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Compactification of arithmetic quotients
of bounded symmetric domains

By W. L. BAILy, JR. and A. BOREL
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Introduction

This paper is chiefly concerned with a bounded symmetric domain X and an
arithmetically defined discontinuous group I' of automorphisms of X. Its main
goals are to construct a compactification V* of the quotient space V = X/I', in
which V is open and everywhere dense, to show that V' * may be endowed with
a structure of normal analytic space which extends the natural one on V, and
to establish, using automorphic forms, an isomorphism of V'* onto a normally
projective variety, which maps V onto a Zariski-open subset of the latter.

We now proceed to a synopsis of the contents and methods of this paper,
making, for convenience in this introduction, the following assumptions, which
are no essential loss in generality: X = K\Gy is the quotient by a maximal
compact subgroup K of the group Gy of real points of a connected algebraic
matric group defined over Q, simple over Q, and I' is an arithmetic subgroup
of G (i.e., I' is commensurable with the group G; of integral matrices in G,

* Partial support by N.S.F. grants GP-91 and GP-3903 for the first-named author,
by N.S.F. grant GP-2403 for the second-named author.
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see 3.1). Our program may be roughly divided into three parts:

I. Construction and properties of the compactification V* of V as a to-
pological space.

II. Study of certain automorphic forms, and of their behavior under a
®-operator.

III. Analytie structure on V*, projective embedding.

Part I is covered in §§1-4. The first paragraph deals with the natural
compactification of X; i.e., the closure D of the Harish-Chandra realization
of X as a bounded domain D [22]. We recall that D — D is the union of locally
closed analytic subsets of the ambient vector space, which are themselves
(equivalent to) bounded symmetric domains in a smaller number of dimensions,
called the boundary components of D. The normalizer N(F)={g € G%|F-g=F}
of the boundary component F'is a maximal parabolic subgroup of the topological
identity component G} of G, and conversely. It contains as a normal subgroup
the centralizer Z(F')={gc Gx|x-g=x(x € F)} of F. To F there is associated
a(n essentially) canonical unbounded realization S; of X, and a complex analytic
mapping ¢, of X onto F', whose fibres are affine subspaces of the ambient vector
space, and are the orbits of Z(F')’. These results, due to Pyateckii-Shapiro for
the classical domains [30], were extended to the general case by Koranyi-Wolf
[27]. In §1 we review those facts which are needed later, establish some prop-
erties of functional determinants, and some technical lemmas for later use.

Our case of interest is when X/I' is not compact. This implies that G has
a non-trivial maximal Q-split torus, and a non-trivial system @ of Q-roots
(see 2.1). Section 2 is mainly devoted to the study of the natural restriction
map from R-roots to Q-roots. This will show notably that (@ is of one of the two
types oceurring for the systems of R-roots of irreducible bounded symmetric
domains (2. 9).

Section 3 introduces the notion of rational boundary component F' by means
of two conditions:

(i) UF)/(UF) N T)is compact, if U(F') is the unipotent radical of N(F'),

(i) I(F) = (NF)ND)/(Z(F)NT) is discontinuous on F.

The condition (i) is equivalent to N(F')¢ being defined over Q. The main
result of § 8 shows that, in our case, this in fact implies (ii), or rather more
precisely implies that I'(F') is of arithmetic type. The map F'— N(F')c induces
then a bijection of the set of rational boundary components onto the set of
proper maximal parabolic Q-groups (8.7). If X is not the unit dise, then
dim¢ F £ dim¢ X — 2, (3.15).

Section 4 is devoted to the construction of V*, following the pattern of
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Satake’s paper [33]: the union X * of X and its rational boundary components is
endowed with a topology, defined by means of a suitable fundamental set in
X, such that each g € G4 N G} operates continuously on X * and such that X */T",
supplied with the quotient topology, is a compact Hausdorff space. This is the
sought-for compactification V* of V. It is the union of V and of the quotients
F,/T(F;) = V;, where F; runs through a set of representatives of the different
I'-orbits of rational boundary components (4.9, 4.11). It is shown that every
x€ V* has a basis of open neighborhoods {U,} such that each U, N V is con-
nected (4.15).

Sections 5-8 are devoted to automorphic forms, and in particular to those
which are called here Poincaré-Eisenstein series (P-E series for short); they
generalize simultaneously Poincaré series and Eisenstein series. They are first
introduced in § 6 in a general setting, suggested by results of Harish-Chandra
and Godement on Poincaré series and Eisenstein series, proved or stated in
§8§5,6. In §7 we turn to the more special P-E series which play a central role in
our paper. (On the generalized upper half-plane, they are different from,
although related to, the series introduced by Maass [28], under the name of
Poincaré series.) They are defined as follows: let F be a rational boundary
component and o, be the canonical projection of X onto F' (see supra). A P-E
series adapted to F, of weight m, is a series of the form

E(@) = 33, plor(z-7)-J(@,1",

where @ is a polynomial on F, (in the coordinates of the canonical bounded
realization of F'), J the functional determinant in the unbounded realization
of X associated to ¥, and I, a suitable subgroup of I'. The convergence of
these series follows from the results of §6. Their behavior at rational boundary
components is studied in §§7, 8, where an operator similar to the ®-operator
of Maass is developed, at least for P-E series. The main idea is to prove the
existence of normal (absolute) majorants of the above series in certain suf-
ficiently big sets, which are parts of Siegel domains, so that it becomes possible
to deal with such series termwise in such sets. This majorant is constructed
by means of a suitable rational representation of G, and to discuss the behavior
of an individual term, we use mainly the Bruhat decomposition of Gq and some
properties of weights of representations (7.6, 7.8). Our main result is that a
P-E series (adapted to F') has, in a suitable sense, a holomorphic limit ®, E as
we approach any rational boundary component F'’; the image of E under ® is
by definition the collection of the limits @, E; if dim F' <dimFand F' ¢ F'-T,
then @, E = 0; moreover, the image of ®, contains the module of all Poincaré
series of F' with respect to I'(F') for infinitely many weights (8.5).
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Part III consists of §§89, 10. In the latter, we endow V* with the sheaf
@ of germs of continuous functions whose restrictions to the V,’s are analytic.
Section 9 proves a prolongation theorem of analytic structure, similar in spirit
to those of [2, 18, 35], which, combined with the results of § 8 on P-E series, and
known facts on Poincaré series [19], allows us to prove that (V*, @) is an irre-
ducible normal analytic space (10.4). The existence of a projective embedding
of V* by means of automorphic forms, whose image is projectively normal,
follows then in the usual manner (10.11).

Let dim G > 3. Then we have dim¢ (V* — V) < dim¢ V — 2. Standard
facts about normal spaces imply therefore that every I'-automorphic function,
i.e., every meromorphic function on V, extends to a meromorphic function on
V*; hence the field of I'-automorphic functions is an algebraic function field,
each element of which is the quotient of two automorphic forms of the same
weight (10.12). Also, an extension theorem of Serre [36] shows then that every
automorphic form of the classical type extends to a holomorphic eross section
of an algebraic coherent sheaf on V* (10.14); this generalizes Koecher’s
principle.

Finally, an appendix (§ 11) contains some remarks on the full groups of
isometries and of automorphisms of X.

The main results of this paper were announced in [7], and are also described
in [5]. Similar theorems have been stated independently, with sketches of
some proofs, by Pyateckii-Shapiro [31]. Earlier special cases may be found
notably in [2, 3, 30, 35]. These are mostly connected with families of abelian
varieties, and the construction of the compactification gives a concrete realiza-
tion, in many cases, of the variety of moduli of such varieties. In this paper,
we leave untouched the question of the minimal field of definition for a pro-
jective model of V*, and of the possible connection of V* with moduli of
algebraic structures. For the known results in that direction, we refer to [37]
where other references to related work are also given.

0. Notation and conventions

In this paragraph, we collect some notation to be used frequently in this
paper without further reference.

0.1. Asis usual, Z, Q, R, and C denote respectively the ring of integers,
and the fields of rational, real, and complex numbers. If A is a commutative
ring, GL (n, A) or GL,,, is the group of # x % matrices with coefficients in A
whose determinant is a unit of A, and SL (%, A) or SL,, ,, the group of elements
of determinant one in GL,,,. The group of units of a ring B is denoted by B*.

0.2. If G is a group, and M a non-empty subset of G, then N(M) or Ny(M)
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(resp. Z(M) or Z,(M)) is the normalizer (resp. centralizer) of M in G. Thus

NM)={geGlg-M-g7' = M},
Z(M)={geGlg-m-g7' =m(me M)} = Nnex N(m) .

The inner automorphism A+ g-h-g~'(h € G) is denoted Int g. Often, we write
9M for Int g(M), and M* for Int g~"(M).

0.3. As regards algebraic groups, we follow in general the notation of
[14]. However, our universal field is C, and so, in this paper algebraic group
stands for complex linear algebraic group. An algebraic group here may
always be (and will tacitly be whenever convenient) identified with an algebraic
subgroup of GL(#n, C). Algebraic group defined over k and k-group will be
used synonymously. For a subring A of C, we put G, = G N GL(n, A). The
algebraic group G will be identified with G.

The Lie algebra of an algebraic group, or of a Lie group, G, H, --- will
usually be denoted by the corresponding lower case German letter. If G is
algebraic, defined over k, then g = g, ® C, where g, is a uniquely determined
Lie algebra over k. If k' is an overfield of &, then g, = g, X ¥'.

In both the algebraic and Lie group cases, Ad denotes the adjoint rep-
resentation of G into g, where Adg(ge @) is the differential of Intg at e.
The restriction of Ad g to a subspace b is denoted Ad, g.

0.4. Let G be a k-group. Unless otherwise said, a character of G is a
rational character, i.e., a morphism of algebraic groups of G into GL(1, C).
The characters of G form a finitely generated commutative group, denoted
X(G), which is free if G is connected. The subgroup of elements of X(G) which
are defined over k is denoted by X(G),.

The value of a € X(G) on g € G will be written a(g), or more often g*. In
the latter case, it is implied that the group operation in X(G) is written addi-
tively, and that usually no notational distinction is made between a and its
differential, which is a linear form on g. In particular, we have, by convention,
g° =expa(X)(Xeg, g =expX).

0.5. An algebraic group G is a torus if it is isomorphic to a product of
groups C*; a torus splits over k, or is k-trivial, if it is moreover defined over k
and isomorphic over k to a product of groups C*.

Let G be a k-group. Its radical R(G) (resp. unipotent radical R.(G),
resp. split radical) is the greatest connected normal solvable subgroup of G
(resp. normal unipotent subgroup of G, resp. the normal subgroup generated
by R.(G) and the k-split tori of R(G)). G is reductive (resp. semi-simple) if
R.(G) = {e} (resp. R(G) = {e}). G is simple over k (resp. almost simple
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over k) if it has no (resp. connected) proper normal k-subgroup. G is an almost
direct product of normal subgroups G; if it is the quotient by a finite group
of the product of the G,’s.

0.6. The identity component of a topological group H is denoted by H°,
We recall that if G is algebraie, then G¢ is connected as a topological group if
and only if it is connected as an algebraic group (i.e. the underlying algebraic
variety is irreducible). However, if G is connected, defined over R, the group
G, viewed as a real Lie group may have more than one connected component,
but will always have only finitely many connected components.

0.7. Let A be a set. A function on A, with values in a locally compact
space, is bounded if its range is relatively compact. A function with values
in the space R* of strictly positive real numbers is multiplicatively bounded
if there are strictly positive constants ¢, ¢’ such that ¢ = f(a) = ¢/(a € A).

