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The complex-analyticity of harmonic 
maps and the strong rigidity of 

compact Kahler manifolds' 
By YUM-TONG SIU 

In 1960 Calabi and Vesentini [3] proved that compact quotients of 
bounded symmetric domains are rigid in the sense that they do not admit 
any nontrivial infinitesimal holomorphic deformation. In 1970 Mostow 
discovered the phenomenon of strong rigidity [7]. He proved that the funda- 
mental group of a compact locally symmetric Riemannian manifold of 
nonpositive curvature determines the manifold up to an isometry and a 
choice of normalizing constants if the manifold admits no closed one or two 
dimensional geodesic submanifolds which are locally direct factors. In 
particular, two compact quotients of the ball of complex dimension ?2 with 
isomorphic fundamental groups are either biholomorphic or conjugate 
biholomorphic. Yau conjectured that this phenomenon of strong rigidity 
should hold also for compact Kihler manifolds of complex dimension >2 
with negative sectional curvature. That is, two compact Kihler manifolds 
of complex dimension ?2 with negative sectional curvature are biholomor- 
phic or conjugate biholomorphic if they are of the same homotopy type. In 
this paper we prove that Yau's conjecture is true when the curvature tensor 
of one of the two compact Kihler manifolds is strongly negative in the sense 
defined in Section 2 with no curvature assumption on the other manifold. 
The strong negativity of the curvature tensor is a condition stronger than 
the negativity of the sectional curvature. This strong negative curvature 
condition is satisfied by quotients of the ball and also by the compact Kghler 
surface recently constructed by Mostow and Siu [8] which has negative 
sectional curvature and whose universal covering is not biholomorphic to 
the ball. Until now there is no known example of a compact Kaihler mani- 
fold of negative sectional curvature which does not admit a Kghler metric 
with strongly negative curvature tensor. 

Our result is proved by showing that a harmonic map of compact Kiihler 
manifolds is either holomorphic or conjugate holomorphic if the rank over 
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R of the differential of the map is > 4 at some point and if the curvature 
tensor of the image manifold is strongly negative. This result on the complex- 
analyticity of harmonic maps is obtained by a Bochner type argument. The 
usual technique of proving properties of a harmonic map f is to obtain a 
Bochner type formula by considering the Laplacian of the pointwise square 
norm of df. For the complex manifold case the pointwise square norm of 
df is replaced by the pointwise square norm of Af in this technique (see [91). 
The metric tensor of the image manifold and the inverse matrix of the 
metric tensor of the domain manifold appear in the pointwise square norm 
of af. Hence in this Bochner type formula an expression involving the 
difference of the curvature tensors of the domain manifold and the image 
manifold appears. This prevents one from drawing any conclusion when 
both manifolds have negative curvature. In our proof we overcome this 
difficulty by replacing the pointwise square norm of af by the contraction of 
af A af with the metric tensor of the image manifold and by replacing the 
Laplacian by ha. This method enables us to get rid of the curvature tensor 
of the domain manifold in the Bochner type formula. Our result on the 
complex-analyticity of harmonic maps can be applied to the problem of 
representing homology classes by complex-analytic subvarieties. Unfor- 
tunately it is still far from being able to prove the Hodge conjecture even 
for the case of the compact quotients of the ball. 

Our method of proving the complex-analyticity of harmonic maps and 
strong rigidity can be applied to a much wider class of compact Kihler 
manifolds than the class of those with strongly negative curvature tensor. 
As examples, we apply our method to compact quotients of the four types 
of classical bounded symmetric domains and obtain the following result. 
Any harmonic map from a compact Kihler manifold to a compact quotient 
of an irreducible classical bounded symmetric domain of dimension >2 is 
either holomorphic or conjugate holomorphic if the map is a submersion 
at some point. In particular, any compact Kihler manifold which is of the 
same homotopy type as a compact quotient of an irreducible classical bounded 
symmetric domain of dimension ?2 is either biholomorphic or conjugate 
biholomorphic to it. This rigidity result is stronger than the corresponding 
strong rigidity theorem of Mostow [71, because here only one manifold is 
assumed to be locally symmetric whereas in Mostow's theorem both mani- 
folds have to be assumed locally symmetric. 

These results were announced in [101. 
I would like to thank S.-T. Yau for introducing me to harmonic maps 

and his conjecture and for many conversations in connection with his con- 
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jecture. E. Bedford drew my attention to the inequality that the second 
elementary symmetric function of a finite number of real numbers is 
dominated by the square of their sum. He showed me how to use such 
an inequality and the complex Bernstein formula [2, p. 378] to obtain, in the 
pseudoconvex case, a new proof of Bochner's theorem on extending holomor- 
phic functions from boundaries. This simple inequality is used in our proof 
of the complex-analyticity of harmonic maps and its use is inspired by 
Bedford's proof of the special case of Bochner's theorem. I would like to 
express my indebtedness to him. 
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1. Harmonic maps 

Let f: N -R M be a map of Riemannian manifolds whose metrics are 
respectively 

ds82 - EpgapdxadxP 

ds~y=L hjdid 

The energy E(f) of f is defined to be 

2 traced%2 (f *d ) 
2 N N 

that is, 

E(f) = - agaph'i afi afP 
2 Li~j,"IP ayi 6yj 

in terms of local coordinate charts. The Euler-Lagrange equation for the 
energy functional E is 

ANf?a + AfMip ra M f f af h j = O 
f c AX is the ayi ay t 
fo l ,where AN is the Laplace-Beltrami operator of N and MJ3a, is the 
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Christoffel symbol of M. The map f is said to be harmonic if f satisfies the 
Euler-Lagrange equation for the energy functional. 

Eells-Sampson [4] proved that when M and N are both compact and M 
has nonpositive sectional curvature, every continuous map from N to M is 
homotopic to a harmonic map. Hartman [6] proved that the harmonic map 
is unique in each homotopy class if M has strictly negative curvature. Since 
the Euler-Lagrange equation for the energy functional is a second-order 
quasilinear elliptic system of partial differential equations, it follows that 
any harmonic map between smooth Riemannian manifolds is smooth. The 
reader is referred to [4] for a survey of the theory of harmonic maps. 

2. Curvature conditions and statement of results 

Suppose M is a complex manifold with Kihler metric 

ds' = 2Rea p g, dzadzP. 

The curvature tensor is given by 

Ra-ir- 
= Art- gA- g 

agr- awid 

The sectional curvature at the 2-plane spanned by the two tangent vectors 

p = 2Re E da a 
aza 

q = 2ReEa "az a 

is given by 

- II~~~ A ~ ~ - 3- a 
-j[P A qj j1 2E,,p r d5Rasr-~d _7a)er _ imr) 

where 

I I g A q1 ay = )ggr4(bank - _ 
+ (Wyr - - r2TWS))JT . 

Nonpositivity of the sectional curvature is equivalent to 

vi se Rapr-s(t-a7)7-7aVf)(V8)7r _vr Ea Roarar- - )7F ? 0 
for all complex numbers a, p The sectional curvature is negative if, in 
addition in the above inequality, equality holds if and only if 

Bag - t-ar = 0 for all a, fl, 

because the vanishing of all fatsP - rasp is equivalent to the vanishing of 
Ip A q 2 as one can easily verify by diagonalizing the matrix (ga) and 
making use of the identity 
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a-P 2 = I bans _ rags 12 _ ( -aya _ -ae)(ePp _ LiP) 

We now introduce some notions of negative curvature stronger than the 
negativity of sectional curvature. 

Definition. The curvature Rpa is said to be strongly negative (respec- 
tively strongly seminegative) if 

Lul jsRak7 (AaB7 - C"D%)(A6Br - CaDr) 

is positive (respectively nonnegative) for arbitrary complex numbers 
Aa, Ba, C5, Da when AaBP - CDP #0 for at least one pair of indices (a, fi). 

Definition. The curvature tensor Rri, is said to be very strongly 
negative (respectively very strongly seminegative) if 

is positive (respectively nonnegative) for arbitrary complex numbers a 
when A # 0 for at least one pair of indices (a, /3). 

Clearly very strong negativity of the curvature tensor implies strong 
negativity of the curvature tensor. Strong negativity of the curvature 
tensor implies negativity of the sectional curvature. 

THEOREM 1. Suppose M and N are compact Kdhler manifolds and the 
curvature tensor of Mis strongly negative. Supposef: N-AMis a harmonic 
map and the rank over R of the differential df of f is at least 4 at some 
point of N. Then f is either holomorphic or conjugate holomorphic. 

In Theorem 1 the curvature condition on M can be weakened to the 
following. The curvature tensor of M is strongly seminegative everywhere 
and is strongly negative at f(P) for some P C N with rankRdf > 4 at P. 

The following strong rigidity theorem is a consequence of Theorem 1. 

THEOREM 2. Let M be a compact Kdhler manifold of complex dimension 
at least two whose curvature tensor is strongly negative. Then a compact 
Kdhler manifold of the same homotopy type as M must be either biholomor- 
phic or conjugate biholomorphic to M. 

Though most of the bounded symmetric domains do not have strongly 
negative curvature tensor, our method can also yield the strong rigidity of 
compact quotients of classical bounded symmetric domains and the complex- 
analyticity of harmonic maps into them. The precise statements are con- 
tained in the following two theorems. 

THEOREM 3. Suppose N is a compact Kdhler manifold and M is a 
compact quotient of a bounded symmetric domain of type Imn (mn > 2), IIn, 
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(n.> 3), JJJn (n > 2), or IV, (n > 3) (whose precise descriptions are given in 
? 5). Suppose f: N -> M is a harmonic map which is a submersion at some 
point of N. Then f is either holomorphic or conjugate holomorphic. 

THEOREM 4. Let Mbe a compact quotient of a bounded symmetric domain 
of type 'mn (mn > 2), IIJ (n > 3), IIIJ (n > 2), or IV, (n > 3). Then any 
compact Kdhler manifold of the same homotopy type as M must be either 
biholomorphic or conjugate biholomorphic to M. 

The main part of this paper will devoted to the proofs of these theorems. 
As examples of compact Kihler manifolds with very strongly negative 

curvature tensor, we show that any compact quotient of the ball has very 
strongly negative curvature tensor. 

