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1. Introduction

Let M be a symplectic manifold with symplectic form ¢ and let T be a torus
which acts on M in a Hamiltonian way. That is, there is given a linear map X
—Jy from the Lie algebra t of T to the space of smooth functions on M, such
that

(1.1) For each Xet the infinitesimal action of X on M is given by the
Hamiltonian vector field X of the function Jy, and

(1.2) The functions J,, Xet are in iavolution.
The mapping J: M —t* defined by
(1.3) (X, Jm))y=Jy(m), meM, Xet

is called the momentum mapping of the Hamiltonian T-action. Given (1.1), the
condition (1.2) just means that T acts along the fibers of J.

For the basic definitions and properties of non-commutative Hamiltonian
group actions, see [AM]. The results of this paper can easily be extended to
Hamiltonian actions of arbitrary compact connected Lie groups, by applying
our results to the action of its maximal torus and using the equivariance of the
momentum mapping. For some more details, see the remarks at the end of
Sect. 2.

We will assume throughout this paper that the momentum map is proper,
that is J '(U) is compact for each compact subset U of t*.

Now let £et* be a regular value of J, that is T, J: T, M —1t* is surjective
for all meY,=J (). Then Y. is a smooth submanifold of M, compact because
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J is proper, and the action of T on Y, is locally free. Writing i, for the
inclusion Y,—M, the T-orbits are just the leaves of the null-foliation of i*s. So
the orbit space M,=Y,/T, called the reduced phase space, is provided with a
unique symplectic form o, such that

(1.4) pfo.=ifc

where p, denotes the projection Y,—>M,.
However, in general the foliation of Y, by T-orbits is not a fibration
because the (finite) stabilizer groups

(1.5) T,={geT, gm=m}

may not be locally constant®. As a result M, may not be a smooth manifold.
But its singularities are of a relatively mild nature. Let I} be the finite sub-
group of T generated by all 7,,, meY,. Then we have the diagram

M——Y,— 27, =Y/,

(1.6) \\ lqé

24

=Y,/T

where r.: Y,—~Z, is a finite branched covering and % Z.~M, is a principal
T/1;- bundle This exhibits Z, and M, as V-manifolds in the sense of Satake [S].
Such manifolds, although not necessarlly smooth, do carry differentiable struc-
tures like differential forms, smooth bundles, etc. In particular ¢, is a well-
defined symplectic form on M,, see [W3]. For our purpose it is also important
that the de Rham theorem holds on M,, that is the de Rham cohomology
(defined in terms of differential forms on M) is canonically isomorphic to the
Cech cohomology of M..

Now let &, be a flxed regular value of J and let £ vary in a convex open
& -neighborhood U of regular values. Introduce a Tinvariant connection for
the fibration J: J~'(U)— U, which can be obtained by averaging an arbitrary
connection for J over T. Note that the connections for J form an affine space,
and that T acts along the fibers of J. Through meY, draw the horizontal
curves lying over the straight lines through &,. This defines a T-equivariant
projection
(1.7) n:J - H(U)-Y,

<0

such that for each {eU the restriction n[Y,: Y,—Y, is a Tequivariant diffeo-
morphism. This induces a smooth family of dlffeomorphlsms M,—M, which
allows us to identify the cohomology groups of M, with the ones of the fixed
space M, . Because two such local tr1v1allzat10ns differ by maps which are
homotopic to the identity, this identification of H*(M,) with H*(M,) is
canonical. In particular this allows us to compare the cohomology classes