Let u, v be functions on A with values in the set of positive real numbers,
We write u < v if there exists a strictly positive constant ¢ such that

u(a) = ¢-v(a) , (ae A)

and u > v (resp. w <) if v < u (resp. v < v and v < w).

I. THE COMPACTIFICATION V* AS A TOPOLOGICAL SPACE

1. Natural compactification and Cayley transforms

of a bounded symmetric domain.

1.1. The following notation will be used in this section.

G is a connected reductive algebraic group defined over R which has no
non-trivial character defined over R. Thus G} is a connected Lie group with
reductive Lie algebra and compact center.! We denote by g the Lie algebra
of G%.

K is a maximal compact subgroup of G}. The symmetric space X = K\G}
is assumed to carry an invariant complex structure. It is then equivalent to
a bounded symmetric domain [22, 24], and is hermitian symmetric.

p is the orthogonal complement of the Lie algebra t of K in g with respect
to the Killing form, hence g = f + p is a Cartan decomposition of g. Since X
is hermitian symmetric, we have the direct sum decomposition

gc=1tcDP Dy~ (G D P” = Ppo),

where p* is a commutative subalgebra normalized by fc.

1 Essentially, it would suffice to consider the case where G is semi-simple, without
compact factors. However, it is more convenient for future references in this paper to
start from a slightly more general assumption.
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b denotes a Cartan subalgebra of f, and therefore also of g, in view of our
assumption on X, and ® = P(Y, gc) is the set of roots of gc with respect to
be. We let E (¢t € P) be root vectors, and H, be elements of Y verifying

[Em E—-,U»] = Hfb ’ v(Hy-) = 2(v, )a)'()ay ﬂ)_l (/'!9 ved),

where ( , ) is the restriction of the Killing form to Y¢, and such that the
complex conjugation of gc with respect to g permutes E, and E_, whenever
E ep*, Letn* = {pnec ®| E, e p*}. The elements E, (¢ c 7*) form a basis of
p*, and the elements

X.=E,+E_,, Y,=uE,— E_,) (permh)
form a basis (over R) of p.
Two independent roots p, v are said to be strongly orthogonal if neither
p 4 v nor g — v are roots. We fix once for all a maximal set (z,, ---, 1) of
strongly orthogonal roots in 7%, as in [24], and write H;, E;,, E_;, X,, Y, for
H,,E, E, ,X,,Y,.

—p39

1.2. The system of R-roots. We let a be the subalgebra of p spanned by

X, +++, X, and g® = gP(qa, g), the set of roots of g with respect to a, to be

called the R-roots of g. The algebra a is a maximal commutative subalgebra

of p, and is maximal among the subalgebras of g which can be diagonalized in

the adjoint representation. g is the direet sum of the centralizer 3(a) of a and

of the root spaces

g. = {Xeglle, 2] = a(a)-x, aca} (e g?d) .

Assume X to be irreducible. Then z® is known to be of one of two types,

to be denoted by C, and BC,. If (v;) are coordinates with respect to the basis

((1/2)X;), then C, consists of the roots +(v;+7,;)/2, 1 = i<j=t), =71 =1 =)

and BC, is the union of C, and of the set of elements +v,/2(1 =<7 =<¢). In

both cases we always take as ordering the lexicographic ordering defined by
the basis (X;). The set rA of simple R-roots consists then of

;= (Vi — Yisa)/2 1=s1<),
and of a, = v, (resp. a, = v,/2) if g® is of type C, (resp. BC,).

The numbering of the simple R-roots thus defined will be referred to as
the canonical numbering.

1.3. Maximal parabolic subgroups. A parabolic subgroup of G% is the
intersection of G with an algebraic subgroup P of G which is parabolic, (i.e.,
such that G/P is a projective variety) and defined over R. The description of
the parabolic subgroups of an algebraic group is recalled, in a more general
setting, in 2.2, Here we introduce the minimal ones and the maximal ones,
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which will play a fundamental role in this paper.

Let 1 be the sum of the g, (o« > 0), and A = expa, N = expu. These
are closed subgroups, with N unipotent, normalized by A, and A-N is maxi-
mal among the connected subgroups of G which can be put in triangular
form over R. The normalizer P of N is equal to the semi-direct product P =
Z(A)-N and Z(A)= M x A with M = Z(A) N K. The group P is generated
by P° and a commutative subgroup of type (2, 2, -+, 2) of M, which can be
deseribed as K N expi-a, as follows from [14, 14.4]. Every minimal parabolic
subgroup of G} is conjugate to P.

Assume, for convenience, X to be irreducible. Weleta, (1 =< b =< t) be
the one-dimensional subspace on which all simple R-roots but «, are zero, and
A, = expa,. The space qa, is spanned by X, + --- + X,. We let P, be the
subgroup generated by Z(A,) and N, and V, be its unipotent radical. The
group P, is the semi-direct product of V, by Z(A,). The Lie algebra v, is the
sum of the root spaces g, where « is >0 and not zero on a,. Therefore, @ runs
through the roots

and the roots v;/2 (1 < 4 < b) in the case BC,. Let [, (resp. [}) be the sum of
the subspaces g, + [g., §_.], Where « runs through the R-roots which are linear
combinations of «;,,, + -+, @, (resp. &y, -+, &,_,). These are two simple ideals
of 3(a,), clearly normalized by the Lie algebra m of M, and 3(a,) is the direct
sum of 1,, I}, a, and of an ideal m, of m. The group Z(A,) is generated by the
analytic groups L,, L}, A,, with Lie algebras [;,[;, a,, and by M. Let 3, =
mPa, PPy, Itisan ideal of p, such that p, =, + 3,. Denote by Z; the
analytic subgroup of G} with Lie algebra 3,. We let Z, be the inverse image
in P, of the centralizer of (P,/Z{)’ in P,/Z]. It is a closed normal subgroup of
P,, with Lie algebra 3,, whose intersection with L, is the center of L,. It
contains every normal subgroup of P, with Lie algebra 3,: in fact, the image
in P,/Z! of such a subgroup is a finite normal subgroup, and therefore cen-
tralizes (P,/Z?)°. In particular, Z, contains (Z))c N G%, whence

(1) Zb———(Zb)CmG%t,

where (Z,)c and (Z?)¢ denote the smallest algebraic subgroups of G containing
Z, and Z! respectively.

By the general conjugacy theorems on parabolic groups (2.2 below), every
maximal proper parabolic subgroup of G} is conjugate to one and only one of
the groups P,. It will sometimes be convenient to extend the definition of P,
to b = 0, by putting P, = L, = G%, l; = 0; then 3, = v, = 0 and Z, is the center
of GY%.
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1.4. The natural compactification. Let P* = exp p* and K. be the ana-
lytic subgroup of G¢ with Lie algebra f.. These are closed subgroups, and the
semi-direct product K- P* is a parabolic subgroup of G¢c. The map («, k&, y) —
e*-k-¢¥ is a biregular map of p~ X K. X p*™ onto a Zariski-open subset Q =
P~-K¢- P+ of G¢, which contains G} [24]. An element ge Q will often be
written

9=9_-90°9+ (90€ K¢; 9. € P*) ,
and the map g log g, of Q onto p* will be denoted {. It is known [22], [24]
that { induces an isomorphism of X = K\G} onto {(G) = D, and that D is
a bounded domain in p*. This is the Harish-Chandra realization of X as a
bounded domain. Its closure D is therefore compact, and will be called the
natural compactification of X. The action of G} on D is defined by right
translations; i.e., by

(1) p-g = (e’ 9) (peD, geGy)
and is known to extend to a continuous action on D. Then (1) is true with p € D.

1.5. Boundary components (see [27], [29], [30]). (i) Assume first X to be
irreducible. We use the notation of 1.3. We have the direct sum decompo-
sition

Lc=t.cDp Dby (b5 = L,c N P*),

the space X, = K,\L, is hermitian symmetric, and the restriction of { to L,
yields the Harish-Chandra realization D, of X, as a bounded domain.
Leto,= —(E, + +-- + E,) (1 £b = t), and put 0, = 0. Then

D = Uozs=: 0+ Gr .

Moreover, if g € L,, then o,-g = 0, + {(9). Therefore, the orbit F', of o, under
L, is just 0, + D,, and is contained in an affine subspace of p*. The transforms
of the F,’s by elements of G are the boundary components of D. We allow
here b to be equal to zero, and view D itself as a boundary component (some-
times called the improper boundary component of D).

If X is not irreducible, then it is a product of irreducible hermitian sym-
metric spaces X; corresponding to the different semi-simple, simple, non-
compact ideals of g, D is the product of the Harish-Chandra realizations D;
of the X;, and D the product of the D;. A boundary component is a product
of boundary components of the different factors. The F’s or, if X is not
irreducible, the products of components F,’s corresponding to the different
irreducible factors of X, are the standard boundary components.

The above construction is hereditary: if F is a boundary component then
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its closure F in D may be identified with the natural compactification of F', and
its boundary components are also boundary components of X. More specifically,
if X is irreducible and F = F,, then F, = D, + o, and the standard boundary
components of D, may be identified with the F,’s (b < ¢ < t); in fact F, would
have ¢ — b as index in the canonical numbering for X,. The groups L, and
P, N L, are in the same relationship to L, as L, and P, are to G§. This is clear
from the construction.

We refer to [30] for various more geometric definitions of the boundary
components in the natural compactification and to [29] for a proof of their
equivalence.

For every boundary component F', we put

NF)={9eGy|F-g=F},

Z(F)={g9eGy|f-9=f(feF)},

G(F') = N(F)/Z(F) ,
and let U(F') be the unipotent radical of N(¥'). The group N(F') is the nor-
malizer, and Z(F') the centralizer, of F. If X is irreducible, we have, in the
notation of 1.3,

(1) N(F,) = P, UF,)=V,.
Moreover
(2) Z(F,) = Z, .

In fact, Z(F',) is a normal subgroup of P, with Lie algebra 3,, hence Z(F,) C Z,
by 1.3; on the other hand, the image in G(F,) of an element z e Z, centralizes
the image L} of L,, and therefore the maximal compact subgroups of L},
hence it acts trivially on F,, and Z, C Z(F}).

Returning to the general case, we see, by applying 1.3 (1) and 1.5 (2) to
each irreducible factor of X, that Z(F') is the intersection of G} with an R-
subgroup of G. Furthermore, by 11.2, each element of N(F') induces a com-
plex analytic homeomorphism of F', hence (11.6), G(F') is connected, with
center reduced to {e}; equivalently, if X is irreducible, we have N(F}) =
L,-Z,.

(ii) If F and F' are two boundary components such that F’cC F, then
there exists g e G such that F-g and F"’'-g are both standard boundary com-
ponents. To see this, we may assume X to be irreducible. Let then b, ¢ be
the indices such that FFC F,-Gy, F’' C F,-G%, and let we G} be such that
F.-u=F,, Then F'’-u and F', are both boundary components of F’,, of the
same dimension. Consequently, there exists ve L(F,) such that F'.-u-v is
standard., F’-u-v is then equal to F; hence, g = u-v verifies our condition,
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(iil) If X is irreducible, and dim¢c X = 2, then dim¢ X = dim¢ F' + 2 for
every proper boundary component F of X.

To see this, we may assume that F=F, 1 =b<t). If b=t F,isa
point, and there is nothing to prove. So assume b == ¢, Then ¢t = 2, and n
contains at least three root spaces g,, whose sum interseets 1t N 1, only at the
origin, namely those corresponding to & = (v, & 7,)/2, 7, hence,

dimn —dim ([, Nn) = 3.

On the other hand dimp X = dim a 4 dim 1, dimg ', = dim (aNY,) + dim ({, N 1),
and dima — dim (a N [,) = 1, whence our assertion.