PROPOSITION 1. The curvature tensor of the invariant metric of the 
ball is very strongly negative. 

Proof. The invariant metric 2 Re gffdzadzp of the ball B of C' is 
given by 

gaf = aa _(-log (1 - I z 12)) 
Since 

-log(1_ IZ 12) = 112 + + 3 6? 

it follows that at the origin all the components of the curvature tensor 

RaAr- = aaa-ara- (-log (1 - I Z 12)) 

are zero except the following 

Raaaa- = 2, 

Ra-pp = Rapa- = 1 for a # zf. 
Hence at the origin 

~Ap,rR -a$aPr = E ?E 4iardar a~p(~r^ciRar ) 

= ~a(ErRaa-r~RaaraT) + R 
=2~~ ~erer2? ? LaI ap 12 

La~e Ia2 + ?EL eerr I E ap 12 

= E I aa 12 + I a daaI12 + Ea aa 12 

which is >0 and is zero if and only if all dap - 0. Q.E.D 

Compact quotients of the ball are not the only examples in complex 
dimension >2 of compact Kihler manifolds with very strongly negative 
curvature tensor. Recently Mostow-Siu [8] constructed a compact Kihler 
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surface with very strongly negative curvature tensor whose universal 
covering is not biholomorphic to the ball of complex dimension two. 

3. A Bochner type identity 

Suppose M is a Kahler manifold with metric tensor 

g - 2ReL,, gap dzydzf 

and suppose N is a complex manifold and f: N-- M is a smooth (i.e., C-) map. 
Let TM denote the real tangent bundle of M when M is regarded as a real 
manifold. The complex structure of M gives a decomposition of TM 0 C into 
tangent vectors of type (1, 0) and type (0, 1), 

TM?&C= TM&TMVI. 

The differential df: TA -X TM of f given rise to a map 

df?(C: TN C-> TM&C. 
Composing this with the projection map 

141,O: TM (S C >TM 
we obtain 

[II oo(df (gC): TN? C- TTM. 
This is equivalent to a bundle map 

TN?(C f*TlM 

of C-vector bundles over N. Composing this bundle map with the inclusion 
map 

TN > TN?C, 

we obtain a bundle map from TO l f * T1O which we denote by af. Hence 
af is a smooth section of the C-vector bundle 

Homc (TN l', f * TM O) = (TNPO)* ?& f * T1 O 

over N. In other words 5f is an f* T9V-valued (0, 1)-form on N. 
Let (wi) be a local holomorphic coordinate chart of N. Then in terms 

of the local coordinate charts (za) and (wi) of M and N, af is simply repre- 
sented by (a-fa), where a- = 3/3wi. In Sections 1-5 we will use the notation 

a- = a/law and also the notations ai = a/awla, = alaza, and Aa =iaza. In 
these notations we may substitute another lower case italic (respectively 
Greek) for i (respectively a). 

Likewise we define af, af, and 5f. af is an f* T"0-valued (1, 0)-form on 
N represented by (aifa). if is an f * T? l-valued (1, 0)-form on N represented 
by (aifa). af- is an f * T, '-valued (0, 1)-form on N represented by (3tfa). It 
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is clear that af is the complex conjugate of af and aV is the complex con- 
jugate of af. 

Let V be the Riemannian connection of M defined by its Kahler metric. 
It induces a connection f*V on the vector bundle f* T1'0. This connection 
together with the a operator of N enable us to define, for any f* T"0?-valued 
(0, 1)-form wv on N, the a exterior derivative of ,), which we denote by D). 
It is an f* T10-valued (1, 1)-form on N. In terms of local coordinates, if 
@ = (a)o), then 

D) = (E;,,,da.dw' A dwi) 
with 

G2il As) + Eparm ji ) 

where M'F is the Christoffel symbol of M (evaluated at f(Q) when the 
equation is considered at the point Q of N). 

Likewise we define, for any f* T?l-valued (1, 0)-form co on N, the a 
exterior derivative D(o' of A! which is an f* T0l"-valued (1, 1)-form on N. 

Let As be the bundle over M of (complex-valued) tensors of contra- 
variant order r and covariant order s. Let a be a section of A on M and 
let r be an f*As-valued p-form on N. We denote by <a, r> the p-form on 
N obtained by the contraction which contracts elements of A with elements 
of As to form scalars. 

Let R = (Raotr) denote the curvature tensor of M. We are now ready 
to state our Bochner type identity. 

PROPOSITION 2. 

a35<g,p f A af> = KR, afA A3f A af A (f> - <g, Df A Daf>. 
In local coordinates 

A3L 9a ga-fa A afffi =EpraRa.rjfa A affi A afT A Afa 
-a P gasDafa A D aff, 

where 
D~a~f= (afa + P, MI"fi af A &fT, 
Daffi = (afP + LarM m afa A A f 

Proof. Fix a point Q of N where we want to verify the equation. Let 
P = f(Q). We choose a holomorphic local coordinate system (za) of M at P 
such that dga = 0 at P. Then at P all the Christoffel symbols MFi vanish. 
It follows that at P, 

Rafir- = ar(aga, 

and at Q 
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Daf a af 

D af a=awf a 

Using arg, = 0 at P and recalling that in the equation gaA stands for ga of, 

we have at Q 

a a pgajaf/ Af - LaB, ,5aaargas af / Af r A afa A af 

+ Ma -, aiarg A-af/ A afr A af A af 

+4-- ar8M-g"A af A afT A afa A f 
+ 

Ealpl,5aaargap A f f 
- + ,gai/aafa A aaf.f 

Since a^ag, is symmetric in a, -r (due to the fact that the metric 
2 Re g cAr dzadzfl is Kahler) and since af 'A 5fr A 5f" A af P is skew-symmetric 
in a, it follows that the first term on the right-hand side of the preceding 
equation in zero. Likewise, it follows from the symmetry of adarga" in a, -' 

and the skew-symmetry of af' A afr A afa A af P in a, -' that the second 
term on the right-hand side is zero. And it follows from the symmetry of 

a-a-gaB in ,3, 3 and the skew-symmetry of af A af A 5f a A af P that the last 
term on the right-hand side is zero. Hence 

a a~p g.A afa A afp 
Ea'P'r'a-EA3aaf5A afr A afa A afj' 
- aPga9Dafa aA DafP. Q.E.D. 

4. Complex-analyticity of harmonic maps 

PROPOSITION 3. Let M, N be compact Kdhler manifolds and f: N-+ M 

be a harmonic map. Let m = dimM, n -dimN, and f" (1 < a < m) be 
the components of f with respect to a local coordinate system of M. Let 
w& (1 < i < n) be a local coordinate system of N and let 

dafi = (aif )(aif ) - (aff )(aif P) 

If the curvature tensor Rafira of M is strongly seminegative, then for 1 < i, 
j < n, 

=0 

Proof. Let g - 2Re zgap and h - 2 Re ,hij-dwidwi be re- 

spectively the Kahler metrics of M and N. Denote the Kihler form 

V/- 1Ei hij-dw'dwi of N by w. We use the notations of Section 3. First 
we show that 
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(4.1) Kgl Daf A DVf> A af)-2 = Xwfn 

for some nonnegative function X on N. 
Fix a point Q of N and let P = f(Q). To prove (4.1) at Q, we choose local 
holomorphic coordinate systems (za) at P and (wi) at Q such that with 
respect to these coordinate systems 

g, = &, (the Kronecker delta) at P, 
dga,= O at P, 
hij-- aj at Q, 

dhij-= O at Q. 
Let ua and va be respectively the real and imaginary parts of f. Let 

Xc** ) (respectively ce', *.*, 1cec) be the eigenvalues of the complex 
Hessian of ua (respectively va) at Q with respect to the coordinates (wi). 
We have 

<g, Daf A Daf> A ()n2 = EAafa A af a A )0n-2 

= (aua~ A 8au" + A9va A aav") A )n-2 

- -1 ~~~j +n 
n(n - 1) a 

where the last identity is obtained by diagonalizing the complex Hessians 
of ua and va (nonsimultaneously). Now (4.1) follows from the identity 

=Xj=(Li (X)2 Li - 2 

and the fact that the harmonicity of f implies 

E4) -= iM-a = 0. 

This proof of (4.1) yields also the statement that X - 0 at Q if and only if 
Dafa = 0 at Q for all a. 

We now express 

<R, af A af A af A af> A a)f -2 

in terms of local coordinates. Fix Q e N. Choose an arbitrary local holomor- 
phic coordinate system (wi) at Q such that hi--= ij at Q. Then at Q 

<R, af A af A af A af> A a)n-2 

- EapraRa-r afa A af P A afr A afV A (n - 2)! (1-)n-2 

XE i< jn A ISkn, k*i, j(dW A dwk) 

(n -2)! (V'i-<1)j2 c firS I nRafra (3- 

+ ( ifa)(a fP)(aifr)(@f5) + (aj-fa)(aiff)(jfr)Q-fa) 
- (8f j)Q fP)(afr)Q@f5)) A (Al ksn(dwk A dwk)) 
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n-1 la)ptI i.6 l~<j~nRabiiv((&ifa)(ajf?) _ (a-fe)(f n(n - i)dIt3 
U ) 

X ((f-fP)(aif r) - (o3fP)(a3fT))wn 
Since Rarpr is symmetric in ,8, 3, it follows that 

(4.2) KR, j A aj' A ajf A af> A -Efl2 ,6?1<i?n Re',- w 
n(n - A I 

) 

at any point Q of N when hi, = 3ij at Q. 

The strong seminegativity of the curvature tensor Rat,- implies that 

(4.3) <R fAafA af Aaf > Aa)n-2- Uan 
for some nonpositive function a on N. 