[o.]eH*(M,,R)= H*(M,_,IR) for various éeU.
4 4 o

! 1f Tis a maximal torus in a simple compact connected Lie group G and T acts on a coadjoint

orbit of G in g¥*, then this phenomenon does actually occur unless G is of type A
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On the other hand the principal T/I-bundle q.: Z,—M, is, up to equiva-
lence, given by an element véeH‘(Mé, T/T;); here V denotes the sheaf of germs of
continuous V-valued functions. The short exact sequence

exp

(1.8) 0 A, t T/I,——— 0,
with
(1.9) A={Xet; expXel}

being equal to the integral lattice of T/I;, leads to the isomorphism

(1.10) 0—— HY (M, T/I)—> H}(M, A)—> 0

because the sheaf t is fine and therefore H/(M,, 1) =0 for j=1,2. So the fiber
bundle ¢,: Z,-»M, is equally characterized by the element c=0(vy)e
H2(M§,Aé), called the Chern class of the bundle. As a topological class,
¢ is constant as a function of ¢eU. Indeed, the above T-equivariant
trivialization of J shows that A=A, for all {eU. Secondly, &—d(v,) is con-
tinuous and takes values in the fixed lattice

HYM,, A)=H*M,, A )= H* (M, A,

in H*(M, ,1). We are now able to formulate our main result.

Eo»

1.1 Theorem. Let & & et* lie in the same connected component C of the set of
regular values of the momentum map J. Then

(1.11) [o.]=[0:]+<c =<

where CEHZ(ME,Ag) denotes the (common) Chern class of the fibrations
4.1 Z, > M, [eC, and we have used the canonical identification of the HZ(M,;,IR)
along any (-path in C from &g to &.

The proof of Theorem 1.1 will be given in Sect. 2. In Sect. 3 we discuss its
Corollary that the push forward of the canonical measure on M under the
momentum map J is a measure on t* which has a piecewise polynomial density
(assuming that J has regular points in each connected component of M). This
Corollary was conjectured in some very stimulating discussions with Atiyah
and Guillemin, and was the starting point for our paper. In turn, if M is
compact, the property that J,(dm) has a piecewise polynomial density leads to
an explicit formula (4.6) for the oscillatory integral

(1.12) [eXTmdm, Xet

M

In the case that T acts on a coadjoint orbit as in footnote ! this is a well-
known formula of Harish-Chandra [H]. He obtained this formula as a con-
sequence of the computation of the radial part of the G-invariant differential
operators on q. Conversely the formula for the radial part can be obtained
from the formula (1.12) using the theory of Fourier integrals. For the relation
with the characters of irreducible representations of G, see Kirillov [K]. His
first proof is close to our approach, see the last remark in our Sect. 2.
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Another application of Theorem 1.1 appears if M actually is a Kéhler
manifold with Kéhler form equal to . Assuming that [g]e H*(M,Z) there is a
holomorphic line bundle L over M with Chern class [¢]. Assuming that T acts
holomorphically on L one gets a (finite dimensional) representation p of T on
the space of holomorphic sections of L. Now assume that T acts freely on the
inverse image under J of a connected component C of the set of regular values
of J. Take ¢ in C which moreover is integral in the sense that

(1.13) trexp2ridlogt, &>

defines a (I1-dimensional) representation p, of 7. The main theorem of [GS2]
states that in this situation [o,] is equal to the Chern class of a holomorphic
line bundle L. over M, and that the space of holomorphic sections of L,
canonically 1somorphlc to the space of (p,, p)-intertwining mappings. In pdrtlc-
ular its dimension is equal to the multiplicity of p, in p.

On the other hand the Hirzebruch-Riemann-Roch formula? states that

(1.14) Y (=1 dimH(M, L)= | 1.

Mg
where 7, denotes the Todd class of the tangent bundle of M, (regarded as a
complex vector bundle). Being a topological class 7, does not Vdry for & in C,
and the conclusion is that the restriction of (1.14) to the integral values in C is
a polynomial in ¢ of degree less than or equal to dimg(M,).

Under suitable positivity conditions the Kodaira vanishing theorem gives
that Hj(Mé,Lé)zo for j>0, so in the case (1.14) is a formula for the multi-
plicity of p, in p, which therefore is a polynomial® when restricted to the set of
all integral £eC.