1.6. The Cayley transforms of X. The space X also admits certain un-
bounded realizations, introduced by Pyateckii-Shapiro [40] in the classical
cases under the name of Siegel domains of type I, II or III, and discussed in
general by Koranyi and Wolf [27]. In this and the next section, we summarize
only the results which are used in the sequel. We assume again X to be irre-
ducible.

The Cayley transform c, is, by definition,
Cp = H1§i§b €Xp (ﬂ-/4)'(E——z - Ei)y (1 =b= t)y Co=¢€.

It verifies
(1) Adc,(H)) = X; Ad ¢ (X;) = —H; 1l=t=0b
(2) Ad ¢,(H;) = H; Ade(X)) = X, b<i=1)

and is transformed into its inverse by the complex conjugation of G with
respect to Gg. Moreover

(3) Crg =g-¢,, (ge L),
(4) G.¢c,c P~-Kq.-P*.

We put then S, = {(G-¢,), and let G act on S, by

(5) s-g={(e*rc;'g-c) .

The map g — ¢-c¢, induces then an isomorphism v, of X onto S,; by definition
S, = D, and S, is just the bounded realization. Often, we shall denote also
by o the fixed point of K in S,.

In the next proposition, we denote by q, the subspace of p* spanned by
the vectors E, (¢e mt, u(H;) # 0 for at least one + = b). Thus p™ = p; D q,.

1.7. PROPOSITION. We keep the preceding notation. We have ¢;'+Z,-c, C
K¢-P*, and the action of Z, (resp. V,) on S, extends to an action of Z, on
pT by means of affine transformations (resp. affine transformations with
unipotent linear homogeneous parts) which leave q, stable and induce the
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identity on pt/a,. The projection o, of b* onto by with kernel q, maps S,
onto D,, and its fibres in S, are the orbits of Z) (0 = b = t). Its restriction
to S, commutes with N(F,).

This is contained in the more precise results of [27, § 7]. Let z¢ Z,. We
have then 2’ = ¢;'-2:¢, = 2+2". (2} € K¢, 2;, € P*). The action of z on S, or p*
is therefore given by
(1) sz = Ad z7(s) + log z. (seph).

Since p* is commutative, we can replace z; by 2/, whence

(1) sz = Ad ¢;*-z-cy(s) + log (¢c;'+z+¢y); (sept,ze Z,).
If ge L,, then it commutes with ¢,, therefore 1.6 (5) becomes

(2) s-g ={(e’-9) (seS,,gely).

In particular

(3) s-g = Ad g7(s) (seS,,9eK,).

REMARK. Let F' be a boundary component, and g€ G} be such that
F.9g=F, Then x+— g,(x-9)-¢g~" is a holomorphic map of X onto F. If ¢’ is
such that F'-g’ = F,, then ¢’ = g-n (n e N(F})); since translation by n com-
mutes with o,, we get 0,(x:9)-97" = g,(x-¢')-¢'" (x € X). We have thus de-
fined a canonical holomorphic projection of X onto F', equivariant with respect
to N(F'), to be denoted o,. If F’C F, then we have a factorization

Opr = Op'p°0p ,
where 0., is the canonical projection of F' on its boundary component F’. In
fact, there exists by 1.5 an element g € G}, such that F-g=F,and F'.g=F,
(b = ¢), and it is clear from Proposition 1.7 that ¢, = a,,,0 0, where g,,, is the
canonical projection of F', onto the standard boundary ecomponent F',.

The remark extends obviously to non-irreducible bounded symmetric
domains.

1.8. Automorphy factors, functional determinants. Let M be a com-
plex manifold, H a group of automorphisms of M, and @ a complex Lie group.
We recall that a (holomorphic) automorphy factor for H on M, with values in
Q, is a map p: M x H— Q which, for fixed h € H, is holomorphic in z € M,
and which verifies the identity

(1) e, h-h') = p(w, h)- (-, 1) (@e M; b, h' e H)
to be referred to as the cocycle formula; it implies
(2) t(@, h-h'-h") = p(@, h)- pe(x-h, k') p(x-h-h', h")

(e M; h W, 1"e H) .
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It follows immediately from (1) that the set R of elements € H for which
p(xz, h) = p(h) is independent of x is a subgroup, and that

(3) (@, h-r) = p(x, h)- 0(r) (xe M;he H;reR).

If M is a domain in C", then the jacobian Jac (x, #) which associates to
he H and e M the differential of & at z, is an automorphy factor with
values in GL(n, C), and J(x, ) = det Jac (x, %) is an automorphy factor with
values in C*,

Let M = X be an irreducible bounded symmetric domain. We shall denote
by Jae, (x, g) the jacobian of g € G} at x € S,, in the unbounded realization as-
sociated to F,, by J,(x, g) its determinant, and by j,(x, g) the functional de-
terminant of ge P, at x€ D, (0 = b =t). Our next aim is to obtain some
information on J,(x, g) when g € P,, which will be used in studying Poincaré-
Eisenstein series.

It is immediate that g, (x, 9) = (e®-c,-g-¢;"), (x € S;, g € Gy) is a holomor-
phic automorphy factor, with values in Kc. It is called the canonical auto-
morphy factor for the unbounded realization S,. The automorphy factors
usually considered in the theory of holomorphic automorphic forms are of the
form o(¢4(x, 9)) where p: Kc— GL(m, C) is a holomorphic representation. The
following lemma asserts that Jac, is of this type. It is well-known for the
bounded realization; the proof is essentially the same in the general case, and
is included for the sake of completeness.

1.9. LEMMA. We keep the notation of 1.8, and identify the tangent
space to a point x € p* with p* by translation. Then

Jace, (¢, g) = Adp+ hy! (xeS,, ge Gy h = (" c,-g-¢3")) .

Let Xep". Then x + X goes under the differential dg of the automor-
phism of S, defined by g onto an element Y + x-g; we have to prove that

(1) Y = Ad hi(X) .
Write ¢’ for ¢,-g-c;'. By definition

(2) x-g = {(e*-g') = log (e*-¢"), = log b, ,
and
Y+ weg = dc{i(ew-ex-g') .
dt =0
Clearly
eXee®g’ = h_-e"-hyh, (U= Adr71(X)).

But the bracket relations
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(3) [ny pt]cpt ’ [‘p+) ‘p_JCfC ’

imply readily that if pe p~and X € p*, then Adexp p(X) = X, modulofc P p~.
We may therefore write U = X + Z (Ze t: & p~), whence

e h = h_+hy-e"X*+2 ] (X' = Ad hi'(X), Z' = Ad hi'(2)) .
We have then

i(ew-h)l = e (X' + Z')-h,
dt t=0

Since Z' also belongs to ¢ + p~, the image of the right-hand side under d{ is
X' + log h., whieh, in view of (2), proves our contention.

1.10. LEMMA. Let B, (0 = b = t) be the sum of roots prent such that
E, epf. Then m, = B,(H;) is a strictly positive integer independent of 1
b<i=st),andm, >m, if0=b<c =t

In view of the ‘‘hereditary’’ character of the natural compactification (1.5),
it is enough to prove this when b = 0, G} = L,.

Let H, = Ade¢r'(ac). It is the subalgebra of Y) spanned by the vectors
H; (1 =1=t). We denote the coordinates with respect to the basis (H,/2)
also by v;. We choose an ordering on ® verifying the following conditions:

The elements of 7+ are positive, the restrictions to ¥), of the elements of
mt are the linear forms (v; + v;)/2 (1 = ¢ = j = t), and also the forms v,;/2 in
the case BC,; the positive roots of f; restrict to the differences (v; — 7v;)/2
1=7<j=t), and also to v;/2 in the case BC,.

This is always possible [22, § 6]. Let A = {v,, - - -, v;} be the corresponding
set of simple roots. It is known that we may assume 6 = {v,, ---, v,_,} to be
the set of simple roots of f¢, and that the elements of 7" are the roots which
are congruent to v, modulo a linear combination of elements in ¢, [22]. More-
over, since f¢ normalizes p*, its Weyl group permutes the elements of 7+ and
leaves A3, invariant. In particular, 5, is left fixed by the fundamental reflec-
tions r, (v € §), whence

(1) (Boy ¥:) = 0 1=i<l).
The sum of two elements in 7" is never a root, hence

(2) (¢, v) 20 (p,vem?).
We have therefore

(3) (Boy 1) = (Boy V1) = (¥, V1) > 0 (pen™).

But v(H;) = 2(v, 7:)- (7:, 7:) "' is an integer for every v € ®, and each ¢; therefore,
(4) Bo(H;) = 2+(Bo, Vi) (s, ¥ € Z, By(H;) >0 .
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The relative Weyl group of Adc¢;'(g) with respect to Ad ¢;*(a) contains the
permutations of the v;,. But every such transformation is induced by an ele-
ment of the Weyl group of gc with respeet to Y (see e.g. [14, 5.5]). It follows
then that (v;, v;) is independent of 7, whenee our first assertion.

The difference m, — m, (¢ = 1) is the sum of the numbers y(H,) where
runs through the elements of 7* such that E, ¢ p}; these numbers are all =0 by
the above. But there is at least one such y, for instance one which restriets to
(72 + 7)/2, for which p(H,) # 0, which ends the proof.

1.11. PROPOSITION. Let X be irreducible. Let J, be the functional de-
terminant function for G§, acting on S,, and j, the functional determinant
function for L, acting on D,. Then

(i) The function J,(x, g) is constant along the fibres of the projection
0y: S, — D, of 1.7 1f g€ Py, is independent of x if g€ Z,, and is equal to one
if g 18 a unipotent element of Z,. The restriction 1, of J, to Z, is a rational
character.

(i) If g € L,, we have J,(x, g)™ = J,(0,(x), g)™, with m, m, as in 1.10.

Proor or (i). If ge Z, (resp. g € Z, and is unipotent), then g acts on S,
by means of an affine transformation (resp. with unipotent linear part) in p*;
therefore, J,(x, g) = 7;(g) is independent of « (resp. is equal to one); then 7,
is a rational character by 1.7 (1').

Write g = l-u (le L,, ue Z,), and let z€ Z;]. Using the cocycle formula,
we have

Jy(x-z, L-u) = Jy(x-2, 1)-n(u) = Jy(x, 2-1)-J,(x, 2) "1, (u) ,

Jy(@-z, l-u) = Jy(®, 1)-0u(2) - 7() " )(w0)
where 2’ = [7'-z-]. But Z; is the semi-direct product of V, by a reductive
group which centralizes L, (see 1.3); therefore, 7,(2) = 7,(z’) and

Jo(x-z, L-u) = Jy(x, l-u) .
Since the fibres of ¢, are the orbits of Z}, this ends the proof of (i).
ProOF OF (ii). For every element g € K, ¢, let us put
W(g) = det (Ady+ g7) ¥(g) = det (Ady; 97) .

We want to prove
(4) Y(g)™ = (g)™ (9€ Ki.0) -
Assume first that g = exp .. Hyy + -+« + NH,). In this case, ¥(g) (resp.

¥(9)) is the product of the numbers exp z(—log g) where g runs through the
roots y such that E, C p* (resp. E, C py). Using 1.10, we get

(5) V(g) = Hb<i§t exp —N\; My, , ¥(9) = Hb<i§t exXp —N;* My ,
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which proves our contention in this case. It is also clear from (5) that ¥ and
+r are not identically equal to one on the subgroup just considered. The group
K, ¢ is generated by its derived group, on which both ¥ and 4 are equal to
one, and by its one-dimensional center. It is therefore also generated by its
derived group and the group of elements considered in (5), which proves (4).