By Proposition 2, 

aa<gj af A af> A Ko n-2 = <R, A af A af A af> A n-2 

- <g, Df A D af> A (n -2 

Since the left-hand side is an exact form, it follows that 

<RI f A af A af A af> A n-2 - <g, Df A Daf > Aa n-2 0 . 
N 

From (4.1) and (4.3) we conclude that X and a are identically zero. By (4.2), 

/a p r a a~aprd-ffd = o (4.4) ~ ~ Ra r . O 
To finish the proof, we take an arbitrary local holomorphic coordinate 
system (Ci) at Q. Let 

7y~ p af af af fi a a af , 

evaluated at Q. We have to show that 

(4.5) 0 Rar~r - 0 
Fix 1 < i, j < n. Since -O = o when i = j, we can assume that i j. At 
Q let 

aa 
av Ekak aWkI 

a _ a 
bkk 

- - Ek akaWk 

There exist uniquely two unit orthogonal n-vectors (A() ..., A(")), = 1, 2, 
such that ak = cA'l) and bk= c'A ') + c"A , 1 < k < n, for some complex 
numbers c, c', c". Construct a unitary matrix (A(")), 1 < v, k < n whose first 
two rows are these two unit orthogonal n-vectors. Define a local holomorphic 
coordinate system (Zk ) at Q so that 
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arp okk 4( aWk 

at Q. Let 
afa af f9 afa Of 
aF1 aT2 &z d 2 

evaluated at Q. By replacing the coordinate system (wk) by the coordinate 
system (zk), corresponding to (4.4) we obtain the following: 

(4.6) Rara0R 0rTafl =O. 
Now 

=) Ek, lakblkI 
- 

Ek~l Ak AL $k + C C k Ak AIl 2 I 
- ~ ~ ~ ~~I Lk c Ipt 

where the vanishing of Ekl A~ l All) is due to the skew-symmetry of e 
in k, 1. Hence (4.5) follows from (4.6). Q.E.D. 

In order to avoid repeating part of the argument in the case of classical 
bounded symmetric domains, instead of proving directly Theorem 1, we 
prove a more general result. To state this more general result, we have to 
introduce the following definition. 

Definition. The curvature tensor RoiA,- of a Kiihler manifold of complex 
dimension m is called negative of order k if it is strongly seminegative and 
it enjoys the following property. If A = (Ail), B = (B.) are any two m x k 
matrices (1 < a m, 1 < i < k) with 

(A B\ 
rank - =2k 

B A 
and if 

Eta, ,ivr aRea ij fi sj 
for all 1 < i, j < k, where 

di.=A'- Bfi- As Bfi 
then either A = 0 or B- 0. 

The curvature tensor Radari is called adequately negative if it is negative 
of order m. 

The above definition is motivated by the following equivalent definition 
which is clumsier to state but which renders more transparent the motiva- 
tion behind the definition. 

Definition. The curvature tensor R,,,A, of a Kihler manifold M is said 
to be negative of order k at a point P of M if it is strongly seminegative at 
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P and if it enjoys the following property. If f: U M is a smooth map from 
an open neighborhood U of 0 in Ck to M with f (O) = P and rankR df 2k at 
0 and if at P 

- 0 

for 1 < i, j < k, where 

-A = (at fa)(O)(djfP)(O) - (0 fa)(O)(aif P)(0) 

(the coordinates of Ck being wi, 1 < i < k), then either af = 0 at 0 or af 0 
at 0. 

The curvature tensor Rafir, is said to be adequately negative at P if the 
above holds with the condition rankRdf = 2k at 0 replaced by the condition 
that f is locally diffeomorphic at 0. 

We will use only the latter definition, because there the indices have 
transparent meanings and are easier to keep track of. 

THEOREM 5. Let k > 2. Suppose M and N are compact Kdhler mani- 
folds and the curvature tensor of M is negative of order k. Suppose 
f: N -o M is a harmonic map and the ran/k over R of the differential df of 
f is at least 2k at some point of N. Then f is either holomorphic or con- 
jugate holomorphic. 

Before we prove Theorem 5, we have to prove first the following very 
simple lemma in linear algebra. 

LEMMA 1. Suppose V is a vector space of dimension n over C and W is 
an R-vector subspace of V and the dimension of W over R is ?2n - 2k. Let 
E be the set of all bases of V over C and let F be the subset of E consisting 
of all bases (e, ..., en) of V over C such that (k=1Ced) n W = 0 for all 
1 ? i1 < ... <ik < n. Then F is a dense open subset of E. 

Proof. For 1? < ... <ik < n let Fi... ik be the subset of E con- 
sisting of all (e1, ..., en) with (ok=Ce%) n W o. It suffices to show that 
each Fi, ik is a dense open subset of E. Let H be the set of all C-vector 
subspaces L of complex dimension k in V with L n w = o. It suffices to 
show that H is a dense open subset of the Grassmannian Gk(V) of all 
C-vector subspaces of complex dimension k in V. Clearly H is open in Gk( V). 

Let K = W n V-1 W be the maximum C-vector subspace of V contained 
in W. We can choose a basis e1, * , of V over C such that e*, ep is a 
basis of K over C and 

el, r R, ep, hV/el + - d1im eW, ep+l, - 2, eF 

is a basis of W over R. We have I + p = diMRWf < 2n -2k. First we show 
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that H is nonempty. Let q be the largest integer < ( - p/2). Let Q be the 
C-vector subspace of V spanned by 

eP+1 + /-1epd2, ep+3 + V-1 /ep+4, *.., ep+2q-? + V-lep+2q, el+,, ..., e. 

over C. Clearly Q f w = o. We claim that dimcQ > k. Since 2q >1 - p -1 
and 2n - 2k > 1 + p, it follows that 2n - 2k + 2q > 21 - 1, which implies 
n-k + q > 1, because n, k, q, t are integers. Hence dim, Q = q + (n-I) > k. 
Choose a C-vector subspace L' of complex dimension k in Q. Then L' e H. 

Take L e Gk( V) and let gi, * * *, gk be a basis of L over C. Let 

gi = Ej=Jajiej (I < i < k) . 

Let A = (aji)p<j?I,?< <k and B = (aji)1<js? ,l?,k. Then L n W # 0 if and only 
if for some nonzero column c of k complex numbers Im Ac = 0 and Bc - 0, 
i.e., 

Ac--Ac- O 
Bc = O 
Be= O 

which is equivalent to 
A -A 

rank B ( < 2k 
O B 

because, if 
Ac-Ad = O 

Bc O 
Bd O 

for some c, d not both zero, then by suitably adding the equations to and 
subtracting the equations from their complex conjugates one obtains 

Bi-At=O 

for d - c + d, V1l (c - d), one of which is nonzero. By replacing L by L' 
we obtain g', a'i, A', and B'. For 0 < t < 1, let 

gi(t) = (1 - t)gi + tgi, 

aji(t) = (I1-t)aji + ta'i , 

A(t) (1 - t)A + tA' 
B(t) (1 - t)B + tB' 
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The following two inequalities 
rank (aji(t))t?fl j<,l?Ik > k 

A(t) -A(t) 
rank B(t) 0 > 2k 

0 B(t) 
hold at t = 1 and hence hold for all t ej [O, 11 - J, where J is some finite set. 
For t e [0, 11 - J let L(t) be the C-vector subspace of V spanned by g#(t), ***, 
gk(t) over C. Then L(t) E H and L(t) approaches L in Gk( V) as t approaches 
0. Hence H is dense in Gk( V). Q.E.D. 

Proof of Theorem 5. Now rankRdf > 2k at some point of N and hence 
at every point of some nonempty connected open subset U of N. We first 
prove that 
(4.7) either af _ 0 on U or Af 0 on U. 

It suffices to show that for every point Q of U 

(4.8) either af=O at Q or af= 0 at Q, 

because the nowhere-vanishing of df on U implies that the two closed sub- 
sets U fa {f =O} and Un {Of =O} are disjoint and since by (4.8) their 
union is the connected set U, one of them is equal to U. 

Since the curvature tensor Rall is strongly seminegative, it follows 
from Proposition 3 that for 1 < i, j < n and 1 < a, 73 < m 

(4.9) Ras 8 0 at P 
where 

J(dfa)(Q)(afP)(Q) - (d3-fa)(Q)(if )(Q) 

(wi, 1 < i < m, being local coordinates of N and fa, 1 ? a < n, being com- 
ponents of f with respect to a local coordinate system of M). 

Let P = f(Q) and let TMP (respectively TNQ) be the tangent space of 
M at P (respectively N at Q) when M (respectively N) is regarded as a real 
manifold. Let K be the kernel of df: TNQ -> TMP. The complex structure 
of M makes TMP a vector space over C. Since rankR df > 2k, it follows that 
dimR K < 2n - 2k. By Lemma 1, there exists a basis g,, ** , go of TNQ over 
C such that for 1 < ij < ... < ik< n the intersection of K with the C-vector 
subspace of TNQ spanned by gi, - * , gik is the zero vector subspace. Choose 
a holomorphic coordinate system (wt) of an open neighborhood W of Q in U 
such that gi = 2Re(a/awt). For 1 < ij < ... < ik< n let (i... ik be the 
restriction of f to 

w n {w- =w(Q) for 1 < < n,+il. *W* ik}- 
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Then rankRd$i...ik 2k at Q. Since Ras,, is negative of order k at every 
point of M, it follows from (4.9) that for 1 ? i, < ... < ik< n either Dff 0 
atQforl a <mand j= i, *..,ik or ajfa=O at Q for 1?a m and 
j = ., ik. Now (4.8) follows from k > 2, because, if sa # O at Q for 
some 1 < a ? m and some 1 < j < n, and aifi # 0 at Q for some 1 < 73 < m 
and some I < L<n , then we can select I < ii < *** < ik< n such that both 
j and 1 belong to the set {il, ***, ij. The theorem now follows from (4.8) 
and the following proposition. Q.E.D. 

PROPOSITION 4. Suppose M, N are compact Kdhler manifolds and 
f: N -o M is a harmonic map. Let U be a nonempty open subset of N. If f 
is holomorphic (respectively conjugate holomorphic) on U, then f is holo- 
morphic (respectively conjugate holomorphic) on N. 

Proof. Since the proofs of the holomorphic case and the conjugate 
holomorphic case are similar, we prove only the holomorphic case. 