We finally mention that the principle of Theorem 1.1 has been applied
before by Weinstein [W2], [W3]. He considers the circle action of the geodesic
flow on the tangent bundle of a Riemannian manifold all of whose geodesics
are closed. Here [0,.] >0 as (—0, so that [¢,]=c if we write t*=IR. This leads
to a strong conclusion about the Riemannian volume of the manifold. In this
way Theorem 1.1 can be regarded as a more or less straightforward general-
ization of the basic idea of [W2], [W3].

2. Proof of the Theorem

For simplicity, write Y=Y, . Using the mapping # of (L.7) we get a triv-
ialization

(2.1) Jxn: J-{U)»UxY
2 In this form the Hirzebruch-Riemann-Roch formula does not hold for Kihler V-manifolds,
being the reason for the assumption that T acts freely on J~'(C). However, both [GS2] and the
Hirzebruch-Riemann-Roch formula can probably be modified for Kihler-V-manifolds, making that
we could drop the assumption that T acts freely on J = '(C)

4 More generally, if T acts only effectively on M then the Lefschetz fixed point formula (applied
to the T-action on M) implies that the multiplicity of p, in p is polynomial in ¢ for those {eC
which are congruent modulo the weight lattice of T/I;. For the Lefschetz fixed point formula with
fixed manifolds rather than fixed points see [AS]
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which allows us to replace M by U x Y. Because of the T-equivariance of , T
acts only in the second component in a way which does not depend on the
first component. Note that in this trivialization the momentum map is equal to
projection onto the first component. All M, = Y,/T are now identified with Y/T.
Writing I'=1I; (which does not depend on ¢eU) all Z,=Y,/I' get identified
with Z=Y/I', which is a principal T/I'-bundle over Y/T. The only object which
now still depends on ¢ is g, determined by

(2.2) p*o.=ifo.

Here p is the projection Y—Y/T and i.: y+—(&, y) the embedding of Y in UxY
at the level &, )

For Aet* we denote by ¢, differentiation in the direction of the constant
vector field 4. Write Z———(/l, 0} for the horizontal vector field in U x Y over i
Then
2.3) p*(C o) =0,(p*c)=0,(f o) =i} ZL;0)

=i#(d(Ado))=d(i¥(1 o).
Here %, denotes the Lie derivative with respect to the vector field v; the 4th

identity follows because do=0.
For each meY.

(2.4) (% i}—»i?(fJa)n,

belongs to (t*)* =t, so this defines aNt-valued I-form «, on Y. Taking inner
product with the infinitesimal action X of X et we get

(2.5) (X D, Ay =(X I(A10)),, =(dT ) (A,) ={X. 1)

because X Jg=—dJ, (this convention has to be taken if ) dp;adg; is the
symplectic form in the (p,q)-space). Relation (2.5) then expresses that the
restriction of g, to txt* considered as a subspace of T, M under the map
(X, )—(X,.4,), is equal to the standard symplectic form on t x {*,

Because «, is obviously T(hence I'-)invariant there is a unique t-valued 1-
form . on Z=Y/I' such that

(2.6) r*Be=a,,

here r is the projection Y—Y/I'. But now (2.5) exhibits fi, as a connection form
for the principal T/I-fibration q: Z—Y/T. As a consequence

2.7) dB=q*Q,,  du,=p*Q,

for a uniquely determined closed t-valued 2-form @, on the V-manifold Y/T,
called the curvature of the Ker(f)-connection in the fiber bundle g. Collecting
(2.3), (2.4) and (2.7) we get

(2.8) {Ap*(010 0} ={A={p* Q.. )}
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and using that p is a submersion this in turn implies that
(2.9 {A=0,0. 1 ={A<{Q. )}

On the other hand the general theory of connections (see for instance [L])
tells that the cohomology class of the curvature of the connection is equal to
the Chern class of the bundle, hence

(2.10) A,lod=<c¢, 4>, independent of ¢
This proves Theorem 1.1.