Any element g € L, commutes with the Cayley transform c,; therefore,
we have by 1.9, applied to L, operating on S, and on D;:

(6) Ji(x, 9) =V(9), 5y, 9 =), (xeS,; ye Dy; g€ Ky)
(7) g0, 9) = W(90) ,  Ju(0s, 9) = ¥(90) , (9eLy).

Given x € S,, there exists | € L, such that ¢,(x) = 0,-I. The points x and
0,-1 belong to the same fibre of g,, hence J,(z, g) = J,(0,-1, g) by (i), and the
latter functional determinant has to be compared with j,(0,-7, g). The desired
relationship then follows from the cocyecle formula and what has already been
proved.

1.12. PROPOSITION. Leta = exp (M X, + --- + N\ X,) be an element of A.
Then

Jy(0, a) = ngigb e—Xi.mo.Hb<i§t (cosh n;)~™0,

Write a =u-v (u =exp (X, + -+ - +0X,); v =exp Ny Xy i+ - - - +0, X)),
‘We have then u € Z,, v € L,, and therefore, by 1.11,

Jb(oy a) == Jb(oy u)'Jb(O) 7)) .

Since ¢;'-u-c, = w' = exp (\MH, + -+ + \H,) € K¢, the action of % on S, is
given by

s.u = Adu'"'(s) , (sesS,),
hence
(1) Jy(x, u) = Vet u-c,) = H

On the other hand, a standard computation on the three-dimensional simple
group (see e.g. [24, p. 316]) shows that the K¢-component v, of v is

—Ai Mo
15i<p € .

Yo = Hiét exp log cosh \;- H; ,
and our assertion now follows from 1.11 (5), (6).

1.13. COROLLARY. Let h,\) = expMX, + -+ + X,) 1 =c¢ =t,AeR).
Then Jc(oy hco\')) = Jb(oy hc()"’)) %f ¢ é by a?’bd Jb(oy hc(x’))'Jc(Oy hc()"))—-1 tends
monotonically to zero as \ — —oo if ¢ > b,

By 1.11, we have
J.(0, h(N)) = exp —\-my-c,
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and
Jy(0, ho(N)) = exp —\-my-c (c=b),
J3(0, h.(N)) = exp —\-m,-b(cosh N)~™ote=8) | (c>0b),

whence our assertion,

1.14. Remark on the Bergman kernel function. Let K,(z, w) be the
Bergman kernel function in S,. We have therefore

Ky(z-g, w-g) = Ki(z, w)+| Jy(2, 9) |-| Jo(w, 9) | , (2, we S;;9€Gy) .

K, (z-k, w-k) = K,(z, w) (zy,weSy;keK) .
Since G = K-A-K and o is fixed under K, this shows that K,(z, z) is completely
determined by K,(o-a, 0-a), (a € A), which is given by

Kb(O'CL, O'a) - Kb(oy 0)' 1 Jb(oy CL) |2 .

We may then insert the expression of J,(o, a) given by 1.12; the formula thus
obtained in the two extreme cases b = 0, S, = D, and b = ¢ have been given,
in a slightly different form, and with the value of the constant K,(o, 0), by
Bott-Koranyi [27, 5.7] and Koranyi [27, 5.5] respectively.

Our next aim is to relate J,(«, g) to the determinant of Ad g in v, (cf. 1.3)
when g € Z,. For this, we need the following lemma:

1.15. LEMMA. Let X be irreducible. Let u (resp. v) be the multiplicity
of the R-roots (v; &= v;)/2 (¢ # j) (resp. v:/2 in the case BC,). Let v, be the
restriction of a, to a, (1 =b =1t). Then the weights of a, in g, for the
adjoint representation are 0, +v,, and possibly +2.v,. Let p, (resp. q,) be
the multiplicity of v, (resp. 2-v,):

(i) if p® is of type C, and b = t, then p, = t + u<§> 4, = 0.

(ii) 2f g®P isof type C,and b =~ t, then p, = 2-u-b-(t — b),q,= b+ u(?)

(iii) if g® is of type BC,, them p,—=v-b -+ 2-w-b-(t —b), ¢, = b+u(g>.

The R-roots are linear combinations of the simple ones with coefficients
0, +1, +2, Sinece a, annihilates all the simple R-roots exeept «,, this proves
the first assertion.

We have v, = v, in the case (i), and v, = 7,/2 in the other cases. In the
case (i), p, is the sum of the multiplicities of the R-roots v; (¢ = t), which are
all equal to one, and of the R-roots (v; + v;)/2 1 =1 < j =t), while ¢, = 0.
In cases (ii) and (iii), g, is the sum of the multiplicities of the R-roots v; (¢ = b)
and (v; + 7;)/2(1 =1 < j = b). In case (ii), p, is the sum of the multiplicities
of the roots (v; = v;)/2 (1 =1 =b <j =t), and in case (iii), we have to add
also the multiplicities of the roots v;/2 (1 = 7 = b), whence the lemma.,

In the next proposition, the important point is not the explicit value of
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n;, but rather the faet that it is >0 and completely determined by p,
and ¢,. This will play an important role in our discussion of Eisenstein
series.

1.16. PROPOSITION. Let 7, be the restriction to Z, of the functional de-
terminant J,, and let X,(9) = det Ad,, g (g€ P,). Then n,(g9) = %(9)™" if
ge Ay Vi, and | 1,(9) | = | Xs(9) |7 if g € Z,, where m, = 1 in case (i) of 1.15,
and n, = (p, + 49,)-(2p, + 4q,)™" in the cases (ii), (iii) of 1.15.

By 1.7 (1), we have

Ju(x, 9) = 1:(9)
= det (Ady+ ¢t g7 cy) = Wy(citg-cs) (xeS,;9€ 7).
Both %, and 7, are rational characters of Z,. They are therefore equal to
one on V, and on the derived group of Z,. On the compact subgroup KN Z,
they are both of modulus one. Since Z, is generated by its intersection with
K, a semi-simple subgroup Lj, its unipotent radical V,, and A4, (see 1.3), it
remains to check 1.16 on A4,.

The group A, belongs to the center of the maximal reductive subgroup
Z(A,) of the parabolic subgroup P,; hence, the weights of A4, in b, are the
restrictions of the positive R-roots which are not equal to one on A4, and
therefore
(2) Xo(9) = det Ad,, g = v,(g)7 e (ge 4,) .

We may write a € 4, in the form a = exp MX, + --- + X;). Therefore (1.6)
we have c¢;'-a-c, = expMH, + --- + H,). Let v; be the image of v, under
Int¢;'. Its value on ¢;'-a-c¢, is again equal to the restriction of v, in case (i),
of 7,/2 in cases (ii), (iii), where v, are now coordinates in Y, with respect to
the base (H,/2). By definition 7,(a™") is equal to the product of the values on
c;'-a-c, of the roots pre*, Therefore 7,(a™") = vi(a)" where the exponent
r, is in case (i),

the number of elements of 7%, which is equal to p,;
in case (i),

the number of elements of =% restricting to one of (v + v,)/2,
1=i=b<j=1t), plus twice the number of elements in 7+ restricting to
oneof v; (1 =7 =0b),orof (v; + v,)/2 (1 =1 < Jj = ¢), which gives

(3) 7y = web(t — b) + 2b + u-b(b — 1) = p,/2 + 2q,

(1)

in case (iii),

it is the same as in case (ii) plus the number of pte€ 7" restricting to one
of v;/2 (1 =1 = b). According to Lemma 14 in [22], this last number is half
the multiplicity of the R-root +v;/2, which gives
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(4) ry = U-b(t —b) + 20+ u-b(d — 1) + v-b/2 = p,/2 + 2¢, ,
and our assertion follows from (2), (3) and (4).

1.17. PROPOSITION, We keep the motation of 1.11, 1.16, and let q, =
me/my. Then

[ Jo(@, 9) | = | Jo(0s(), 9) || X(9) 7™, (xeSy; ge N(FY)) .

In view of 1.3, we may write g = l-2 (l € L(F,), z € Z(F',)). By the cocycle
formula

Jb(xy g) = Jb(x) l)'Jb(x'l) Z) .
Since z acts trivially on F,, we have

7y, D) = 5u(y, 1-2) , (ye Fy) .
The proposition follows then from 1.11, 1.16.

1.18. PROPOSITION. Let 1 =b<d =t, and v, = v,ov;: S, — S,, where
v,: X — S, 1s as in 1.6. Then

(1) Ju(®, 9) = Ju(s.4(2), 9), (9€ Z(F,)’; x € S,).

(ii) the functional determinant j(x, v, of VY, 18 constant along the
fibres of the canonical projection o,: S, — F,.

The group Z(F,)’ is the semi-direct product of a reductive group R, with
Lie algebra m, + a, + [}, in the notation of 1.3, by the unipotent radical V, of
P, = N(F,), and it is contained in Z(F,;). Both J,(x, ) and J,(x, ) are equal
to one if z € V, by 1.11. Therefore, it suffices to prove (i) when g€ R,. By
the definition of the Cayley transform, ¢;'-c; € L, c; therefore, ¢;'-¢, centra-
lizes R,, and (i) follows from 1.7 (1').

By the composition rule for functional determinants, we have

J(x, ”b,d)'Jd(”b,d(x), g) = Jy(®, 9)-5(x-9, Vs,0) (xeS,,9eGy) ;
therefore, (ii) follows from (i) and from the transitivity of Z(F',)° on the fibres
of a,, (1.7).

We end this section with a result which will be used in discussing
rational boundary components. The following lemma will be needed.

1.19. LEMMA. Let X be irreductble. Then

(1) [, 8u,my el # {0} (T € Qryjavpe — {01 1 =7 < J S 0),

(ii) if r® is of type BC,, [z, gy.n] # {0} (x €@y, —{0}; 1 =7 =¢).

PROOF OF (i). By Lemmas 13, 15 of [22], the roots ¢ € ® restricting on ),
to (—v: + 7;)/2 (¢ # j) are compact, those restricting to (v; + v;)/2 are in 7™,
and g+ ¢ + 7; is a bijective map of the first set C;; onto the second one P;;.
Let c;; (resp. p;;) be the C-subspace of gc spanned by the vectors E,, (1< C;;,
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resp. ¢t € P;;). With ¢, being as in 1.6, we have

(1) Ade(;) Ng = By vz s Ade,(P:;) NG = Giy;avpre

Furthermore, g, ¢ is one-dimensional and spanned by Adc,(E,). From the
result just quoted, and the standard fact [E,, E.] +# 0 if ¢ + v is a root, we
get then

(2) [9v; g(—Yii*/j)M] = Quzvpie

in particular, we may write

v = [y, u] (Y € Giyav s WE Gy)

It is well-known that, given v € g, (a € x®P), there exists v’ € g_, such that

[v, v'] is a non-zero multiple of the element %, € a such that B(k.) = (8, @)

(B e r®). (One may take, for instance, for v’ the transform of v under a suit-

able Cartan involution.) There exists therefore z € gy, =y D such that [z, y] =
¢-hyzyp (¢ # 0). We have then

[[z, y], u’] = c.’Y’i(h(Yi:FYJ)/Z).u #0.
Since [z, #] = 0, because 3v,/2 + v,/2 is not an R-root, the Jacobi identity
shows that [, 2] = [[y, ], 2] # 0, which proves (i).
Proor oF (ii). Let C: (resp. P;) be the set of compact (resp. non-compact)

roots which restrict on Y, to v;/2 and ¢} (resp. p;) the space spanned by the
vectors E, (i€ C}, resp. € P;). We have

Ade,(ci + D) NG = Gype s
therefore (ii) is equivalent to
(3) 3(ci + pa) N (¢ + p;) = {0}
By Lemma 14 of [22], the map a « + v; is a bijection of C; = —C; onto
P;. Hence, given p € Cj (resp. ¢ € P;), there exists v € P, (resp. v € C}) such that

¢+ v=r. Then [E,, E,] # 0. Since the left hand side of (3), being stable
under Y, is spanned by root vectors, this proves (3).