Let Q be the largest connected open subset of N containing U such 
that df vanishes identically on Q. It suffices to show that Q is closed in N. 
Suppose the contrary. Q has a boundary point Q. Let W be a connected 
open neighborhood of Q in N such that 

i) there exists a holomorphic coordinate system (wi) on some open 
neighborhood of the closure of W and 

ii) there exists a holomorphic coordinate system (za) on some open 
neighborhood of the closure of f (W). 
The harmonicity of f is given by the equation 

ANf + Ei ~jo ,7M> fi'7Vaif ')(a-f -)h 0 

where (hi) is the inverse matrix of the matrix (hi--) of the Kdhler metric of 
N, AN is the Laplace-Beltrami operator of N, and MJF7r is the Christoffel 
symbol of M. Applying ak to this equation and recalling AN= 2Ei i h 3 e3f3 
we obtain 

N(dkf ) ? if (2&kh )dfa ? ( - 
?Ej (h,, - 0r-(ift)h lakad 

I 0 

Hence for some positive number C 

|IANQ8kf ) ? ai C(. fa I + Ejfr I .f + , f 
on W. Let uW and vka be respectively the real and imaginary parts of a3-fa. 
Since AN is a real operator (i.e., it maps real functions to real functions), it 
follows that for some positive number C' 

IANuJ 2 <C Cp (I grad ufi12 + Igradv-I2 + Iu-I2 + Ivfl2) 

Nk12 < CEP JI grad u 2 + ? gradvfi12 + Iu-12 + Iv-12) 
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on W, where grad is the gradient with respect to the coordinate system 
whose coordinate functions are the real and imaginary parts of wi. By 
applying Aronszajn's unique continuation theorem [1, p. 248] to the system 
of functions uW, v' (1 < a < m, 1 < k < n) and to the elliptic operator AN, 

we conclude from the identical vanishing of uW, vk on wnQ that ua, va vanish 
identically on W. This contradicts the fact that Q is a boundary point of Q. 
Hence Q = N and 3f 0 on N. Q.E.D. 

Theorem 1 follows from Theorem 5 and the following lemma. 

LEMMA 2. If the curvature tensor R,-r- of a Kdhler manifold M is 
strongly negative, then it is negative of order 2. 

Proof. Let U be an open neighborhood of 0 in C2 with coordinates w1, 
w2. Suppose f: U -> M is a smooth map which is a local immersion at 0 such 
that for 1 i, j < 2 

Leas 7w afiE fr 6E 0 

at P = f(O), where 
d (& f a)(0)G8 jfP)(?) -(a O(8f)) 

We have to show that either af = 0 at 0 or 0f = 0 at 0. 
Let m = dimM. Let TM,,p be the tangent space of M at P when M is 

regarded as a real manifold. The complex structure of M makes TMP a 
vector space over C. Since f is a local immersion at 0, the image L of df is 
an R-vector subspace of real dimension 4 in TMP. By Lemma 1, we can 
find a basis el, ... , enl of TM over C such that for I l a < a 13 m the inter- 
section of L with the C-vector subspace of TMp spanned by ey, 1 : y ? n, 
y # a, 18, is the zero vector subspace. Choose a local coordinate system (z") 
of M at P such that ea = 2 Re (a3/za) at P. For 1 < a < ? ! m the map 

(%p (w', w') i (fo(Wlt W%) f (W1 Y W2)) 

is locally diffeomorphic at 0. 
Since Rank is strongly negative, it follows that 0 - 0 for 1 < a,,? < m 

and 1 < i, j < 2. Assume af # 0 at 0. We want to prove that af = O at 0. 
Since afo # 0 at 0 for some 1 < a ? m, without loss of generality we can 
assume that Af' # 0 at 0. Let p be the number of C-linearly independent 
(1, 0)-forms among af'1, - - *, afm at 0. We distinguish between two cases. 

Case 1. p = 2. Without loss of generality we can assume that af' and 
3f2 are C-linearly independent at 0. For 1 ? a < m and A = 1, 2, it follows 
from 0 -0 that af carafA at 0 for some cak E C. Hence, if afa 0 0 at 0 
for some 1 < a < n, then af' = (Ca2/Cal) af2 at 0, contradicting the C-linear 
independence of af' and df2 at 0. 
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Case 2. p 1. For 1 < a < m there exist complex numbers ra such 
that aft rdaf1 at 0. For 1 < a m it follows from = 0 that cfa cadf1 
at O for some c, E C. For I < a <j3? < m, df- A df x A df A dfP is a linear 
combination of exterior products of Of' and af1 at 0 and hence vanishes at 
0, contradicting the fact that D,, is locally diffeomorphic at 0. Q.E.D. 

5. Bounded symmetric domains 

We recall the four types of classical bounded symmetric domains which 
we denote by Di ,, Dl', DI", D'V and compute their curvature tensors. 

Type Imn The domain D nn is an open subset of Cm" and is the set of 
all m x n matrices Z= (zap) with complex entries such that I - ZZ is 

positive definite, where I., is the identity matrix of order n and tZ is the 
transpose of the complex conjugate of Z. An invariant Kihler metric has 
the potential function 

(D log det(Jn - tZZ)1 

2+ - zp a zge + higher order terms. 

At Z 0 0 the coordinates (Zap) are normal coordinates in the sense that the 
first order derivatives of the coefficients of the metric tensor with respect 
to these coordinates vanish at Z = 0. Hence the curvature tensor at Z 0 
is given by 

az"a-izjP~az2woaz 
It follows that at Z = 0 
(5.1) cra p tus no 

-a rr~ap<Prp + v < tra, a? 

- ?rPs ILaittr PI 12 + E" P I Er datrj 12 

Type II.. The domain Dn' is an open subset of Cn(%-1)'2 and is the set of 
all skew-symmetric n x n matrices Z= (zap) with complex entries such 
that In - tZZ is positive definite. It is a complex submanifold of D' a. The 
invariant Kahier metric of Dnn induces an invariant Khhler metric of DnI, 
At Z = 0, the coordinates (zap) for a < 3 are normal coordinates. Hence the 
second fundamental form of DI, in DI , vanishes at Z- 0 and the curvature 
tensor of DI, at Z- 0 is the restriction of the curvature of DI n. It follows 
that at Z = 0 

(5.2) L a<r A<p <0 tf<rRar FP A, r r 
= r 2 ? I E n ar'ap 

1= 
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where a is skew-symmetric in a, Y and skew-symmetric in /3, p. 

Type IIIn. The domain Dn" is an open subset of C'n+"''2 and is the set 
of all symmetric n x n matrices Z= (zap) with complex entries such that 
In -ZZ is positive definite. It is a complex submanifold of D'n. The 
invariant Kahler metric of D'n induces an invariant Kahler metric of Dn". 
At Z = 0, the coordinates (Zap) for a < ,6 are normal coordinates. Hence the 
second fundamental form of D'11 in Dn vanishes at Z- 0 and the curvature 
tensor of Dn" at Z = 0 is the restriction of the curvature tensor of Dn n. It 
follows that at Z 0 0 

(5.3) '<r RaTIFI 2or, Tr 

EnI 
- 

12 + En E aXp Tr 2 

where ar pis symmetric in a, y and symmetric in ,8, p. 

Type JVn. The domain D'V is an open subset of Cn and is the set of all 
Z = (Za, ** Zn) in Cn satisfying 

341 + a z2 12_ 2E Az 12 > 0 

2<1 

An invariant Kahler metric is given by the potential function 

q) =-log(1 - 2 1ZaI| + | aZ |12) 

=2 2a I _ Za - IaZ2 + 2(Ea I Za 12)2 + higher order terms. 

At z = 0 the coordinates Za (1? a < n) are normal coordinates. Hence the 
curvature tensor is given by 

Rass - - a4D 
_ -4(&ap3p, + 6aaap - 6mpo) 

aZaadZpaZpaZ, 

It follows that at z 0 

(5.4) E RY ap iap 

4~aap~a~aP~+ 4 1 ag p~a~P- 41:6,~paP~ 

41 f aap~ & e 1+ 44Lapp 
a p 4 ,oi(ap pa = a 4 a E 12 Bae + dalta 4E pe 

4 1 aa 2 + 2 La,'ts _ Xpa 2 

The curvature tensors of these four types of classical bounded sym- 
metric domains are strongly seminegative, but are not strongly negative. 
In the following four Sections 6-9, we will show that these curvature tensors 
are adequately negative so that Theorem 3 follows from Theorem 5. For 
the proof of the adequate negativity of the curvature tensors, we will need 
the following very simple lemma in linear algebra. 
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LEMMA 3. Suppose 'p is a smooth map from an open neighborhood of 0 
in C"m to an open neighborhood of 0 in Cn with 9(0) = 0. Let wl, , wm 

(respectively z1, ..*, zn) be the coordinates of Cm (respectively Cu). 

a) If the rank of the n x m matrix (aza/6wi) at 0 is n, then there exists 
a nonsingular linear transformation 

(5.5) wi = E,=l bij wi (1 < i < m) 
such that at 0, 

Or= i for 1 a < n, 1 < < m. 
awi 

b) If the rank of the n x m matrix (aza/awi) at 0 is p < n, then there 
exist a nonsingular linear transformation (5.5) and a unitary transforma- 
tion 

z =>azp (1< a < n) 
such that at 0, 

6=- , for 1 < a < p, 1 < i < m 
wi, 

and 

aZa = 0 for p < a < n, 1 i < m. 
wi, 

c) If the rank of the n x m matrix (dzl/wi) at 0 is p < n and azl/awi ? 0 

at 0 for some 1 < i < m, then there exist a nonsingular linear transforma- 
tion (5.5) and a unitary transformation of the form 

ZI = Z, 
zIt = =2aap Zp (2 < a < n) 

such that at 0 

a 

=a 
- for 1 < a < p1 < m 

and 

aZa -0 for p < a < n, 2 < < m. 

Proof. Let $D: Cm -> C" be the C-linear map defined by the n x m matrix 
(aza/awi) at 0. Let el, *..., en (respectively u,, * , ur) be the standard unit 
basis vectors of C" (respectively Ct). 

a) Take a basis v"+1, * *, v. of Ker (. Let vi be a vector in Cm with 

ID(v,) = ej (1 < i i< n). Let 

_i = 
in bju 1 :!< i < -) 
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Then (biq) satisfies the requirement. 
b) Take a unitary basis d, ** *, dn of Cn such that da e Im (D for 1 < a < p. 