Remarks. In the case of a Hamiltonian action of a non-abelian compact
connected Lie group G on a symplectic manifold M, with momentum mapping
J: M— g* we can make the following reduction. By means of an inner product,
which is invariant under the adjoint action, we identify g with g* intertwining
the adjoint with the coadjoint action. Then, if & is a regular value of J, its
centralizer in G is a maximal torus T in G. The Lie algebra t of T is a local
cross section for the adjoint action. Therefore MzJ"‘(treg) is a symplectic
submanifold of M, invariant under the T-action. The T-action on M is Hamil-
tonian with momentum mapping J equal to J|M. So the reduced phase space
at ¢ for the G-action on M is equal to the reduced phase space at ¢ for the T-
action on M. The cohomology class of its symplectic form therefore depends
linearly on & when we restrict ¢ to a connected component of the regular set in
the Lie algebra of a maximal torus. On the other hand the equivariance of the
momentum mapping makes it constant along the (co-)adjoint orbits. Put
together this gives a complete descrition on the regular set in g* in the non-
abelian case as well.

As pointed out to us by Alan Weinstein, it is interesting to apply this to
the left action of G on M =T*G, the cotangent bundle of G. Identifying T*G
with G xg* using the left-trivialization, the momentum mapping J: G
x g*—g* is equal to

(2.11) J: (g, &)—'Adg (&)

The reduced phase spaces are the complex flag manifolds G/G, with G, the
stabilizer of ¢ for the coadjoint action. If ¢ is regular then G, is a maximal
torus T in G and [0,]eH*(G/T) is equal to the image of [¢]eH'(T) via the
“transgression”: H'(T)->H?*(G/T) for the fibration G—G/T. This example of
our Theorem 1.1 occurs already for instance in the exposition of Serre [Se] of
the Borel-Weil theorem.

3. The Push Forward of the Liouville Measure

In this section we assume that M is connected, which is not a serious restric-
tion because we can simply restrict the discussion to connected components of
M. Secondly we may replace T by T/T,, where

(3.1) T,= () T,

meM
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denotes the common stabilizer of all elements of M. The effect of this is that
now

(32) () T.=11},
meM
that is T acts effectively on M.

Recall that locally there are only finitely many possibilities for the T,
meM. For any closed subgroup S of T the fixed point set Fix(S) is a closed
symplectic submanifold of M. This can be seen using the equivariant Darboux
lemma, see [W1]. Collecting the Fix(SYs which are not open we get a locally
finite collection of closed submanifolds of codimension =2, whose complement
we denote by M'. If on the other hand Fix(S) is open then, being also closed
and M being connected, Fix(S)=M, that is S={1} in view of (3.2). So me M’
means that mgFix(S) for all S4{1}, or T,,={1}. We have proved

3.1 Lemma. The assumptions that M is connected and that T acts effectively on
M imply that the set M' on which T acts freely is equal to the complement of a
locally finite union of closed symplectic submanifolds of codimension =2. In
particular M’ is open, connected, dense, and M~ M' has measure 0. Also T,J is
surjective for all meM’,

After these preparatory remarks we consider now the following measures

dm is the Liouville measure of (M.q), defined by the volume form ia",

2n=dim M. n!
{3.3) dtis the normalized Haar measure on T; write [=dim T,

dX is the corresponding Lebesgue measure on t.

d& is the dual Lebesgue measure on t*.

The assumption that J is proper implies that the push forward J, (dm) of
dm under J is a measure in t* (Regarding measures as continuous linear forms
on the space of compactly supported continuous functions, J, is equal to the
transposed of J*, which is the pull back of functions by J). The additional
assumptions that M is connected and T acts effectively on M imply in view of
Lemma 3.1 that

(3.4) Jdm)=fd¢

for a locally integrable function f on t*. Of course f is smooth at the regular
values ¢ of J and using the Fubini theorem one gets that f(¢) is equal to the
volume of Y,=J '(£) with respect to the quotient of dm by J*d¢. In turn,

dm/J*d¢ is locally given by the 2n—1=2(n—[)+I-form
(3.5) ———(ito)" A

(signs are irrelevant for measures), where w is an l-form Wh~iCh 0n~the T-orbits
takes the value +1 on an l-tuple (X,,..., X;) such that dX(X,,..., X)) =1.
However, the trivialization (2.1) showed that the T-action locally does not

depend on & which shows that p.(M'nY)=M, is equal to the complement of a
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finite union of closed symplectic (V-)submanifolds of M, of codimension =2.
Because p,: M'nY,—» M, is a principal T-fibration we get in view of (3.5) and
the convention that Vol( T)=1 that the volume of M'nY, is equal to the
volume of M, with respect to its Liouville measure. Because the complements
have measure zero we have proved

