It follows from (7.16) (and the fact that f* = 0) that 0/ = 0. Since
Ous 7 = 04 by (7.15), we have 0;f* = 0 from (7.18).
Case 2. p < n. From the last two equations of (7.10),, we have
omfin=1 for 1<i<j<mn.
Since f~ = — fi", it follows that the rank of the (» — 1) x (1/2)n(n — 1)
matrix
(ai_jfm)léiqgn,lgaq
isn — 1. After we apply the transformation
Z——'AZA
where A is the matrix obtained from I, by interchanging the first and last
columns, we reduce this case to Case 1 and we therefore conclude, by the
arguments of Case 1, thato,;f* = 0foralll<i<j<nmnandl=a < B =,

which is a contradiction. Hence Case 2 cannot occur and d;f* = 0 for all
l1<i<j<nandlza<pg<En. Q.E.D.

8. Adequate negativity of the curvature of D,"

PROPOSITION 7. For m =2 the curvature tensor Re; 55 1, (LS a < v < n,
1<p=p=E=nl1v=0<n 1< p<1t=<n)of D" is adequately negative.

Proof. Let U be an open neighborhood of 0 in C***™+Y Let (w,;),<i<jsn
be the coordinates of CV»*=+v  TLet f: U— D," be a smooth map which
maps the origin to the zero matrix and which is locally diffeomorphic at 0.
The components f*# of f satisfy f** = f** for 1 < a, 8 < n. Assume

8.1) EﬂS.)’»ﬂ?:p;léa.y;:»‘R“T'ﬁv)"’»/’_fég:ilzéfj 27 =0

at Z = 0. We have to prove that e

(8.2) either 0f* =0 at 0 for LS a<pB=<n
or dff =0at 0 forlsas<p==n.

From (8.1) and (5.3) it follows that

(8.3) S EgE=0 for 1sa,B=n.

We will prove (8.2) from the equations (8.3). The equations (8.3) are invariant
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under the following transformations of D!':
Z—— 7,
(8.4) Z——'*AZA ,
where A is a fixed unitary matrix of order =.
Since f is locally diffeomorphic at 0, we have either
0,;f"#0 for some 1<
or
of*+#0 for some <5
(otherwise df" = 0 at 0, contradicting A .c;(@df* A df*) = 0 at 0). Since
the equations (8.3) are invariant under the transformation Z - Z, we can
assume without loss of generality that o0,,/" + 0 for some 7 < j. Let the
rank of the n x (1/2)n(n + 1) matrix
(aijflp)l§ﬂ§n,1§i§j§n
be p. By applying Lemma 3 ¢) to the smooth map
f e M U—C,
we conclude that, after we apply a linear transformation to the coordinates
(w,;) and apply a transformation to Z of the form (8.4) with

(o &)

A=

0 B

where B is a unitary matrix of order n — 1, we can assume without loss of
generality that

01 f"F = 0 for 1sj<p,1=B=pD
(8.5) 0,f*=0 for 1<j=<p,p<B=n
0,;f* =0 for (,75)>1,p),1=<B=n.
For1<+t¢ < pand (k, 1) > (1, p), consider
> ERE=0;
that is,
X, Gafouf" — oaf o f%) = 0.
Since 0,,f'* = d;; and 9,,f'* = 0 by (8.5), it follows that
(8.6) dafi=0 l<i<p and (1>, 0p).
Let ¢ be the rank of the (n — p) x ((1/2)n(n + 1) — p) matrix
P: = (0af")p<isnwen>um -
Select p < ¢, < -+ - < i, < n such that the rank of the ¢ x ((1/2)n(n + 1) — p)
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matrix
(alﬁfli”)1§»§q,<k,t>>(n,p)

is q. By applying Lemma 3a) to the map (f“, ---, f**¢) whose domain
variables are (w,,), (k, [) > (1, p) (the other variables being fixed), we con-
clude that, after a linear change in the variables (w,,), (k, I) > (1, p), we can
assume without loss of generality that
o7 = 0 for 1=<y,7=¢q

oaf' =0 for (k,)>1,p+q,1=v=gq.