1.20. PROPOSITION. Let X be irreducible. Let W, be the center of V,
L=b=t), and C be the connected centralizer of W, in P,. Then c is the
direct sum of 1, + v,, which is an ideal of ¢, and of its intersection with m=
3(@) Nt. In particular, C/(L,-V,) is compact.

The ideal b, is the sum of the root spaces g, where a runs through the R-
roots of the form

(v £V)2A=ZIEb<iZY, L+ v)2A=1<i=ED),
’71(1§Z:§b))
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together with v;/2 (1 = 7 = b) in the case BC,. We want to prove that i, is
the sum of the root spaces g., where a runs through the roots

(vi +7)/2, l=1=7=0D).

The relation [g., 8g] C g..5, @and the structure of g®, show that v, contains the
root spaces just listed. Of course tv, is stable under a, hence is the sum of
its intersections with the g,. In order to prove our assertion, it is therefore
enough to show that

mbmg(viiyﬁnzo A=1=b<j=0t),
and that
1o, N gy, = {0}, 1=<i=b),

if g® is of type BC,, but this follows from 1.19.

The Lie algebra c is also stable under a. It is obvious that it contains the
g.C I, and that cNanNj = 0. Lemma 1.19 shows moreover that, if g, 1},
then g, N ¢ = 0. The proposition follows then from the facts about p, and 3,
recalled in 1.3.

REMARK. Proposition 1.20 was suggested by a statement in [31, §3.3]
which becomes essentially equivalent to 1,20, if the word normalizer there is
replaced by centralizer.

2. Relative root systems

For most of the facts recalled below, we refer to [14]. As was already
pointed out in 0.3, the ground fields may be assumed to be contained in C,
which is then our untversal field, although the results of 2.1, 2.2 are valid
in greater generality.

2.1. Relative roots. Let G be a connected reductive k-group. Its maximal
k-split tori are conjugate over k and their common dimension is the k-rank
rk, (G) of G. Let S be a maximal k-split torus of G. The k-roots, or roots
relative to k, or restricted roots are the non-trivial characters of S in the
adjoint representation of G, and the relative Weyl group W = ,W(G) is the
quotient N(S)/Z(S). We denote by ,® or ,®(G) the set ®(S, G) of k-roots. It
is a root system in X*(T)® R = V. This means in particular that, with
respect to a scalar product ( , ) on V invariant under ,W, the group ,W is
generated by the reflections in the hyperplanes orthogonal to the k-roots,
leaves ,® stable, and that 2(«, 8)-(B, B)*eZ for all a, Be ,P. For every
ae P we put

6. = {reg| Ads) = s-a(se S)} .
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Then g is the direct sum of the g, (¢ € ,®) and of the Lie algebra 3(S) of the
centralizer of S.

Given an ordering in X *(S), we denote by ,A the set of simple k-roots.
A subset of ,A is conmected if it is not the union of two non-empty disjoint
subsets which are mutually orthogonal.

2.2, Parabolic k-subgroups. An algebraic subgroup P of G is parabolic
if the quotient space G/P is a projective variety. P isthen connected, equal to
its normalizer, and is the normalizer of its unipotent radical.

Let U be the subgroup normalized by S whose Lie algebra u is the sum
of the g., where a runs through the positive k-roots (for some fixed ordering).
Then U is a unipotent k-subgroup, normalized by Z(S).

For every subset ¢ of ,A, let Sy = (MN.eqs ker &)’. We let P, be the sub-
group generated by Z(S,) and U; it is the semi-direct product of Z(S,) and of
its unipotent radical U, C U. The split radical (0.5) of P, is the semi-direct
product S,-U,. Every parabolic k-subgroup of G is conjugate over k to one
and only one ,P,. Moreover, two parabolic k-subgroups are conjugate in G
if and only if they are conjugate over k. The groups ,P, are the standard
parabolic k-subgroups (for a given choice of S and U). If § = &, then P, =
+P = Z(S)-U is the minimal standard parabolic k-subgroup. We can write
uniquely

Z(S)=M-S (M normal k-subgroup, M N S finite) ,

and M is anisotropic over k, i.e., rk, (M) = 0.

For 6 — A, we let [6] be the set of k-roots which are linear combinations
of elements in 6, and let ,L, be the smallest connected k-subgroup normalized
by Z(S) whose Lie algebra I, contains the subspaces g, (@< [f0]). It is easily
seen that [0] = ,®(.L,), that SN L, is a maximal k-split torus of ,L,, and
that ,L, is semi-simple with Lie algebra

il = Ene[@] 8o + [8ay §-al -

Moreover, we have P, = My-,L,-Sy- Uy, where M, is the identity component of
M N Z(,Ly). If 6 is connected, then L, is almost k-stmple, since otherwise,
by [14, 5.11, 8.5] L, would be the almost direct product of a k-group without
k-rational unipotent elements = ¢, and of a k-group containing all unipotent
elements rational over k of ,L,, and ,L, could not be generated by unipotent
k-subgroups.

We shall sometimes denote by , T a maximal k-split torus and by ,U the
unipotent radical of a minimal parabolic k-subgroup.

We recall finally the Bruhat decomposition G, = P,- N(S),- P, [14, 5.15].
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More precisely, let n,, be a representative in N(S), of we ,W. Then G, is the
disjoint union of the double classes

P,,-’nw-Pk = Uk-n,,,'Z(S)k- Uk .

If G is connected, but not reductive, it is the semi-direct product of its uni-
potent radical R,(G) by a reductive k-subgroup (we are in characteristic zero),
and R,(G) is contained in every parabolic subgroup. Since N(S) N R,(G) =
Z(S) N R,(G), it follows that the above decomposition is still valid, with Pa
minimal parabolic k-subgroup, and N(S) being the normalizer of S either in
G or in a maximal reductive k-subgroup containing S.

2.3. Fundamental highest weights relative to k. There is a basis of
X(S)® Q over Q consisting of elements d, € X(P)(« € ,A) such that (d.,8) =
c.0q.p(c, B € ,A) wWhere ¢, are positive integers. The restriction to S, of the
elements d, (€@ = A — 6) form a basis of X(S;) ® Q. Let de X(S) bea
linear combination of elements d.(« € ') with strictly positive integral coef-
ficients. Then there exists an absolutely irreducible representation 0: G —
GL(V) defined over k, and a unique one-dimensional subspace V' C V stable
under P, and on which g € P, acts via multiplication by d(g) [14, 12.2, 12.13].
The characters d.(a € 0') will be called fundamental highest weights for P,.
Let

Xo(p) = det (Ady, p) (e Py .

We have then
Yo = D ucer €ala (e«€Q;e. > 0).
In fact, by definition, ¥, is the sum of the weights of S in u,. These are
the positive roots which involve at least one of the elements of #’, each root
being of course counted with its multiplicity. ¥, is stable under N(S) N P,
hence under the fundamental symmetries sg(5 € 0); therefore it is orthogonal
to 0, and is a linear combination of the elements d.(a € ¢’). The coefficient e,
of d, is equal to (¥, a)-c;'. Let %, be the sum of the positive elements in [0],
counted with their multiplicities, and ¥ = ¥, + ;. Then (), @) = 0 for € ¢’
and, by a standard argument (), &) > 0, (in fact it is equal to (¢ + 2d)-(«, @),
where ¢ and d are the multiplicities of & and 2«), hence (), @) > 0 and e, > 0.

2.4. Restriction of relative roots. Let K be an overfield of k&, T'a maxi-
mal K-split torus of G containing S and »: X(T) — X(S) the restriction homo-
morphism. Two orderings of X(T)and X(S) are compatible if &> 0, r(a) =0
imply r(a) > 0 (o € X(T)).

The existence of an ordering on X(7T') compatible with a given ordering
on X(S) is immediate [14, 3.1]. Let A and ,A be the sets of simple roots for
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compatible orderings. Then we have

(1) AcCr(zA)C A U{0}

(ii) Let 6 C A, v+ C A and ac cANr~(0). If + s connected, then
r(¥) N LA s connected. If 0 is connected, there exists a connected subset ¢’
of <A containing o such that

8 cr@)cou{o}.

For the proofs, see [14, 6.8, 6.15, 6.16]. A simple K-root will be said to
be c¢ritical if it restricts onto a simple k-root. Thus a simple K-root either is
critical or restricts to zero.

(iii) Let 0 be a connected subset of A, and assume there exists a unique
greatest connected subset +r of A such that r(¢) N A= 0. Then Ly = xLy.
In particular, Ly is defined over k.

Proor. Let B e ,®. Then the space g; is the direct sum of the eigenspaces
g. of T, where « runs through the K-roots whose restriction to S is equal to
B. It is a standard fact about root systems that, if a root « is expressed as
linear combination of simple roots, then the set of simple roots which occur
in « with a non-zero coefficient is connected. Therefore if 8¢ [0] and € D
restricts to 3, then a e [+4]. This implies that ,L, C xLy. Moreover, Z(S)
normalizes ,L,, and it is clear from the definitions that L, C Z(S)-,L,. Con-
sequently, L, is a normal subgroup of .L,. However the latter is almost
K-simple (2.2), whence our assertion.

2.5. PROPOSITION. Let k be an algebraic number field, k, its completion
with respect to an archimedean valuation v, and G a connected reductive k-
group. Then every maximal torus defined over k, of G is conjugate over k,
to a maximal torus defined over k.

(i) We show first that, if L is a connected k-group, then L, is dense in
(L, in the usual topology. By [32, p. 41], there exists a generically sur-
jective rational map of an affine space into L which is defined over k. In
other words, we may find a Zariski k-open subset U of an affine space, and
a k-morphism f: U — L whose image contains a non-empty Zariski k-open
subset V of L. Since we are in characteristic zero, f is separable, and there
exists a non-empty Zariski k-open subset U’ of U such that f:U; — L, is
open. Of course f(Uj)C L, and U; is dense in U;,. Thus, L, is dense in a
non-empty open subset of L, , hence in (L, )".

(ii) If k£, = C, then all maximal tori of G, are conjugate, and 2.5 amounts
to the existence of a maximal torus defined over k, which is known [32, p. 45].
Assume now that k, = R. Let T be a maximal torus of G defined over R and
H'’ the set of regular elements of (Tx)°. It is well known that the set C of
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conjugates of elements of H' by elements of (Gg)° is an open subset of (Gg)".
By (i), it contains an element « rational over k. Then Z(x)° is the desired
maximal torus.

2.6. COROLLARY. Let k be a subfield of R. Then G has a maximal torus
defined over k which contains a maximal R-split torus of G.

2.7. REMARKS. (1) Proposition 2.5 is also valid for an arbitrary connect-
ed k-group G. In fact, let U be the unipotent radical of G and 7: G — G’ =
G/U the canonical projection. Let T be a maximal torus defined over k&, of G.
Then 7(T') is a maximal torus of G’ [9, § 22], obviously defined over k,. By 2.5,
it is conjugate over k, to a maximal torus T’ defined over k of G’. Since U is
unipotent, and k is perfect, the map G, , — G, is surjective by Rosenlicht’s cross-
section theorem, whence the existence of z € G, such that *Tc 7~ (T")=Q. The
group @ is a connected solvable k-group, hence its maximal tori defined over k,,
are conjugate over k, and one of them is defined over % (see e.g. [14, 11.4]; or,
in characteristic zero, Borel-Mostow, Annals of Math. 61 (1955), 389-405).