3.2 Proposition. Let M be connected and T act effectively on M. Then the
density f of J (dm) satisfies

g 1 n—-l _(TM7T n—1
(3.6) f©=| (n‘—I)_!(af«) —<[M] e jLoe] >

Mg

Jor each regular value ¢ of J. Here M, has been given the orientation of (¢ !

and [M.] denotes the corresponding orientation class in H,, (M., Z).
Combining (3.6) with (1.11) now immediately yields

3.3 Corollary. f is a polynomial (of degree <n-—1) on each connected com-
ponent of the set of regular values of the momentum map.

4. An Oscillatory Integral

In this section we assume that M is connected, T acts effectively on M, and
moreover that M is compact. As already observed in the introduction of Sect.
3, Fix(T) is a finite union of compact connected symplectic submanifolds M; of
even codimension 2n;>0. More precisely, near each myeM; there is a canoni-
cal system of coordmates (Pys---sPurdqy,----q,) in which the Traction is linear.
That means that we can arrange these coordinates such that the Hamilton
functions Jy have the following standard quadratic form

m

(4.1) Jx(my=Jy(mo)+ 3 @, (X)(p}+a7)/2.
k=1
Here the coefficients w;,(X) depend linearly on Xet, that is w;, et*. Note that
these objects are well-defined and constant along each M.
The fact that the corresponding Hamilton vector fields generate an action
of T implies that necessarily

(4.2) w;(X)e2nZ if XeKerexp,
that is

1
(4.3) A=),

is a weight of T. In fact, providing the real (p, g)-space with a multiplication by
i, called J, such that ¢(J-,*) is an inner product (for the standard symplectic
form ) dp,Adg, this means that g,=p.oJ), the 4, are the weights for the
complex linear representation of T on the tangent space of M at m. It is also
obvious that M, is the set of (p, g) such that p,=q,=0if 4;, %0, so

(4.4) n;=4 {k; 4;, 0}



Variation of the Symplectic Form of the Reduced Space 267

We will enumerate the weights such that

(4.5) Aip®0  for k=1,...,n,

J
With these conventions made we can now state the
4.1 Theorem*. The inverse Fourier transform of J L(dm) is given by
' WM ) e <X-T0 0
(4.6) eI dm=% ———VS (Mpe™ 7
M 7Tl KXo /2m)
k=1
for Xet such that
(4.7 (X, A #0  forall k=1,....n;(all j).

Here J(M}) denotes the common value of J on M.

Proof. Application of the method of stationary phase (see for instance [Ho],
Sect. 3.2) yields
(4.8) [t Imydm=) ==
M ’ 4 J
P ol— X, w;,
(Zni) [« @)

k=1

VOl(Mj) <X TM )

+ 1),

where t is a real parameter and f coincides on IR~ {0} with a Schwartz
function. Observe that all higher terms in the asymptotic expansion vanish,
because in the local coordinates introduced before the phase function is qua-
dratic and the amplitude (being the Jacobi determinant of the local coor-
dinates) is equal to 1.

Now choose Xet such that (4.7) holds and such that {exptX; telR} is a
closed subgroup of T (isomorphic to a circle). The set of these X is dense in t,
and since both left and right hand side of (4.6) are smooth in X (on the set of
X satisfying (4.7)) it is sufficient to prove (4.6) for such X.