(8.7

We must have

(8.8) ouf"=0 for (K,)>L,p+q,p<i=n,

otherwise the rank of the matrix Pis >q. For (k, 1) > (1, » + q), consider
kT =

this is,

Y Gaf T BafT — 3 f ) = 0.
Since 0, = 0 and 0,,f'" = 6, for 1 £ v < p by (8.5), it follows from (8.8)
that
(8.9) oaft =0 for (£, 0)>1,p+q).
When p + ¢ < m, this implies together with (8.5), (8.6), (8.7), and (8.8) that
at 0,

dff'A s NAFTANASTA o A A
is a linear combination of exterior products of dw,, dw,, for L< I < p + ¢
and hence must be zero, which contradicts the fact that f is locally diffeo-
morphic to 0. Therefore we must have ¢ = n — p. Thus 7, = p + v and
(8.7), (8.8), (8.9) read

onf' = 0 for p<[,B<n

(8.10) oaf* =0 for 1<kZli<n,p<B<n
oaft = for 1<k<l<n.
Takeanyl<a<mn. Letl1<k<l<mand p <i<n. Consider
E,a 1Eif:lp_
that is,

E:Zl(aﬁf“’auf"ﬂ — 0af'0,f*) =0.
Since 05/ = 0 by (8.6) and (8.10) and since oz f** = d,, for 1L < B < n by (8.6)
and (8.10), it follows that
0af"ousf™ + ouf =0.
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Because f* = f'*, by (8.5) we have 9, = 0. Hence
(8.11) 0uf* =0 for 1<asnp<ignl<kgsli<n.
Consider now
Tag =0,
wherel<a<mn,1<k=<l=<mn,and1<j<p. Thatis,
Y Gaf 9 — 05 "ol = 0.
Since 9,,f** = 0 and 9,/ = d6;, by (8.5), it follows that
(8.12) oaf¥ =0 for l1<asgsn l<kgl<n, and1<j<p.
We are going to prove by induction on 7 for 1 <7 < n that after a linear
coordinate change in (w,,) for 1 < k <[ < n, the following hold:
0,f* =20, for 1<B=<nmnand i<I=Zp
0uf*=0 for t1=B<m and (k1) > (1, )
onf* =46, for max(i,p+1)=ZRB,1<n
oaf?f =0 for 1<k<l<nand 1<B=Zn.

(8.13),

To avoid a repetitious initial step of the induction process, we agree to mean
by (8.13), the vacuous statement and prove (8.13), by induction on 7 for
1<17=<mn. Now we prove (8.13),_, = (8.13), for L <+ < n. From (8.5), (8.6),
(8.10), it follows that

(8.14) daf, ---, df™ is a linear combination of dw,,, - - -, dw,,,
dw,, ---,dw, at 0.

From (8.13), (1 < v < 9) it follows that for 1 < v < 1

(8.15), df», ---,df™ is a linear combination of dw,,, dw,,,

1<ksy, k<l <.
From (8.11) and (8.12) it follows that
(8.16) df®, -+, df* is a linear combination of dw,,, 1<k <1< n,

and dw,;, 1< j<mn, at 0,
and

(8.17) df*, max(t, p + 1) < 8 < n, can be expressed in terms of
dw,, 1kl <m,anddw,;, 1< j<n at 0.

When p =14, the (p — 1+ 1) X (1/2)(n — © + 1)(n — 17 + 2) matrix
Q: = (aklfiﬁ)iéﬁép,i_s_k<l§n

must have rank p — 7 + 1; otherwise from (8.14), (8.15),, 1 <v <1, and (8.16)
it follows that
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(/\1§d<i,(t;ﬁ§n(df"ﬂ A\ df;ﬁ)) A\ ( %—_-z-(df” N dfi_ﬁ))
vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 3a) to the map (f%, ---, f**) whose domain
variables are w,;, 1 <k <1 < n (the other variables being fixed), we conclude
that, after a linear coordinate change in w,, 1 <k <! < n, the first two
equations of (8.13), are satisfied. This implies that