Proposition 2.5 is then of course also true if maximal tori are replaced
by Cartan subgroups, since the latter are the centralizers of the former.

(2) Although this will not be needed in this paper, we point out that,
if G is a connected k-group, G, is dense in G, , not only in (G,,)°, as was shown
in (i). If k, = C, then G,, is connected, and there is nothing new to prove. If
k, = R, there remains to show that G, meets every connected component of
Gr. By 2.6, applied to a maximal connected reductive k-subgroup of G, (or
by remark (1) above), there exists a maximal torus T of G defined over k£ and
containing a maximal R-split torus of G. By [14, 14.4], each connected com-
ponent of Gg contains one of Ty, so that we are reduced to the case of a
torus, where our assertion follows from a result of Serre quoted in [25, 5.1].

In the terminology of [25], this means essentially that G has the weak
approximation property for archimedean valuations, As a matter of fact, it
has been checked here only for one such valuation, but the case of several is
easily reduced to that of one by considering the group R,,oG.

2.8. Let & be a subfield of R and G a connected semi-simple and absolutely
simple k-group. Let xT'be a maximal R-split torus of G containing a maximal
k-split torus ,7. We let r: X(rT) — X(,T) be the restriction map, endow
X®T) and X(,T) with compatible orderings, and denote by .A, rA the cor-
responding sets of simple relative roots.

We assume further that the riemannian symmetric space K\Gg, where
K is a maximal compact subgroup of Gg, is a bounded symmetric domain,
necessarily irreducible since Gy is simple. Then r® is either of type C, or of
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type BC, (1.2). In fact, the following proposition, and its proof are valid
under that last assumption. On g® = {«,, - - -, «,}, we use the canonical num-
bering of 1.2. For each B¢€ ,A, let m(B) be the greatest value of the index
1 such that r(a;) = 8. We number the elements 3, ---, B, of ,A in such a
way that 7 < 7 if and only if m(8;) < m(8;), and then write m(j) for m(B;).

2.9. PROPOSITION. We keep the notation and assumptions of 2.8. We
asswme that dim ,T > 0. Then

(a) @ s of type BC, if either g® is of type BC, or g® is of type C,
and r(a,) = 0, and is of type C, otherwise. The numbering of A defined in
2.8 is the canonical one.

(b) Each Be A isthe restriction of one and only one simple R-root.

By our choice of the numberings, any final segment (8;, --+, 8,) in A
(possibly with zero added), is the restriction of a final segment of grA, hence
is connected (2.4). Conversely, any connected subset 6 of ,A containing 3,, 8,
(a < b) contains B; for every ¢ between a and b. In fact, there exists by 2.4
(ii) a connected subset ¢’ of gA containing «,,,;, such that 6 < »(0") € ¢ U {0}.
The set ' contains then at least one simple R-root a, with ¢ < m(a). In view
of the structure of zA, the set ¢’ must then contain all simple R-roots with
index 7 between ¢ and m(b), hence in particular all R-roots a,,(;, (@ = 7 = b),
whence our contention.

This shows that the graph of ,A is a chain (no branch point). A is there-
fore of one of the types A,, B,, C,, G,, F,, BC,, where the first five symbols
refer to the standard Cartan-Killing classification. We now distinguish some
cases,

(1) gD is of type BC,. In this case, the set of a € RA whose double is a
root spans X(g7T) @ R, hence contains at least one element v whose restric-
tion is not zero. Thus r(v) and 2-7(v) are k-roots, and ,A is of type BC,.
Moreover, the highest root in gA is v, = 2(a; + - -+ + a,); therefore, if Se A
is the restriction of at least two simple R-roots, then 8 has a coefficient = 4 in
the highest k-root, which is impossible in type BC,. Also, &,y + +++ + a, =
Yms/2 and its double are roots, hence B, and 23, are k-roots; and, by the
above, the connected subsets of ,A containing 3, are the final segments. This
shows that our numbering is the canonical one, and ends the proof of the prop-
osition in this case.

From now on, gA is of type C,. Its highest root is then

20, + o F ) ;.

Let ¢; denote the number of simple R-root restricting onto 5.
(ii) Assume that r(a,) = 0. Then the highest k-root is
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5 — 261'181 + e + 2-03_1-83_1 + (2(C3 - 1) + 1)183 .

If ¢; = 2 for some 7 < s, then there is a coefficient = 4 in 6, and ,® is of
type F,. There is in this case in 0 a coefficient 3, which must then be the
coefficient of 5,. However, in F), the simple root with coefficient 3 in the
highest root is not an end point of the graph. Therefore ¢; = 1 for 7 < s.

Assume now that B, = r(a,) = r(«;) for some j < t. (There is at most
one such j since no simple root has a coefficient = 5 in 6 in the systems under
consideration here). Then B3, has a coefficient = 3 and all other simple k-roots
have coefficient 2. This occurs only in G,. If m(1) < 7, then

3-8, = 7‘(2(6(]- T 4 at~1) —+ at)
is a k-root, which is absurd. If 7 < m(1), then

r(% (mcw + 7)) = 208, + B)

is a k-root, which is absurd because £, + £, is a k-root, and G, has no root
whose double is a root. This proves that ¢, =1 (1 = ¢ = s), hence that

0=2(B,+ +++ + B + B, .

Therefore ,® is of type C,, and the numbering is the canonical one.
(iii) Assume that r(a,) = 0. In this case the highest k-root is

0 = 2.01.181 4 oeee 4 2'63':83 .
By the classification of root systems, this implies that ,® is of type BC, and
thate; =1 (1 = 7 < s). Furthermore, 28, = 7(Y..) is @ k-root, so that again

the numbering is the canonical one. This completes the proof of the prop-
osition,

2.10. COROLLARY. (a) The proper maximal parabolic k-subgroups of G
are also proper maximal among parabolic R-subgroups.

(b) Let + be an initial (resp. a final) segment of rA consisting of all
roots which come before (resp. after) a critical root and 6 = r(y) N A.
Then gLy = L, and is defined over k.

PROOF OF (a). Let P be a proper maximal parabolic k-subgroup of G. It
follows from 2.2 that there exists a simple k-root 8 such that P is conjugate
over k to the group P, (¢ = .A — {B}). Let a be the unique critical simple
R-root which restricts onto 8 and + = gA — {a}. Then Ty = S, by 2.9, Fur-
thermore, since the given orderings are compatible, we have rU c Z(,T)- .U,
and therefore g Py C ,P,. Since zP, is a proper maximal parabolic R-group,
we have g Py = ,P,, which proves (a).

Proor oF (b). By 2.9, 6 is an initial or final segment of ,A, and + is the
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greatest connected subset of A such that § = ,A N r(y). Therefore (b) fol-
lows from 2.4 (iii).

3. Rational boundary components

3.1. Let G be an algebraic group defined over Q. A subgroup I' of Gq
is arithmetic if for one (and hence for every [13, 6.3]) faithful Q-morphism
0: G — GL,, the group o(I') is commensurable with o(G),.

We recall that, if f: G — G’ is a surjective Q-morphism of G onto a Q-
group G’, and I is an arithmetic subgroup of G, then f(I') is also arithmetic.
(See [18, 6.11] for isogenies, [11, Th. 6] for the generalization to surjective
morphisms.) Since we are interested in automorphism groups of symmetric
spaces, we may, without restricting generality, limit ourselves to centerless
groups whenever convenient. Moreover, it follows from [18, 6.11] that, if G
is an almost direct (or a semi-direct) product of two Q-subgroups G,, G, and T"
is an arithmetic subgroup of G, then (I' N G;) is an arithmetic subgroup of
G;(1=1,2)and ' N G)- ("' N G,) is commensurable with I,

Let G be simple over Q. Then there exists an algebraic number field &
and an absolutely simple k-group G’ such that G = R, 4G’ [14, 6.21 (ii)], where
R, q is the functor of restriction of the ground field [38, Ch. I], from %k to Q.

3.2, LEMMA. Let k be an algebraic number field. G’ a connected semi-
simple and absolutely simple k-group, and G = R, ;oG’. Let K be a maximal
compact subgroup of Ggr, X = K\Gr, and I be an arithmetic subgroup of G.

(a) If K has the same rank as G, in particular if X is a bounded
domain, then k s totally real.

(b) If X/T is mot compact, then Gy has no compact factor +{e}, and
rk, (G') # 0.

Let V be the set of normalized archimedean valuations of %k, and k, the
completion of & with respect to v € V. Then

Gr = [I,e, G%, , [38, 1.3.2]

hence
X =ILe X, (X, = (KN G)\GL,)

and K, = K N G}, is a maximal compact subgroup of G;. If k&, = C, then G},
is a complex Lie group, viewed as real Lie group, and its rank as such is
twice the rank of K,,, whence (a).

The groups G are the simple factors of Gg. If one of them is compact,
then G} = Gq consists of semi-simple elements, hence Gg/I" is compact [13,
11.6], which proves (b), and G has no proper Q-parabolic subgroup.
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3.3. (i) Let X be a bounded symmetric domain, H(X) its group of holo-
morphic automorphisms and Is (X)) its group of isometries with respect to the
underlying riemannian structure. Let Y) be the Lie algebra of H(X). It is
known that AdY) = H(X)’cIs X = Aut). Thus H(X) is identified with a
group of finite index in the group of real points of an algebraic R-group,
namely Autb.. Assume that we have put on Aut ¢ a structure of Q-group
subordinated to its natural R-structure. This is equivalent to putting a Q-
structure on 9; i.e., fixing a Lie subalgebra g over Q of § such that h =
b X oR. An arithmetic subgroup I' of H(X) is then an arithmetic subgroup
of Aut Y., viewed as a Q-group. More correctly, one should say that T' is
arithmetically definable, since this definition presupposes the determination
of a Q-structure, for which there is usually a wide choice. However, we shall
just say arithmetic for the sake of brevity. Itisthen understoodthat Ad ¢ has
been identified with a semi-simple Q-group G which has no center; i.e., with
Ad g, and H(X) with a subgroup of Autgg. The space X is then the quotient
of Autgg, or H(X), or Adgg, by a maximal compact subgroup.

The group G is the direct product of its normal simple Q-groups G;
(1 =7 =m), and X the product of the symmetric spaces (K N G.g)\G:r, Which
are then also bounded symmetric domains. Let ', =T NGR (1 =1 < m) and
I" be the subgroup generated by the I';. It is arithmetic, normal, of finite
index, in T,

Our problem is the compactification of X/I'. It turns out that the
passage from X/I” to X/I" offers no difficulty (cf. 8.9). Since X/I" is the
product of the X,/T';, the essential case to consider is when G is simple over
Q, and I C G},.

(ii) We introduce some notation pertaining to our main case of interest.
We keep the assumption of (i), and assume moreover G to be simple over Q,
and I'C G%. Then G = R, ,G’, where G’ is an absolutely simple k-group, and
k a totally real number field. Let = be the set of distinct isomorphisms of %
into R. There is a 1-1 correspondence between elements of % and normalized
archimedean valuations of k given by |a |, = |o(a) | (a € k), and we have G, =
(°G")R, [38, Ch. I]. We may then also write

X = HUGZ X‘” (X“ = K(U)\GGR - Kxoo) GGOR) 3

where X, is an irreducible symmetric bounded domain. For simplicity, we
shall also write G, for °Gy.