Take a basis vp+?, * *, V. of Ker (D. Let vi be a vector in Cm with (D(vi) = e 
(1 < < p). Let 

7i = inu bj (1 < ? < m) 
and 

da = En>a,,p ep (1<a<n). 
Then (bij) and (actp) satisfy the requirement. 

c) Let IT: Cn -? Ce, denote the orthogonal projection. Since az1/awi ? 0 
at 0 for some 1 < i _ m, 7T o (D is surjective. Let K = Ker (wT o (D). Let 
': K -Ker wT = e)<f=,Ce< be induced by (D. Then rank If = p - 1. Take a 
unitary basis d2, ***, d? in eL=2Ce, such that da, e Im P for 2 < a < p. Let 

di = el. Let w' denote the orthogonal projection from C" onto the linear 
subspace V spanned by d, ** *, dp. Then wT' o (D: Cm -- V is surjective. Choose 
a basis vp+l, * V vm of Ker (wT' o (P). Let vi be a vector in Cm with (wT' o (D)(vi) =di 
for 1 < i < p. Let 

Vi = EIn1 bsiuj (1 ? vi < m) 
and 

da = En>aa, ep (2<a<p). 

Then (brj) and (acp) satisfy the requirements, because (D(vi) = di for 2 < i < p 
which follows from the fact that (P(vi) - di belongs both to Im (P and to the 
linear subspace spanned by dp+l, .*., dn. Q.E.D. 

6. Adequate negativity of the curvature of mnn 
PROPOSITION 5. For mn > 2 the curvature tensor Rr, - (1 < a, ,3, ?, 

me <m, 1 <_ y, p, a, r < n) of D'. is adequately negative. 
Proof. Let U be an open neighborhood of 0 in Cmn. Let (Wij),ism,?ni,<n 

be the coordinates of Cmff. Denote d/6wij, 6/6wij by Fiji, 6- respectively. Let 
f: U -> Dnn be a smooth map which maps the origin to the zero matrix and 
which is locally diffeomorphic at 0. Let f (1 J< a < m, 1 < ,i < n) be the 
components and let 

Aid = (a- faP)(0)(klf"r)(O) - (a fa')(0)(i3ifT)(0) 
Assume that 
(6.1) ERar'pploypr-I kLitLLk = 0 

at Z = 0 for all (i, j), (k, 1). We have to prove that 
(6.2) 1'either af = 0 at 0 for all (i, j) and (a, mu) 

tor af f - 0 at 0 for all (i, j) and (a, p3). 
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The following three conventions will be used in this proof and also in the 
proofs of Propositions 6 and 7. Moreover, in the proofs of Propositions 6 
and 7 the notations aij, a-, fa, and t will carry analogous meanings. 

i) For notational simplicity we will denote (ajjfOP)(O), (azfaP)(O), 

(a@if )(O), (01jf )(O) simply by ajjfcP, &ffi i &-f respectively. 
ii) After we apply linear transformations to the coordinates (wij) and 

(ztap), we will use the same symbols for the new coordinates. 
iii) We use the lexicographical ordering for the double indices (i, j). 

By (i, j) > (k, 1) we mean either i = k and j > I or i > k. By (i, j) > (k, 1) 
we mean (i, j) > (k, 1) or (i, j) = (k, 1). 

From (6.1) and (5.1) it follows that 

(6.3) ~~aitjrka 0 for all (,y, p), 

0 = for all (a, A). 
We will prove (6.2) from the equations (6.3). The equations (6.3) are invariant 
under the following transformations of Dm'n 

Zv-> Z. 
zl )tz 

(6.4) ZF > AZB, 

where A and B are fixed unitary matrices respectively of orders m and n. 
To prove the proposition from (6.3) we can assume without loss of 

generality (after the transformation Z tZ if necessary) that m > 2. 
Assume that aijffi ? 0 for some (i, j) and some (a, p3). We want to 

prove that ai-f" - 0 for all (i, j) and (a, j). By applying a unitary trans- 
formation to the rows of Z (i.e., a transformation of the form (6.4) with 
B = In), we can assume without loss of generality that aijf1P # 0 for some 
3 and some (i, j). Let the rank of the n x (mn) matrix 

be p. By applying Lemma 3b) to the smooth map 

(f 11 . f 1 ): U ) Cn 

we conclude that, after we apply a linear transformation to the coordinates 

(wij) and apply a unitary transformation to the columns of Z (i.e., a trans- 
formation of the form (6.4) with A = In), we can assume without loss of 
generality that for 1 < A < ?n, 

(6.5) {8ajflP = 0 for (i, i)> (1, p) 
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For 1 < i < p and (k, 1) > (1, p), consider 

EAi= 1li kl=?; 

that is, 

EV, (&3f1J dklf'A - a6f1Aaiif1A) 0 

Since okif 0 and 6 af1P - (i3, it follows that 

(6.6) ak-cfli =O for 1 < i < p and (k, 1) > (1,p) 

We claim that the rank of the (n - p) x (mn - p) matrix 

P: (6i01f'T)pp<T<n,(k,l)>(1,p) 

is n - p. Suppose the contrary. Then at 0, 

af 1P+l A ... A af1n = 0 mod (dw-N, * * *, di-10) 

By (6.5), af'A = o for p <, < 3n. Hence at 0, 

(6.7) df" 1P+' A ... A dfln - 0 mod(dwh11, * . , d iv) P 

By (6.5) and (6.6), df'A, 1 < /3 < p, is a linear combination of dwII, *.., dwjP, 
d , ..., dwIlp at 0. It follows that at 0, 

AfP=,(df1' A df') - c AsP=,(dw1, A dwi A) 

for some constant c. This together with (6.7) implies that at 0, 

A/ =1(df1A A dfl) = 0 

contradicting the assumption that f is locally diffeomorphic at 0. Hence the 
rank of P is n - p. By applying Lemma 3 a) to the map (fl Pl, ..., fin) 

whose domain variables are (Wkl), (k, 1) > (1, p) (the other variables being 
fixed), we conclude that after a linear coordinate change in the variables 
(wkl), (k, 1) > (1, p), we have for p < ? < n, 

(6.8) (&f1T =jr for p <j < n 

k-flr 0 for 2<k<m, 1<1<n. 

Since this last coordinate change involves only Wkl with (k, 1) > (1, p), the 
validity of (6.5) is not affected. 

Take any 1 < a<m. Let 1< k<m, 1<I <n, and p<i<n. Consider 

that is, 
=(@~liflA aklf A- a I fJ) = 0 

Since ak-jf'A = 0 and a&f'A = 6jA by (6.6) and (6.8), it follows that 

(6.9) aklfoi = 0 for 1 < a < m, 1 < k < m, 1 < l < n, and p < i < n . 

Consider now 
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54 kllj 

where 1 < a < m, 1 < k < m, 1 < ? < m, and 1 < j < p. That is, 
D 

(8-f 
Ap f'l - aj aklf p) = 0 

Since 6klf'fi = 0 and a6jflfi = 6j, by (6.5), it follows that 

(6.10) aT-fedj = O for 1 < a < m, 1 < k l m, 1 ?<nI < n, and 1 < j <. p . 

We claim that, after a linear coordinate change in (Wkl) for k > 1 the 
following hold for 1 < i ? m: { , fis = alp for 1 <I<p and 1<,l<n. 

(6. 11) aklfip = 0 for (k,I)>(i,p) and 1?<,<n. 
(aif ifi = alp for p < 1, 8 < n . 

a-fifi = 0 for k>i, 1<1, 3<n. 

We prove this by induction on i. When i = 1, (6.11)i follows from (6.5) and 
(6.8). Suppose (6.11)i holds for 1 < i < j and j $ m and we want to show 
that (6.11)j holds. From (6.11)i, 1 < i < j, it follows that 

dfaP, 1 < a < j, 1 < o < n, is a linear combination of 

(dwkl, diikl, 1 < k j, 1 < 1 < n, at 0. 
From (6.10) it follows that 

{dfi'P 1 _ /3? p, is a linear combination of dWkl, 1 < k < m, 
1( 63 _ 1 n, and diw,_ 1< r < n at 0. 

The p x (m - j + 1)n matrix 

('3k f i)1 p ~p,3?lfm,1lf ln 

must have rank p, otherwise from (6.12) and (6.13) it follows that 

(A a< j, i pn (dfau A dfep)) A (A :? p (dfjfi A dfrp)) 
vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3 a) to the map (fj31 ..., fiP) whose domain 
variables are (Wkl), j < k < m, 1 < 1 < n (the other variables being fixed), 
we conclude that, after a linear coordinate change in (Wkl), j ?k < m 
1 1 < n, we have the first two equations of (6.11)j. This implies that 

(dffip 1 ? / ? p, is a linear combination of dwkl, dikl, 

(6.14) ~~(j6, p) ~~L (Ic, 1), at 0. 
From (6.9) it follows that 

(df j, p K <, < n, is a linear combination of diIkl, 1 < k < m, 
(1 _ I < n, and dw1, 1 < r < n, at 0. 
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The rank of the (n - p) x ((m - j + 1)n - p) matrix 

00kf f)jp-<fi<n, (k,l) >(j,p) 

must be n - p, otherwise it follows from (6.12), (6.14), and (6.15) that 

Aia -j,!fi< n (dfafi A dafg) 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3 a) to the map (fjiP+l, *. ., fin) whose domain 
variables are (Wkl) with (k, 1) > (j, p) (the other variables being fixed), we 
conclude that, after a linear coordinate change in (Wkl) with (k, 1) > (j, p), 
we have the last two equations of (6.11)j. 

We distinguish between two cases. 

Case 1. p = n. By the first two equations of (6.11)i we have for all 

(a, 3) 

f a = 1 
& fa-O for (k, 1) > (a, 3). 

Hence the (mn) x (mn) matrix 

(a ijfP) i aiam ,i?jin 

is nonsingular. By Lemma 3 a) we can apply a linear change of coordinates 
to (wij), 1 < i <m , 1 ? j < n so that after this linear coordinate change we 
have 
(6.16) ai jf 3 - iajfi; 

but statements derived above concerning _f&afi may no longer remain valid, 
i.e., (6.6), (6.8), (6.10), and the last two equations of (6.11)i may no longer 
hold. 