(8.18) df, «--, df** is a linear combination of dw,,, dw,,,
(1, p) = (k, 1).
The (n —max (i, p+ 1)+ 1) x ((1/2)(n — i + 1)(n — % + 2) — max (0, p — i + 1))
matrix
L: = (ak_lfiﬂ)max(i,p+l)§ﬂ§n,(lc.l)g(i.max(i,;ﬂ—l))
must have rank n — max (4, p + 1) + 1; otherwise from (8.14), (8.15),, 1<v <1,
(8.18), and (8.17) it follows that
/\lgagi,ngﬂgn(dfaﬂ /\ dfﬁ)

vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. By applying Lemma 33a) to the map (f*™>*@?+V ... ) whose domain
variables are w,, (k, ) = (7, max (¢, p + 1)) (the other variables being fixed),
we conclude that, after a linear coordinate change in w,, (k, 1) = (max (¢,
p + 1)), the last two equations of (8.13), are satisfied.

We distinguish between two cases.

Casel. p =mn. By (8.5) and (8.13),, 1< i< m, the (1/2n(n + 1) X
(1/2)n(n + 1) matrix
(04 f *Fisisisnisasssn
is nonsingular. By Lemma 3a) we can apply a linear change of coordinates
to (w;;), 1 £1 < j < m so that after this linear coordinate change we have
(8.19) 0i;f® =0,40;s for 1S1<j<mand l1<a<pB<mn,

at the expense of possibly sacrificing the validity of (8.6), (8.10), (8.12), and
the last two equations of (8.13),.

We want to show that 9;f* =0for I1<i<j<nandl1<a<pB<mn.
For notational convenience, we define, for 1 <7 < j < n, 9,, =0,; and d5; = 5.

Takel<a, B, 7, k, | <n with 8 # k, I. Consider

S5 =0;
i.e.,
Y @af 35T — 05 f0ufT) =0 .

It follows from g8 = k, l and (8.19) that o, /% = 0. From (8.19) we also have
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a,gjfﬂ" = 3]’7'- Hence
(8.20) 0af“ =0 for 15,5,k 150,
if there exists 1 < 3 <n with 8=k, [. Whenn = 3, for any given 1 < ¥,

l < mn, we can always find 1 < 8 < n with 8 # k, [. It remains to prove the
case n = 2. Consider

¥ E =0
for (a,8,1,7,k,0)=(1,1,1,2,1,1),(1,2,1,2,2,2),(2,2,1,2,2,2). That
is,
Of OnS — iSO + nf oS — Ouf 0" =0
(8.21) Of 0nf™ — 0nf " 0uaf ® + Onef 0nf " — Onf0nf " =0
0 0nf™ — 0af"0uf™ + 05f0uf™ — 05f"0uf" = 0.
By (8.20),
0if* = 0pf =0 for 1<a,B8<2.
By (8.19)
O f" = 0 f? = 0nf® =1,
0 f? = 0nf?=0.
It follows from (8.21) that
Onf" = 0pf" = onf" =0.
Case 2. p <mn. It follows from (8.10) and (8.13),, 1 < ¢ < n, that
Of™ = 0 for 1<1<j<n.
Sinee f* = f™, it follows that the rank of the n x (1/2)n(n + 1) matrix

(ai_ffna)ls.a§n,l§i§j§n
is n. After we apply the transformation
Z—'AZA ,
where A is the matrix obtained from I, by interchanging the first and last
columns, we reduce this case to Case 1 and we therefore conclude, by the
arguments of Case 1, thato,;f*=0foralll<i<j<nandl<a=p=<mn,
which is a contradiction. Hence Case 2 cannot occur and d;f* = 0 for all
l1<i<j<mandl=za < B < n. Q.E.D.

9. Adequate negativity of the curvature of D)’

PROPOSITION 8. For m = 3 the curvature tensor Rz (1< a, o, 8,0 < n)
of DY is adequately negative.