We assume further that if " is an arithmetic subgroup of G, then X/T" is
not compact. This implies (3.2) that no X, is reduced to a point and that G’
has a non-trivial maximal k-split torus, say S’. Then °S’ is a maximal o(k)-
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split torus of ’G’; there is a canonical isomorphism ¢,: S’ — °S” which induces
an isomorphism of ,® onto ,,,®(°G’) = ,P,. Furthermore the maximal Q-split
subtorus S of R4S’ is a maximal Q-split torus of G. It is canonically isomor-
phic to S’ and is diagonally embedded in R,,S’. This means more precisely
that the projection pr, of S into °G’ is the composition of the canonical iso-
morphisms ¢: S — 8" and ¢,: S’ — °S’. The isomorphism also induces an iso-
morphism of (®(G) onto ,(G’). We shall identify ,®(G’), ,,, P(°G’), and (P(G)
by means of these isomorphisms.

In each group °G’, we choose a maximal R-split torus 7T, D °S’, contained
in a maximal torus defined over g(k) (apply 2.6 to Z(°S’)). We fix an ordering
on X(S"), hence, using » and ¢,, also an ordering on X(°S’) and X(S). For
each o, choose an ordering on X(7,) compatible with the given one on
X(°S"), and let r: X(T,) — X(°S’") = X(S) be the restriction homomorphism.
By 2.9, the canonical numbering on the set gA, of simple R-roots of G with
respect to T, is compatible by restriction with the canonical numbering of
QA.

Let ,A ={B8, --+,8,}. For i between 1 and s, we let ¢(z, o) be the index
of the critical simple R-root of °G restricting on £;. Then, the remark just
made shows that ¢ < 7 implies ¢(¢, ) < ¢(4, o) for all o€ =,

A sequence of elements indexed by = will often be denoted in boldface
and used as a multi-index or a multi-exponent. In particular, let b be be-
tween 1 and s, Then

Fy = Hae}: F,0 ,

is the product of the standard boundary components F,,, of X,, where
standard refers to the choice of T, and grA,. It is also understood that the
Lie algebra of K,,, is orthogonal to that of T,. Since ¢(J, o) is an increasing
function of j, for each o, we have F;C F; (1 =i < j < s).

Let F =TI, Fi., be a product of standard boundary components. We let
Sy = ]I Si., be the product of the unbounded realizations associated to the
F;,, (1.6), J, be the functional determinant in S,, and 7, be the functional
determinant in the Harish-Chandra bounded realization of F, If F = F}, we
also write Sy, Jy, Jb for Sy, J and j,. In the notation of 1.8, we have there-
fore

JF(x, g) = Ha Ji(a)(xay ga) (x = (xa), g = (ga); X, € ch 9, € Ga) y
jF(xy g) = Ha ji(a)(xoy ga) (x = (xa)y g = (ga); T € Fi(u)y g, € L(Fﬂ)) .
By 1.11, applied to each irreducible factor of X, the functional deter-

minant J,(x, 9), (g € N(F')), is constant along the fibres of the canonical pro-
jection o, of X onto F, (defined in 1.7, remark).
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The natural compactification X of X is the product of the natural com-
pactifications X, of the X,. We shall also write o, for the point with com-
ponents o0, .., € X,, in the notation of 1.5. Thus

Fy = oy N(Fy) = 04+ L(F}) = 0y G(Fy) 1=b=sy9).

We recall that G(F},) = N(F},)/Z(Fy). We shall denote by @, the natural pro-
jection of N(F}) onto G(Fy). Applying 1.3 and 1.5 to each irreducible factor
of X, we see that G(F}) is connected, that N(F}) = L(Fy)-Z(F}), and that
Z(Fy) is the greatest normal subgroup of N(F}) with identity component
Z(Fyp).

3.4. It will be sometimes convenient to use the following variation on
the notion of arithmetic group.

Let H be a connected real Lie group. A subgroup I' is of arithmetic
type, or arithmetically definable, if there exists a connected Q-group G, a
continuous surjective homomorphism f: G} — H with compact kernel N and
an arithmetic subgroup I of G such that f(IV) = I'. Since N is compact, the
group I" is then obviously discrete.

Let H be semi-simple. It is easily seen that, without restricting gener-
ality, G may be assumed to be semi-simple, and to be almost simple over Q if
H is simple, If G is simple over Q, and dim N > 0, then H/I' is compact. In
fact, we have in this case G = R, ,oG’, where k is an algebraic number field,
and G’ an absolutely simple k-group. The group Gg is the product of the
groups G), where k, runs through the archimedean completions of %, and
these are the simple normal subgroups of Gg. Therefore N contains at least
one of them, G} consists of semi-simple elements, and Gg/I” is compact [13,
11.6]. This implies of course the compactness of H/T' and of K\H/I", where
K is a compact subgroup of H.

3.5. Rational boundary components. Let G be a connected semi-simple
Q-group, whose symmetric space of non-compact type, X = K\Gg, where K
is a maximal compact subgroup of Gg, is a bounded symmetric domain. For a
discrete subgroup I' of Gg and a boundary component F' of X, (1.2), we let
I'(F') be the image of I' N N(F') in G(F') = N(F')/Z(F') by the natural projec-
tion. The component F is said to be I'-rational if

(i) the quotient U(F')/(U(F') N T) is compact,

(ii) the group I'(F) is discrete.

Clearly a I’-rational component is I'-rational for any group I’ commensu-
rable with I", In particular, if F is I'-rational for one arithmetic group T, it
is so for all arithmetic groups; in that case, we shall drop the prefix I'- and
speak of rational boundary components.
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Let now I' be arithmetic. We remark first that (i) is equivalent to

(i)’ N(F)¢ is defined over Q.

The implication (i) = (i) follows from the standard fact that, if U is a
unipotent Q-group and I" an arithmetic subgroup of U, then Ug/T is compact.
Assume now (i) to hold. Let V be the smallest algebraic subgroup of U(F')c
containing U(F) N I'. It is invariant under all automorphisms of C, since
I' © Gq, hence it is defined over Q. Since U(F')/I' is compact, the quotient
Ugr/Vy is compact, too., But Ugx and Vg are homeomorphic to euclidean
spaces, hence U(F')¢ = V, which shows that U(F')¢ is defined over Q. The
group N(F')¢, being equal to the normalizer of its unipotent radical, is then
also defined over Q.

It will turn out that (i)’ = (ii) in our case; however we have preferred to
start from a definition which makes sense for any symmetric space and any
Satake compactification.

3.6. Clearly, (ii) is implied by

(i1)’ the group I'(F) is of arithmetic type.

Assuming (i), we now prove that (ii)’ is implied by either of the two
following equivalent conditions:

(iii) There exists a normal connected Q-subgroup C of N(F')¢ containing
U(F)¢c and L(F)¢ and such that Cr/L(F')- U(F') is compact.

(iv) There exists a connected normal Q-subgroup B of N(F')c, contained
in Z(F)g, containing U(F')¢, such that Z(F')/(Bg N G}) is compact.®

We show, to begin with, that (iii) and (iv) are equivalent. First assume
(iii). Let H be a maximal connected reductive Q-subgroup of C, and L a
maximal connected reductive Q-subgroup of N(F')c containing H. We may
write L = H.H’, with H’ normal, defined over @, and H N H’ finite. Then
D = H’-U(F)¢ is a normal Q-subgroup such that Z(F')/Dg is compact. More-
over, Dr N G% C Z(F') by (1) of 1.3, whence (iv). The other implication is
proved in the same way.

Assume (iv) holds. The projection N(F') — G(F') is then the composition of
the restriction to N(F') of the Q-morphism N(F')¢ — N(F')c/B with the pro-
jection of N(F')/(Bg N G%) onto G(F'), which has a compact kernel, whence (ii)".

We note finally that if G = G, X --- X G, is a direct product of normal
Q-subgroups, then a boundary component F'= F, X ... x F, of X is rational
if and only if F; is a rational boundary component of X; = (K N G;)\Giz for
all 4. This follows immediately from the two following facts: the parabolic
subgroups of G are the products of the parabolic subgroups of the G;; the

2 These conditions are of course fulfilled if Z(F') is defined over Q. In fact, this is
the requirement made in [10]; however, it has turned out to be too restrictive.



474 BAILY AND BOREL

group I' is commensurable with the product of the groups I' N G;, which are
arithmetic (3.1).

3.7. THEOREM. We keep the assumption of 3.3 (i). A boundary com-
ponent F of X is rational if and only if N(F')c is defined over Q. If F'1is
rational, T'(F) is of arithmetic type. The map F'+— N(F)c defines a bijec-
tion of the set of proper rational boundary components onto the set of proper
mazimal parabolic Q-subgroups of Ge.

By the last remark of 3.6, we may assume G to be simple over Q. If X/I'
is compact, where I' is an arithmetic group, then rkq(G) = 0 [13, 11.4, 11.6],
G has no proper parabolic Q-subgroup [14, 8.3-5], and there is no proper ra-
tional boundary component.

Assume now X/I" to be non-compact. In the notation of 3.3 (ii), we have
G = R,;oG’ with G’ absolutely simple and % totally real. Let F'be a boundary
component of X. If F is rational, then N(F')¢ is a Q-subgroup by 3.5 (i)'.
Assume conversely that N(F)¢ is defined over Q. We have then N(F')c =
R, P, where P is a parabolic k-subgroup of G’, [14, 6.19], hence

F:HaexFU’ N(F):HN(FG),
(N(F,) = ("'P)x N G,,0€3),

where F, is a boundary component of X,. Let V, be the center of the uni-
potent radical V' = R,(P) of P, and C’ the connected centralizer of V{ in P,
The groups V', V; and C’ are clearly defined over k. It follows immediately
from the properties of the functor R, q that C = R, C’ is the centralizer in
N(F)c of the center V, = R, oV of the unipotent radical of N(F')c, and that
cg =TI, C:, where C, is the connected centralizer in N(F,) of the center of
U(F,). By 1.20, C, contains L(F,)- U(F,) and the quotient C,/L(F)- U(F,) is
compact. Therefore condition (iii) of 3.6 is fulfilled; since, together with (i),
it implies (ii), (ii)’, by 3.6, our first two assertions are proved.

Let F be rational. Then N(F)c = I, N(F,)c and N(F,)c is a proper
maximal parabolic R-subgroup of °G’, hence N(F')¢ is a proper maximal para-
bolic Q-subgroup of G.

Conversely, let P be a proper maximal parabolic Q-subgroup of G. We
have P = R,,oP’, where P’ is a proper maximal parabolic k-subgroup of &,
and therefore P = ], °P’, and °P’ is a proper maximal parabolic o(k)-sub-
group of °G’. By 2.10, °P’ is also a proper maximal parabolic R-subgroup of
°G’; consequently (1.5), “Py N Gy = N(F,) where F, is a boundary component
of X, and Pg N Gy = N(F), (F = I] F.). The boundary component F'is then
rational by the first part of the theorem. Since two boundary components
with the same normalizer are identical, the proof of the theorem is complete.
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3.8. THEOREM. We keep the notation and conventions of 3.3 (ii). Let?
0(b) = {Bys1, +  +, B}, Ly = 1Ly (cf. 2.2) and L, = RyjqLy, (1 =7 =s). Ifb #s,
then (L, )’ = L(Fy). In particular L(Fy)c s defined over Q, almost Q-simple,
and its Q-rank is equal to s — b. For any arithmetic subgroup T of G, the
quotient FT'(F) is compact. Given a rational boundary component F', there
exist one and only one index b (1 = b = s) and an element x € Gg such that
F=Fy-z.

By 2.10 (b), we have L} = L(F.y,,.)c for all o€ =, Since L, = [], °Li,
this proves the first assertion. The set 6(b) being connected, L} is almost k-
simple, (2.2), hence L, is almost Q-simple [14, 6.21 (ii)].