We are now ready to show that f afi = 0 for all a, h3, i, j. Fix arbi- 
trarily (a, h3) and (i, j). Consider first the case i # a. We have 

n = 0 

i.e., 
n> (a~f -afr a-~f arafar) =0 1:1.=1 (13ii iif r_ fipaaFr 

By (6.16), - 0 and aafi = ir. Hence afi = 0. Consider now the 
remaining case i - a. Since m > 2 there exists 1 < k < m with k + a. 
We have 

n arkr= 0 

that is, 

ET= (aajf akf fr - araf kr)= 

By (6.16), aajfkr = 0 and akfifkr = -ir. Hence Aa-fafi 0. 
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Case 2. p < n. From the last two equations of (6.11)i, we have 

(a.-fin=1 
taint 0 ? for i > j. 

It follows that the rank of the m x (mn) matrix 

is m. Since p < n, we must have n > 2. After we apply the transforma- 
tions 

Z IAtZ 

where A is the matrix obtained from Lm by interchanging the first and last 
rows, we reduce this case to Case 1 and we therefore conclude, by the 
arguments of Case 1, that aijfa = O for all 1 < i, a < m and 1 < j, d < n, 
which is a contradiction. Hence Case 2 cannot occur and a af = 0 for all 
1 < i, a < m and 1 < j, i ? n. Q.E.D. 

7. Adequate negativity of the curvature of D~n 
PROPOSITION 6. For n ? 3 the curvature tensor RumorqS (1?a<y<n, 

1? <3 < p < n, 1 < X a ?< n, 1 _ , < ? _ n) of D"' is adequately negative. 

Proof. Let U be an open neighborhood of 0 in C'1/2)'nn-1'. Let (wjj)1?i<1j? 
be the coordinates of C'1/2)nfn-1). Let f: U-> D"' be a smooth map which maps 
the origin to the zero matrix and which is locally diffeomorphic at 0. The 
components faP of the map f satisfy f " = - f Pa for 1 < a, i < n. Assume 

(7.1) A T<Tp < a t< R = 0 

at Z = 0. We have to prove that 

(7.2) Ieither afaP = o at 0 for all 1 < a < f < n 
orafaP=O0 at 0 forall 1<a<3 ?n. 

It follows from (7.1) and (5.2) that 

(7.3) ET= =0 for 1 < a, i < n . 

We will prove (7.2) from the equations (7.3). The equations (7.3) are 
invariant under the following transformations of D': 

(7.4) Z )-. tAZA 
where A is a fixed unitary matrix of order n. Since f is locally diffeomorphic 
at 0, we have either 

aijfli 0 for some i < j and some (3 
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or 
jflP t 0 for some i < j and some if 

(otherwise df iP - 0 at 0 for all i3, contradicting A,< (dfhP A dfEP) f 0 at 0). 
Since the equations (7.3) are invariant under the transformation Z -* Z, we 
can assume without loss of generality that deifP 0 for some i < j and 
some hi. Let the rank of the (n - 1) x (1/2)n(n - 1) matrix 

(aiif P)1<P n.l-<i<j1. 

be p - 1. By applying Lemma 3 b) to the smooth map 

(f2 fin): Ui > Cn 

we conclude that, after we apply a linear transformation to the coordinates 
(wij) and apply a transformation to Z of the form (7.4) with 

/1 0 

NO B 

where B is a unitary matrix of order n - 1, we can assume without loss of 
generality that for 1 < ? < n 

al3flP =ip for 1<j p 
(7.5) a~Aijf1 = 0 for (i, j) > (1, p) . 

For 1 < i < p and (k, 1) > (1, p), consider 
n 2,2~, = 0 rai~l ii, kl 

Since aklf1 = 0 and aif 1P = 6ip, it follows that 

(7.6) aklf 1" = 0 for 1 < i _ p and (k, 1) > (1, p) . 
The rank of the (n - p) x ((1/2)n(n - 1) - p + 1) matrix 

(a 0 f ") p <r 7 n, (k, 1)> (1,p) 

must be n - p, otherwise it follows from (7.5) and (7.6) that 

A>&=1(df1P A dfi') 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3 a) to the map (flP+l, ., fls) whose domain 
variables are (wkl) with (k, 1) > (1, p) (the other variables being fixed), we 
conclude that, after a linear change in the coordinates (Wk,), (k, 1) > (1, p), 
we have for p < K < n, 

{a-flr = jr for p<j<n (7.7) a1fro o ?k ln 
Tso ftaft = h for 2e vi k < 5 < n . 

This does not affect the validity of (7.5). 
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For 1 < a < n, 1 < k < 1 < n, and p < i < n, consider 
~n 0 

pL i iki = 

Since aciflp = 0 by (7.7) and aj-f1P = -i by (7.6) and (7.7), it follows that 

(7.8) aklfai = 0 for 1<a<n,1<k<I<n, and p<i<n. 

For 1 < a < n, 1 < k < 1 < n, and 1 < j < p, consider 

Since aklf1 0 and aif3 [P -p by (7.5), it follows that 

(7.9) akcfai = 0 for 1 < a < n, 1 < k < l < n, and 1 < j < p . 

We claim that, after a linear coordinate change in (Wkt) for 1 < k < I < n 
the following holds for 1 < i < n: 

Tilfif dip for i<l p and i<13 < n 

(7. 10) aklfifi = 0 for (k, 1) > (i, p) 
(aTf'P = dip for max(i, p) < I < n and i < S < n 

a1i Aip = 0 for i<k<l<n and i<,?<n. 

We prove it by induction on i. When i = 1, (7.10)i follows from (7.5) and 
(7.7). Suppose (7.10)i holds for 1 < i < j and j ? n and we want to show 
that (7.10)j holds. From (7.10)i, 1 < i < j, it follows that 

df a, 1 < a < j, a < 3 < n, is a linear combination of 

(7.1) dwkldikl 1 < k < j, k < I < n, at 0. 
From (7.9) it follows that 

(7.12) {df iP, j <,i _ p, is a linear combination of dWkl, 1 _ k < 1 < n, 
and dwv,, 1 < r < n. 

When p > j, the (p - j) x (1/2)(n - j + 1)(n - j) matrix 

(aklf j) j<Pi5pp j5k< <-n 

must have rank p - j, otherwise from (7.11) and (7.12) it follows that 

(A/<a<ja<pn(dfaP A df a)) A (A j<Ais(dfjP A df P)) 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3 a) to the map (fi?1, ** ., fil) whose domain 
variables are (Wkl), j < k < 1 < n (the other variables being fixed), we con- 
clude that, after a linear coordinate change in (Wkl), j ? k < 1 < n, we have 
the first two equations of (7.10)j. This implies that 

(7.13) df'j, j < , ? p, is a linear combination of dwkl, dwkl, 

(j, p) > (k, 1) at 0. 
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From (7.8) it follows that 

(7.14) df'i, max (j, p) <,8 < n, is a linear combination of 

dikl, 1 < k < I < n, and dw, 1 < r < n, at 0. 

The rank of the (n - max(j, p)) x (1/2(n - j + 1)(n - j) - max(0, p - j)) 
matrix 

00-kf j)mas(j,v) <P<-n, (k,l) >(j,p) 
must be n - max(j, p), otherwise it follows from (7.11), (7.13), and (7.14) 
that 

Ala<ja<,<n(dfaPd fA dfa) 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3 a) to the map (f jmax(j)+l, * I 

, fjn) whose domain 
variables are (Wkl) with (k, 1) > (j, p) (the other variables being fixed), we 
conclude that, after a linear coordinate change in (Wkl) with (k, 1) > (j, p), 
we have the last two equations of (7.10)j. 

We distinguish between the following two cases. 

Case 1. p = n. By the first two equations of (7.10)i the ((1/2)n(n - 1)) x 

((1/2)n(n - 1)) matrix 

(ai f )~i<j <-n, Ia< P n 

is nonsingular. By Lemma 3 a) we can apply a linear coordinate change to 
(wij), 1 < j < n, so that after this coordinate change we have 

(7.15) ajjfc1P = 6iajp for 1 < i < j < n and 1 < a < 3 < ?n, 

at the expense of possibly sacrificing the validity of (7.6), (7.7), (7.9), and 
the last two equations of (7.10)i. 

We want to show that a-fi = 0 for 1 < i < j ? n and 1 ? a <( 3? n. 
For notational convenience, we define, for ?i <j n, a.= -ai and 

=- =-&. First we show that 

(7.16) a-yfaP =0 for 1 < a, 8, j < n with j a and + a . 

Since n > 3, we can choose 1 ? k < n with k + a and k + (3. Consider 
n 

Lar: kr _0 
Er a-- -k 

that is, 

(7.17) =>l(a faTakPfkT - aifara jfkr) = 0 

Since a # k, it follows from (7.15) that ajfkT - 0 if y + a. On the other 
hand, if y=a, then fa 0. Hence in any case a-far ajfkr = 0. Since 

akPf r = 6py by (7.15), it follows from (7.17) that Aa-j = 0. 
Now fix 1 < a < S _ n and 19 i,pj < n with i +j. We want to prove 
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that 
a-f" = 0. Because of (7.16), we can assume without loss of generality 

that a, ,, i, j are distinct. Consider 

that is, 
(7.18) _ (f f - aifar 0 

It follows from (7.16) (and the fact that fa 0) that P-fa' - 0. Since 
Aasf ar = 6r by (7.15), we have &a faP = 0 from (7.18). 

Case 2. p < n. From the last two equations of (7.10)i, we have 

ja- fi 1 for 1 < i < j < n . 
Since fni - -fi-, it follows that the rank of the (n - 1) x (1/2)n(n - 1) 
matrix 

(fe~jf'")<i ?<j?,1?a< n 

is n - 1. After we apply the transformation 

Z -' tAZA 

where A is the matrix obtained from I,, by interchanging the first and last 
columns, we reduce this case to Case 1 and we therefore conclude, by the 
arguments of Case 1, that aijf"P = 0 for all 1 < i < j < n and 1 < a < i3 < n, 
which is a contradiction. Hence Case 2 cannot occur and a3f0 = 0 for all 
1< i< j ? n and 1< a <B_ ? n. Q.E.D. 