Proof. Let U be an open neighborhood of 0in C*. Let w,(1 <1 < n) be
the coordinates of C”. Denote d/ow’, 3/dw’ by 8, 0;. Let f: U — DL be a
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smooth map which sends the origin to the origin and which is locally diffeo-
morphic at 0. Let f*(1 £ a < n) be the components of f and let

£% = (B:f)(0)@;F)(0) — (3;/)(0)(@.7)(0) .
Assume
9.1) T s Repsi 8265 = 0
at 0 forall1 <17, j <n. We have to show that
(9.2) eitherdf*=0at0for l1<a<nordfi=0at0forl<asn.
For notational simplicity we will denote (3,1%)(0), (3:£*)(0), (8.£%)(0), (9:£)(0)

simply by 8,1%, 0:1%, 3, 0:f* respectively. From (9.1) and (5.4) it follows
that

22115‘5? =0 forall 47
gf— ¢ =0 forall 4,7,a,8.

i3

9.3)

We will prove (9.2) only from the second equation of (9.3). The second
equation of (9.3) is invariant under the automorphism z+— z of D)'.

For 1<a, <a,<a,<n let V. qq be the vector subspace of the tangent
space T, , of U at 0 consisting all tangent vectors whose images under df
are annihilated by dz., dZ,, 1 <v <3. Since f is locally diffeomorphic at
0, Vijapa, is of real codimension 6 in T ,. By Lemma 1, we can choose a basis
e, -+, e, of T,,over C such that

Vajagay N (@7 Ce;) = 0

foralll<a, <a,<a,<nandalll <t < --- <1, ,<n. Wedenote again
by w,, 1 <1 <n, the linear coordinate system of U such that e, = 2Re(d/0w,)
at0,1<7<n. Thenforanyl<a, <a,<a;<nand any 1 <4, <1, <1, =<,
the map (f*, f*, f*) whose domain variables are w,, w,, w, (the other
variables being fixed at 0) is locally diffeomorphic at 0. For the conclusion
of the proposition, clearly it suffices to show that forany 1< a, <a, <a,<n
and any 1 <1, <1, <1, <n either 9, f =0 for 1<y, x<3 or 9; f% =0
for 1 < ¢, » < 3. Hence in order to derive the conclusion of the proposition
from the second equation of (9.3), it suffices to consider the case n = 3. We
assume now n = 3.

We write out below in full the nine equations &% = &%, a g8, 1+ j
from the second equation of (3.9):

(9.4) 0if 0uf? — Bif 0. fF = 0if?0.f — if*Ouf",
(9.5) Bsf 0uf? — 0if oS = 0:if 0. — Bif*0.f",
(9.6) 0if 0. fF — if 0" = dif*o.f — Bif*o.f",

(9.7) 0if 0. — O:f10,fF = 0if*0,f° — B:f*a 7,
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(9.8) 0if 20, fF — Osf20.F = 0if*0,f° — Bif*0uf" ,
(9.9) 3if20. " — 0if°0.fF = 3:f*0,f° — 0if*0.f" ,
(9.10) Oif10.f° — 0:f10.f° = 0if*0uf" — Bif*0.f",
(9.11) 0if 0o f* — 0if 0o f° = 0:if*0uf" — Oif*0uf",
(9.12) Dif 0. F° — Gif'0uf° = 0if 0. f" — 0if*0.f" .

Let p be the rank of the 3 x 3 matrix (0,f%),<i.«<; and ¢ be the rank of
the 3 x 3 matrix (0:f%),<i.a<s» We claim that one of p and ¢ is at least 2.
Suppose the contrary. Then we can choose 1 <\, pt <3 such that for
1sa<3,
of* = Ndf*,
Of = ptof"
at 0 for some \,, ¢, € C (which may be zero). It follows that at 0 the 6-form

Nez (@f* N df)
is a linear combination of exterior products of 1% of*, a_f‘, 5? and hence
must be 0, contradicting the assumption that f is locally diffeomorphic at

0. By applying the transformation z+— z if necessary, we can assume without
loss of generality that p = 2.

Casel. p = 3. By Lemma 3a), after a linear coordinate change in w,,
1 <1 <3, we can assume without loss of generality that
0. f* = 0;a for 157, a<3.
From (9.4)-(9.12) it follows that

(9.13) oft = —oif*,
%f' =0,
0 =0,
0if* =0,
(9.14) —0if* = 0:f*,
0 =oif*,
0 =a:f°,
of =0,
(9.15) —o0ift = 0;f°.