Now Corollary 3.3 for circle actions yields that the left hand side in (4.8), as
a function of t, is equal to the inverse Fourier transform of a compactly
supported piecewise polynomial functions on R. Multiplying by (i), N suf-
ficiently large, the first summand in the right hand side becomes smooth at the
origin. The left hand side stays smooth, so (i)¥f(f) is a smooth Schwartz
function on R.

However, on the Fourier transform side multiplication by (if)" acts as

N
(Hdr> and we get that the Fourier transform of (it)" () is equal to a linear
combination of derivatives of o-functions (situated at the points {X,J(M))>).
Combining with the smoothness we get Z((it)Y f(1))=0, hence (it)¥ f(1)=0, or
S(t)=0 for t+0. Reading (4.8) now for t=1 completes the proof.

Remarks. Clearly the right hand side of (4.6) extends to a smooth function of X
on t, and even to a complex analytic function on t®C, because the left hand
side does. Also the identity (4.6) extends to X et®@C.

4

See “Note added in proof” on page 268



268 J.J. Duistermaat and G.J. Heckman

Secondly, (4.6) shows that J, (dm) is completely determined by the weights
)ujk, the volumes of the fixed point manifolds M; and the values of J on these.
The formulas (1.11) and (3.6) for the density of J (dm) suggest a relation
between these data and the topological properties of the fibration ¢, in (1.6).

Finally, from (4.6) or directly, one can derive that the locus of singularities
of J (dm) (being the set of singular values of J) is a union of pieces of affine
hyperplanes, going through the points J(M)) and spanned by /—1 of the w,,.
(The pieces themselves have piecewise linear boundaries.) This fits in with the
description of the image of J as the convex hull of the points J(M)) in t*, see
[A] and [GS1].

References

[AM] Abraham, R., Marsden, J.E.: Foundations of mechanics. 2nd edition. Reading, Mas-
sachusetts, 1978

[A]  Atiyah, M.F.: Convexity and commuting Hamiltonians, Bull. London Math. Soc. 14, [-15
(1982)

[AS] Atiyah, M.F., Singer, IM.: The index of elliptic operators III, Ann. of Math. 87, 546-604
(1968)

[GS1] Guillemin, V.W., Sternberg, S.: Convexity properties of the moment mapping. Invent. Math
67, 491-513 (1982)

[GS2] Guillemin, V.W., Sternberg, S.: Geometric quantization and multiplicities of group repre-
sentations. Invent. Math. 67, 515-538 (1982)

[H] Harish-Chandra: Differential operators on a semisimple Lie algebra. Amer. J. Math. 79,
87-120 (1957)

[H6] Hormander, L.: Fourier integral operators I. Acta Math. 127, 79-183 (1971)

[K] Kirillov, A.A.: The characters of unitary representations of Lie groups. Funct. Anal. Appl.
2, 133-146 (1968)

[L] Lichnerowicz, A.: Théorie globale des connections et des groupes d’holonomie. Paris:

Dunod 1955
[S] Satake, I.: On a generalization of the notion of manifold. Proc. Natl. Acad. Sci. 359-363
(1956)

[Se] Serre, J-P.: Représentations linéaires et espaces homogeénes Kihlériennes des groupes de
Lie compacts. Sém. Bourbaki 1953/54, Exposé 100

[WI1] Weinstein, A.: Symplectic manifolds and their Lagrangian submanifolds. Adv. Math. 6,
329-346 (1971)

[W2] Weinstein, A.: On the volume of manifolds all of whose geodesics are closed. J. Diff. Geom.
9, 513-517 (1974)

[W3] Weinstein, A.: Symplectic V-manifolds, periodic orbits of Hamiltonian systems and the
volume of certain Riemannian manifolds. Comm. Pure Appl. Math. 30, 265-271 (1977)

Oblatum 23-X11-1981 & 10-V-1982

Note Added in Proof

Formula (4.6) is only correct if the fixed points are isolated. In the general case, for n, strictly less
than n, the factor in front of ¢<* /™ gets additional terms, which are rational in X and
homogeneous of degree —(n;+1) up to —n. We hope to give a more precise determination of
these terms at another occasion.