8. Adequate negativity of the curvature of DE"' 

PROPOSITION 7. For n > 2 the curvature tensor Ray, V, AS - (1 < a _ ? n, 
lf3?p <n 1 < n < a < n, 1 < ? < z < n) of DnI" is adequately negative. 

Proof. Let U be an open neighborhood of 0 in C'1/2'ff'n+1'. Let (Wij),,<<-, 
be the coordinates of C 12'"'+. Let f: U-->Dl" be a smooth map which 
maps the origin to the zero matrix and which is locally diffeomorphic at 0. 
The components f P of f satisfy f ap = f Po for 1 < a, 3 < n. Assume 

(8.1) /a-yi?p, A R,. Lp7 L.j~el = 0 

at Z = 0. We have to prove that iP 

(8.2) either 0f'i=0 at 0 for 1 ? a < A < n 
or afaP= O at 0 for 1 < a <A? < n . 

From (8.1) and (5.3) it follows that 

(8.3) InskL =0 for 1 <a, 3< n. 

We will prove (8.2) from the equations (8.3). The equations (8.3) are invariant 



COMPLEX-ANALYTICITY OF HARMONIC MAPS 103 

under the following transformations of D,"': 

(8.4) ZF - tAZA, 

where A is a fixed unitary matrix of order n. 
Since f is locally diffeomorphic at 0, we have either 

atJf' #0 for some i _ j 
or 

j f1L W0 for some i < j 
(otherwise df1 = 0 at 0, contradicting A a<?(dfaP A dfr) # 0 at 0). Since 
the equations (8.3) are invariant under the transformation Z ---i Z, we can 
assume without loss of generality that aijf 0 for some i < j. Let the 
rank of the n x (1/2)n(n + 1) matrix 

(a~ijf 1, nlijn 
be p. By applying Lemma 3 c) to the smooth map 

(f *... f17): U- Cla 

we conclude that, after we apply a linear transformation to the coordinates 

(wij) and apply a transformation to Z of the form (8.4) with 

/1 0 
0 B 

where B is a unitary matrix of order n - 1, we can assume without loss of 
generality that 

jflp = ajar for 1 _ j < p, 1 p 

(8.5) a l1jf1 =0 for 1 < j p, p < n 

aij = for (i, j) > (1, p), 1 < 3? n. 

For 1 < i < p and (k, 1) > (1, p), consider 
n 

that is, 

EP liflp>klflp - alflifp) = f 0 

Since a1if1P = 6ip and aklf'p - 0 by (8.5), it follows that 

(8.6) alfli = O. 1 < i < p and (kl)>(1,p). 

Let q be the rank of the (n - p) x ((1/2)n(n + 1) - p) matrix 

P = (a@lf1)p<i<<.,(k,l)>(l,p) - 

Select p < il < ... < iq < n such that the rank of the q x ((1/2)n(n + 1) - p) 
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matrix 

(akjf 1i&')J<_v<q, (ksl) > (1, p) 

is q. By applying Lemma 3 a) to the map (f l, fliq) whose domain 
variables are (Wkl), (k, 1) > (1, p) (the other variables being fixed), we con- 
clude that, after a linear change in the variables (Wkl), (k, 1) > (1, p), we can 
assume without loss of generality that 

(8.7) = 3l j~pF- - , for 1 : v, j < q 
1 akf1i =0 for (k,l)>(1, p+q),1< q. 

We must have 
(8.8) fl _0 for (k, 1) > (1, p + q), p < i< n, 

otherwise the rank of the matrix P is >q. For (k, 1) > (1, p + q), consider 

n0 
this is, 

Er (aflraifir - a11f'talf ) ? o 
Since aklflr 0 and allft'1- ( for 1 < Y < p by (8.5), it follows from (8.8) 
that 

(8.9) 0f1Wz=0 for (k, 1) > (1, p + q) . 
When p + q < n, this implies together with (8.5), (8.6), (8.7), and (8.8) that 
at 0, 

df' A ... A df in A dfF' A ... A dfIn 

is a linear combination of exterior products of dwl,, dwv, for 1 < I ? p + q 
and hence must be zero, which contradicts the fact that f is locally diffeo- 
morphic to 0. Therefore we must have q = n - p. Thus i, = p + v and 
(8.7), (8.8), (8.9) read 

lf = alp for p<1,f3<n 
(8.10) -f'i= 0 for 1 < kk<?I < n, p < 3 < n 

I, f11 = 0 for 1 < k < I n . 

Takeany l <caxn. Letl<k<I< nand p<i<n. Consider 

that is, 
En (0-f1P aklfi - a fif 0 

Since akf' = 0 by (8.6) and (8.10) and since a-f'j - 6ip for 1 <,3 < n by (8.6) 
and (8.10), it follows that 

afif llaklfal + aklf i 0 ? 
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Because f 1 = flo, by (8.5) we have aklfal = 0. Hence 

(8.11) aklfai = O for 1 < a < n, p < i < n, 1 < kk<I? n . 

Consider now 
n c 0B t 

Epn= ak,t =i 
0 

where 1<a<n, 1<k<1<n,and1<jp. Thatis, 

Since aklf1f 0 and aljf 'P = bjp by (8.5), it follows that 

(8.12) a(3f -=O for 1<a<n,1<k l<n, and 1<j<p. 

We are going to prove by induction on i for 1 < i < n that after a linear 
coordinate change in (Wkl) for 1 < k I < n, the following hold: { ft = p for i <,i < n and i < I < p 

(8.13)i aklfi -o for i 
<fl 

< n and (k, l) > (i, p) 
a AiP = 31g for max(i, p + 1) <,SI < n 
ak-if i- = 0 for i < k ? I < n and i < 8 < n . 

To avoid a repetitious initial step of the induction process, we agree to mean 
by (8.13), the vacuous statement and prove (8.13)i by induction on i for 
1 ? i < n. Now we prove (8.13)j-1 (8.13)i for 1 < i < n. From (8.5), (8.6), 
(8.10), it follows that 

(8.14) df", * ., df'" is a linear combination of dw11, .., dw, 

di1, ... , div. at 0. 

From (8.13), (1 < v < i) it follows that for 1 < v <i 

(8.15)* df dfPn is a linear combination of dwkl, diwkl, 

1<k<, k<I <n. 

From (8.11) and (8.12) it follows that 

(8.16) df , dftP is a linear combination of dWkl, 1 < k ? I ? n, 
and di&j, 1 < j < n, at 0, 

and 

(8.17) df 'P, max(i, p + 1) < ,8 < n, can be expressed in terms of 

diwkl, 1 < k < I < n, and dwlj, 1 < j < n at 0. 

When p > i, the (p - i + 1) x (1/2)(n - i + 1)(n - i + 2) matrix 

Q: -=8l f<< g~g 

must have rank p - i + 1; otherwise from (8.14), (8.15)v, 1 < v < i, and (8.16) 
it follows that 
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(Ai<a<i ar!4<n(df-\ A df _)) A (AP=X(dfip A dfi)) 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3a) to the map (f i * .., fiP) whose domain 
variables are Wkl, i < k < I ? n (the other variables being fixed), we conclude 
that, after a linear coordinate change in Wkl, i < k < 1 < n, the first two 
equations of (8.13)i are satisfied. This implies that 

(8.18) df **, dftP is a linear combination of dWkl, diikl, 

(li, p) > (k, 1). 
The (n - max(i, p + 1) + 1) x ((1/2)(n - i + 1)(n - i + 2)- max(O, p - i + 1)) 
matrix 

L: ( f )max(ifp?l , (k.l, (i.max(i.p?1)) 

must have rank n - max (i, p + 1) + 1; otherwise from (8.14), (8.15)", 1 < v <i, 
(8.18), and (8.17) it follows that 

Ai<a<i "pP<n (dfaP A dfo) 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. By applying Lemma 3a) to the map (fi maax(i 'P1) *I , fin) whose domain 
variables are Wkl, (k, I) > (i, max (i, p + 1)) (the other variables being fixed), 
we conclude that, after a linear coordinate change in Wkl, (k, 1) > (max (i, 
p + 1)), the last two equations of (8.13)i are satisfied. 

We distinguish between two cases. 

Case 1. p = n. By (8.5) and (8.13)i, 1 < i < n, the (1/2)n(n + 1) x 
(1/2)n(n + 1) matrix 

is nonsingular. By Lemma 3a) we can apply a linear change of coordinates 
to (wij), 1 < i < j < n so that after this linear coordinate change we have 

(8.19) aijf-fi = 3j for 1< i<j<n and 1<a<,< n, 

at the expense of possibly sacrificing the validity of (8.6), (8.10), (8.12), and 
the last two equations of (8.13)i. 

We want to show that da-jf" = 0 for 1 < i < j < n and 1 < a < ,3 < n. 
For notational convenience, we define, for 1 ? i < j < n, aji aij and 82-i . 

Take 1 < a, s, j, k, I < n with +k, 1. Consider 

brlkl,,pj= 

i.e., 

fl_ (6Rkfaf aafi- far 0f) =. 

It follows from H3 UB k, I and (8.19) that aklf Pr 0. From (8.19) we also have 
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daijf':2= b. Hence 

(8.20) akfa =0 for 1 < a, j, ky 1 <n , 
if there exists 1 <?!3?<n with 8 3/ k, 1. When n > 3, for any given 1 < k, 
I < n, we can always find 1 < 38 < n with 38 # k, l. It remains to prove the 
case n = 2. Consider 

for (a, 3, i, j, k, t) = (1, 1, 1, 2, 1, 1, (1, 2, 1, 2, 2, 2), (2, 2, 1, 2, 2, 2). That 
is, 

a-f 11 isj l 1 +f"h2f" ? a&-f 12allf12 -aiif'a2f12- 0 

(8.21) ii (12f - a3 12f32f2' ? (f2(2f - al2f'2 0 
12f21 (2f2- 

_ 
f f21' 12f2' 

+ 
&f22 a22f22 a-f22 a12f22 - 0 

By (8.20), 
afi =-fi =0 for 1 < a, ? < 2 . 