From (9.13), (9.14), and (9.15) it follows that
0if' = —0if* = 05 = —oif'.
Hence 0;f*=0for 1 <1, a < 3.

Case 2. p =2. At 0, two of of*, d0f% of® are linearly independent.
After renumbering f!, f?, f* if necessary, we can assume without loss of
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generality that of*, of* are linearly independent at 0. After applying a
linear coordinate change to w,, 1 < ¢ < 3, we have

oft = dw,,
of* = dw,

at 0; i.e., 0;f*=0;, for 1 <7 <3,1 < a <2. Since if*is a linear combina-
tion of 9f* and of* at 0, we have 0,/* = 0. From (9.5), (9.6), and (9.12) it
follows that 9;f* =0 for 1 < a <3. Combining this with 9,/ = 0 for
1 < a £ 3, we conclude that df°, dﬁ, 1 < o < 3, are linear combinations of
dw,, dw,, dw,, dw, at 0. Hence
Ny (A5 N df)

vanishes at 0, contradicting the assumption that f is locally diffeomorphic
at 0. Thus Case 2 cannot occur and we have 0;f* = 0 for 1 <1, a < 3.

10. Strong rigidity and other applications

THEOREM 6. k= 2. Suppose g: N--> M is a continuous map of compact
Kahler manifolds. If the curvature temsor of M is negative of order k and
if the map H/(N, R)— H, (M, R) induced by f is monzero for some |l = 2k,
then g 1s homotopic to a holomorphic or conjugate holomorphic map from
Nto M.

Proof. There exists a harmonic map f: N — M which is homotopic to g.
Since the map H(N, R) — H,(M, R) induced by f is nonzero, it follows that
rankgdf = 2k at some point of N. By Theorem 5, f is either holomorphic
or conjugate holomorphic. Q.E.D.

The following theorem follows from Theorem 6 and Lemma 2.

THEOREM 7. Suppose M is a compact Kahler manifold whose curvature
tensor 1s stromgly megative. Then for k = 2 an element of H,,(M, Z) can be
represented by a complex-analytic subvariety of M if it can be represented
by the continuous image of a compact Kahler manifold.

THEOREM 8. Let g: N— M be a continuous map of compact Kdahler
manifolds, both of complex dimension n = 2. Suppose the curvature tensor
of M 1is adequately megative. Suppose g is of degree 1 and the map
H,, (N, R)— H,, (M, R) induced by g is injective. Then g is homotopic to
a biholomorphic or conjugate biholomorphic map from N to M.

Proof. By Theorem 6, g is homotopic to a holomorphic or conjugate
holomorphic map f: N — M. Let V be the set of points of N where f is not
locally homeomorphic. Since fis of degree 1, V = N. Suppose V is nonempty.
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We want to derive a contradiction. V is a complex-analytic subvariety of
pure complex codimension 1 in N, because locally V is defined by det (9z"/ow?)
when f is holomorphic and by det(6z*/6w’) when f is conjugate holomorphic,
where (z%) (respectively (w')) is a holomorphic local coordinate system of M
(respectively N). f(V) is a complex-analytic subvariety in M. Since f is of
degree 1, f maps N — f'(f (V) bijectively onto M — f(V). The complex
codimension of f(V) in M is at least two. For otherwise there exists ve V
such that v is an isolated point of f "( f (v)) and, by using a local coordinate
chart (w') of N at v and by applying the Riemann removable singularity
theorem to w'o f ' or w'e f 'on U — f(V) for some open neighborhood of
f(v) in M, we conclude that f is locally diffeomorphic at v», contradicting
v€ V. Hence the element in H,,_,(N, R) defined by V is mapped by f to the
zero element in H,,_,(M, R), contradicting the injectivity of the map
H,, ,(N,R)— H,,_,(M, R) induced by f. Q.E.D.

Now Theorems 2 and 4 follow from Theorem 8, Lemma 2, and Proposi-
tions 5-8.
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