By (8.19) 
alfla 

f 
228- = a J22= 

ajf12 = 121 - 0 . 
It follows from (8.21) that 

aij1 = al2f 12 = a2f 22 = 0 

Case 2. p < n. It follows from (8.10) and (8.13)i, 1 < i <n , that 

.fin =a f or 1 < i < j < n 

Since fi" ft", it follows that the rank of the n x (1/2)n(n + 1) matrix 

(a -i-f Z3 ) 1e;a <n' 19i:9j:!-~n 

is n. After we apply the transformation 

Z , tAZA, 

where A is the matrix obtained from I, by interchanging the first and last 
columns, we reduce this case to Case 1 and we therefore conclude, by the 
arguments of Case 1, that ajfaiiS = 0 for all 1 < i ? j ? n and 1 < a < ,8 < n, 
which is a contradiction. Hence Case 2 cannot occur and a(-3Pfai - 0 for all 
1 ? i ? j ? n and 1 < ? < 8 < n. Q.E.D. 

9. Adequate negativity of the curvature of D"V 

PROPOSITION 8. For n > 3 the curvature tensor R,,r,-(1 < a, p, by, a < n) 
of DnV is adequately negative. 

Proof. Let U be an open neighborhood of 0 in Cn. Let wi(1 ? i < n) be 
the coordinates of Cn. Denote l/awi, l/aw' by ai, (. Let f: U -> DV be a 
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smooth map which sends the origin to the origin and which is locally diffeo- 
morphic at 0. Let f(1 < a ? n) be the components of f and let 

=d(8f-f)(0)(a8f)(0)-(adf)(0)(8sf) - 

Assume 

(9.1) L 0 

at 0 for all 1 < i, j _ n. We have to show that 

(9.2) eitheraf 0 at 0 for 1<a< n or faf 0 at 0 for 1<a< n. 
For notational simplicity we will denote (3ifa)(0), (aff)(0), (aifa)(0), (j f)(0) 

simply by aif, a3-fa, afa, a-f respectively. From (9.1) and (5.4) it follows 
that 

{ t:=la$ =0 for all ij 

(9.3)..-i~-J=0 for all i, j, a, h. 

We will prove (9.2) only from the second equation of (9.3). The second 

equation of (9.3) is invariant under the automorphism z a -z of DAV. 
For 1?< a, < a2< a,< n let Vala2a3 be the vector subspace of the tangent 

space TL-O of U at 0 consisting all tangent vectors whose images under df 

are annihilated by dz,,p, d,,,, 1 < i- < 3. Since f is locally diffeomorphic at 
0, VaIa2cf3 is of real codimension 6 in Tu,0. By Lemma 1, we can choose a basis 

el, ... , en of Tf,,0 over C such that 

Vana2a3 nf (el-31Cei) = 0 

for all 1 < a, < 2a< a3< n and all I < il < ... < in3?< n. We denote again 

by wi, 1 < i < n, the linear coordinate system of U such that ej = 2 Re (a/awj) 
atO, 1<i<n. Thenforanyl<a1<a2<a3<?n and any 1<i1 <i2<i3<n, 

the map (fal, fa2, fa3) whose domain variables are wil wi2, wi3 (the other 

variables being fixed at 0) is locally diffeomorphic at 0. For the conclusion 

of the proposition, clearly it suffices to show that for any 1 < a1 <2 < a3 < n 

and anyl < il < i2 < i3 < n either a, Ct2 = 0 for 1 se, \ ? 3 or aa --fa 0 

for 1 < ,, X < 3. Hence in order to derive the conclusion of the proposition 

from the second equation of (9.3), it suffices to consider the case n = 3. We 

assume now n = 3. 
We write out below in full the nine equations = a:+- $8^ i j 

from the second equation of (3.9): 

(9.4) al f2f _ a- f 1lf2 = a~f2_2f' _ a-f2al 
) a fls f2 _ a fla~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~f2 = a~~~~~~~~~~~~f283fl _ a~~~~~~~~~~~~~ 2 

- f2f af2 _f,~af (9.5) a f ?3f -3 2 -~ 

(9.6) EjR f~~lpf2 _j laf2 = a-Rf2Ej alf _ a-Rf23 (9.6) a - = _-aEif31 a _ 1 f2 f 

(9.7) ~~ if3 2f 2 _ af3 a1f2 = a-f 2 f3 _- -f2 1f3, 
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(9.8) a-f3 3f2 - 8f3 2f2 = J2a 3f3 - -fa2 f3 , 

(9.9) a8f3a1f2 
_ a-f3a3f2 =af2a f3 _ 

a-f2 f3 

(9. 10) hfla f3 - &-f'af3 = a-f3_2f' - 3J3a1f I 

(9. 1) a-fla f3 - 3fa2f3 = aJ3a3f' - _3a-2f 3 

(9.12) falf3 f3 a-f3a=fl _ aif a3fa 
Let p be the rank of the 3 x 3 matrix (8fa) ita,3 and q be the rank of 

the 3 x 3 matrix (afj)1<i?3. We claim that one of p and q is at least 2. 
Suppose the contrary. Then we can choose 1 ? x, ft < 3 such that for 
1 _ a <!~ 3, 

af = jaf 

at 0 for some X, g, e C (which may be zero). It follows that at 0 the 6-form 

Aa==(df' A dfa) 

is a linear combination of exterior products of af'1, af,, af', Any and hence 
must be 0, contradicting the assumption that f is locally diffeomorphic at 
0. By applying the transformation z -* ,z if necessary, we can assume without 
loss of generality that p > 2. 

Case 1. p = 3. By Lemma 3 a), after a linear coordinate change in wi, 
1 < i < 3, we can assume without loss of generality that 

aThf = bi for 1 < i, a < 3 . 
From (9.4)-(9.12) it follows that 

(9.13) a-fl -=-f2 

0 =-f2 

=-f3= 0 

(9.14) - a3f3 = 2 

0 = f f2 0 
0 =a- 3 

~31 0, 
(9.15) _a = f af3 
From (9.13), (9.14), and (9.15) it follows that 

1= - 8_f2 = a-f3 = _a-3fI 

Hence jfa = 0 for 1 <i , a < 3. 

Case 2. p 2. At 0, two of af1, 3f2, 3f3 are linearly independent. 

After renumbering fl, f2, f3 if necessary, we can assume without loss of 
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generality that afl, af2 are linearly independent at 0. After applying a 
linear coordinate change to w_, 1 < i < 3, we have 

3f' = dw, 
af = dw. 

at 0; i.e., ajfa =j for 1 < j ? 3, 1 ? a < 2. Since afI is a linear combina- 
tion of 3f' and af2 at 0, we have a33f3 0. From (9.5), (9.6), and (9.12) it 
follows that 3f = 0 for 1 < a ? 3. Combining this with a3fa 0 O for 
1 < a < 3, we conclude that df O, df", 1 < a < 3, are linear combinations of 
dw1, dw2, div-1, div-2 at 0. Hence 

A a=l (dfa A dfa) 

vanishes at 0, contradicting the assumption that f is locally diffeomorphic 
at 0. Thus Case 2 cannot occur and we have &fT = 0 for 1 < i, a < 3. 

10. Strong rigidity and other applications 

THEOREM 6. k > 2. Suppose g: N --> M is a continuous map of compact 

Kdhler manifolds. If the curvature tensor of M is negative of order k and 

if the map H1(N, R) -> H1(M, R) induced by f is nonzero for some I ? 2k, 

then g is homotopic to a holomorphic or conjugate holomorphic map from 

N to M. 

Proof. There exists a harmonic map f: N -> M which is homotopic to g. 
Since the map H1(N, R) --> HI(M, R) induced by f is nonzero, it follows that 
rankRdf > 2k at some point of N. By Theorem 5, f is either holomorphic 
or conjugate holomorphic. Q.E.D. 

The following theorem follows from Theorem 6 and Lemma 2. 

THEOREM 7. Suppose M is a compact Kdhler manifold whose curvature 

tensor is strongly negative. Then for k > 2 an element of H2k(M, Z) can be 

represented by a complex-analytic subvariety of M if it can be represented 

by the continuous image of a compact Kdhler manifold. 

THEOREM 8. Let g: N-> M be a continuous map of compact Kdhler 

manifolds, both of complex dimension n > 2. Suppose the curvature tensor 

of M is adequately negative. Suppose g is of degree 1 and the map 

H2,-2(N, R) -> H2-2(M, R) induced by g is injective. Then g is homotopic to 

a biholomorphic or conjugate biholomorphic map from N to M. 

Proof. By Theorem 6, g is homotopic to a holomorphic or conjugate 
holomorphic map f: N -> M. Let V be the set of points of N where f is not 
locally homeomorphic. Since f is of degree 1, V # N. Suppose V is nonempty. 
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We want to derive a contradiction. V is a complex-analytic subvariety of 
pure complex codimension 1 in N, because locally V is defined by det (aza/awz) 
when f is holomorphic and by det (dzc/dwi) when f is conjugate holomorphic, 
where (z") (respectively (wZ)) is a holomorphic local coordinate system of M 
(respectively N). f( V) is a complex-analytic subvariety in M. Since f is of 
degree 1, f maps N - f'- (f( V)) bijectively onto M - f( V). The complex 
codimension of f( V) in M is at least two. For otherwise there exists v C V 
such that v is an isolated point of f -(f(v)) and, by using a local coordinate 
chart (wz) of N at v and by applying the Riemann removable singularity 
theorem to wL o f l or w& o f ' on U - f( V) for some open neighborhood of 
f(v) in M, we conclude that f is locally diffeomorphic at v, contradicting 
v E V. Hence the element in H2ff_2(N, R) defined by V is mapped by f to the 
zero element in H22, (M, R), contradicting the injectivity of the map 
H2-2 (N, R) -> H2n-2(M, R) induced by f. Q.E.D. 

Now Theorems 2 and 4 follow from Theorem 8, Lemma 2, and Proposi- 
tions 5-8. 

STANFORD UNIVERSITY, STANFORD, CALIFORNIA 
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