For each o, the index c(s, o) is the last critical index, therefore (1.3, 1.5)
Z(F,) contains S§. Let C be the connected centralizer in N(F)c of the center
of the unipotent radical of N(F,)c. By 1.20, the intersection of °G’ N C with
*S’ is finite for every o € =. In particular, S normalizes C and S N C is finite.
This implies that the Q-rank of C is zero, for otherwise there would exist a
maximal Q-split subtorus T of N(F')¢ with dim (7' N C) # 0, and it could not
be conjugate to S (since C is normal), contradicting the conjugacy theorem
for maximal split tori. It follows then from [14, 8.5] that the unipotent ele-
ments of Cq all belong to the unipotent radical of C, and that X(C)q = 0.
The quotient Cgr/(I' N C) is then compact [13, 11.8]. Since the projection
N(F,) — G(F,) maps C§ onto G(F,) and I' N Cg into I'(F}), we see that
G(F,)/T(F) is compact, whence our second assertion.

Let F be a rational boundary component. Then N(F')c is a proper max-
imal parabolic Q-subgroup of G. On the other hand, the group N(F})c is, in
the notation of 2.2, the standard parabolic group Py, (v(b) = oA — {B:};
b=1,-.-,8). The groups oPy; (j =1, ---,s) are all the proper standard
maximal parabolic Q-subgroups (2.2); there exists therefore one and only one
b for which we may find z € Gq such that z.-N(F')c-a' = N(Fy)c. We have
then F' = Fy-x, which ends the proof.

3.9. COROLLARY. Let F, F'’ be rational boundary components of X such
that F' C F. Let b, c be the integers such that F C Fy-Gq and F'C F,-Gq.
Then there exists g € Gq such that F-g = Fy,, F'-g = F..

There is nothing to prove unless b #+ ¢; in particular, we may assume
b # s. Therefore (3.8), L(Fy)c is defined over Q, almost Q-simple, and we
may apply 3.8 to X = F}. The proof of 3.9 is then the same as that of the

8 We hope the reader will not be unduly confused by the occasionally similar (or, by
chance, even coinciding) notation used for real Lie groups in §1, and for their complex
forms in §§2, 3. Also, Li has a different meaning here than in §1.3.
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similar remark made in 1.5, using 3.8 to insure that », v may be taken in Gq
and L(F})q respectively.

3.10. REMARKS. (1) The group G(F}) is the quotient of L(F}) by its
center, which is finite; it may be identified with the adjoint group of L(F%}).
Thus, if b # s, the group G(F},)c may be viewed in a canonical way as a group
defined over Q, in such a way that @, induces a Q-morphism of N(F})c onto
G(Fy)c, and that T'(F}) is arithmetic. The images of PN L(F})c and SN L(Fy)c
under @, are a minimal parabolic Q-subgroup and a maximal Q-split torus
respectively.

(2) Theorem 3.8 shows, independently of 3.7, that F'is rational if N(F')c
is defined over Q and conjugate to one of the groups N(F})c with b = s. Our
original proof of 3.7 consisted of 3.8 and of a separate discussion of the case

= s. The proof of 3.7 given here, which is based on 1.20, was suggested
by [31].

3.11. PROPOSITION. We keep the notation and assumptions of 3.3 (ii).
Let yp(g) = det Ady g (9 € N(F)), where u = u(F},) is the Lie algebra of U(F},),
and let ny, be the restriction to Z(Fh,) of the functional determinant Jy. Then
there exists a rational number n, > 0 such that

76(9) = An(g)™™ (g€ 4,-UFY)) ,
| 76(9) | = [ 2w(g) 7™ (9 € Z(Fy)) .
Using the notation of 1.16, we may write

( 1 ) Xb(g) = Hae}: det.AdUa 9.

= TL ez Xews0r(90) (9 = (9.), u = W(F.q.0)) ,
and similarly
(2) () = ILoex 7e0.0(90) -
By 1.16, there exists a rational number #%.,,, > 0 such that
(3) | Dewn(9) | = [ Xew,or(g) [0 (9 € Z(F..0))
(4) Netwso(9) = Aeww,or(9) "0 (9€ Aivn) -

Let g = (g,) € 4. We have already remarked that g, = @, ®(g), in the nota-
tion of 3.3; by the properties of the functor E,q, this implies

(5) det Ady, 9 = Xet,0)(90) (0eZ;9€44) .
The proposition will then be a consequence of (1) to (5) once it is shown that
N0 1S independent of . By 2.9, ,® is of type C, if and only if g®(°G’) is of
type C,, and ¢(s, 0) = t, for every o0 €=, Thus if ,® is of type C, and b = s,
we are in case (i) of 1.15 for every o, hence n(b,0) =1 (6 € Z). If either
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b+ s or @ is of type BC,, then, for every ¢ € =, we are in one of the cases
(i), (iii) of 1.15. Then n,,,,, is given by an expression which depends only on
the multiplicities of the restrictions to A,,,, of &,,.,., and 2¢,,.;,.,). In view
of the different identifications made in 3.3, these are also the multiplicities of
the restrictions of 8, and 2.5, to A4y, and they are consequently independent
of o. This proves our assertion; and, in view of 1.16, shows that

(6) n, =1 (+® of type C, and b = s)
(7) ny = (0, + 49,)-(2p, + 4q,)7" otherwise,

where p, and g, are the multiplicities of the restrictions of 8, and 2.3, to the
intersection ¢4, of the kernels of the simple Q-roots 8; (¢ # b).

3.12. The fumnctional determinant on Fy,. Let q, = (¢.;.0))sex, Where
Q.,0) 18 the rational number = 1 attached by 1.17 to X, and the boundary
component F,, ,,. Put

[dr(an(@), 9) | = T, ez | Gewo(Tcttior(@0), go) o) (9 = (9.) € N(F)) .
If we apply 1.17 to each component F,, ,, and use 3.11, we see that
(1) | o, 9) | = |3r(on(®), 9) |* [x6(g) [T, (v € Sy; g€ N(Fy)) .

3.13. Let B be a normal connected Q-subgroup of N(F})c satisfying (iv)
of 3.6. We may write B as a semi-direct product over Q of Sy,- U(F})c by a
reductive Q-group H. Write further H = H'-9H as an almost direct product
of its connected center H' by its derived group DH. We know that Z(Fy)/ U(F},)
is the almost direct product of Bi/U(F}) by a compact group. Furthermore,
Z(Fy)/qA,+ U(Fy) modulo its derived group is compact. This follows from 1.3,
1.5, applied to each factor N(F,,,,,). It follows then that By/U(F}) modulo
its derived group is compact, therefore H}, is compact. Since J, and Y, are
both characters on Z(F}), they are equal to one on 9H, whence the equality

(1) x(9)™™ = Ju(2, 9) (9 € (DH)- A U(Fy))

Let now I'; be an arithmetic subgroup of N(F}y)c. The group I'; N H is
commensurable with (I'y N H’)-(T, N 9H), where both factors are arithmetic
[13; 6.4, 6.11]. Since Hy, is compact, the group I'; N H' is finite. Of course,
b takes the values +1 on I',. It follows then that the image of I'; N B under
Jp is a finite group (of roots of unity). This proves therefore the

3.14. PROPOSITION, We keep the previous notation. Let T', be an arith-
metic subgroup of N(Fy)c. Then there exists a positive integer d such that

Jo(x, g-7)" = Jp(x, 9)° (xe X, ge N(F}y),veT, N B).

3.15. PROPOSITION, Let G be as in 3.3 (i). Assume that G has no normal
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Q-subgroup of dimension 3. Then every proper rational boundary component
has complex codimension = 2.

It suffices to prove this when G is simple over Q. If it is absolutely
simple, then our assertion follows from 1.5 (iii). Let now G be not absolutely
simple. Then the set = of 3.3 (ii) has at least two elements. By 3.7, a rational
boundary component F is a product [], F,, where F, is a proper boundary
component of X,. We have then dim¢ X, — dim¢ F, = 1 for each o; since
card = = 2, we are done.

4. Fundamental sets and compactification

4.1. Let G be a connected semi-simple Q-group, and P a minimal parabolic
Q-subgroup. We write P = M-.S.U as in 2.2 and let oA be the set of simple
Q-roots for the ordering associated to U. Since M centralizes S, we also have
P=S.V where V= M. U is the semi-direct product of M and U.

We shall often write qA for S§. For ¢ > 0, let

(1) QA ={acqd|aP = t(Beqd)}.
A fundamental property of this subset is given by the:

LEMMA. Let w be a compact subset of (M-U)g. Then the union of the
sets a-w-a", (a € gA,) is relatively compact.

Since S centralizes M and normalizes U, it is enough to prove this when
@ C Ug. But then g4, is a bounded set of operators on ug by at— Ada, in
view of the very definition of qA,. Since the exponential is a homeomorphism
of ug onto Ug, our assertion follows (see [13, Prop. 4.2]).

4.2. Let K be a maximal compact subgroup of Gg whose Lie algebra is
orthogonal to that of Sg, with respect to the Killing form, 7 the natural
projection of Gg onto X = K\Gg, and 0 = n(K). A Siegel domain & = &},
in Gy (with respect to K, S, and U) is a set of the form

@ =6/, =K g4, w (w compact in V) .
In this paper, we shall in fact be more concerned with the intersection
& = (KN P)-qd;-w of & with Pg, to be called a Stegel domain in P, and
with
S=6,,=06"=06&,
to be called a Siegel domarn in X. If we replace the sign = by < in 4.1 (1),
and @ by an open relatively compact subset of Vi, then we get open Siegel

domains in Gg, Pr and X, We note that oA centralizes M and that KN Pc M,
so that we may also write & = g4, -0’ with o = (K N P)-w.
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The Q-roots are, in a natural way, positive-valued functions on P§ which
are equal to one on V§. Thus we also have

B <t (s€e©}; Begld) .

4.3. Let I" be an arithmetic subgroup of G. It is known that there exists
a Siegel domain & and a finite subset C C Gq such that Q = &-C is a funda-
mental set for I' in X; i.e., verifies

(F1) @-T' = X, and

(F2) given € Gq, the set of veI' for which Qx N Qv # @ is finite (the
Siegel property).

(See [20]. The result is stated there for Q' = 77'(Q) in Gg, but this is clearly
equivalent.)

If S = {e}, then X/T" is compact, and conversely [13, 11.6, 11.4]. Of course
any compact set has the Siegel property (for any discontinuous group I', and
any x € Gy in fact), so that in this case, any compact set verifying (F1) is a
fundamental set. Also, in this case, a(n open) Siegel domain is just a(n open
relatively) compact set.

REMARK. In considering later arithmetic subgroups of H(X), we shall
implicitly use a slight extension of these results to non-connected semi-simple
groups, which is not stated in the literature, but reduces readily to the con-
nected case. Namely, if G’ is a Q-group whose connected component is G, we
replace P and K by their normalizers in G’ and G} respectively. Let I' be an
arithmetic subgroup of G’. The only non-obvious point is to see that a Siegel
domain has the Siegel property in G’. To see this, one uses the corresponding
result in G and the following facts:

(i) Gy is generated by Gq and N(P)q, which follows from [14, § 4.13];

(ii) if h € N(P)g, then &-L is contained in a Siegel domain (with respect
to K, S, P).

4.4. We now assume that G is simple over Q, X is a bounded symmetric
domain, I'c G} and X/I' is not compact. We take the notation and conven-
tions of 3.3 (ii). In each group G,, we shall use the notation of §1. Putting

(1) RA, = {Qoyy =00, Ao},

we may write,

(2) Ui = (Yori — Yorir1)/2, 1=i=st,)

(3) Xty = Tt s (r®, of type C,,) ,
oty = V1,2 . (r®D, of type BC,,) .

In the product of the groups 7T,gr, the torus qA is contained in the identity
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component of the intersections of the kernels of the roots a,,; («,,; € rA,,
1=<1¢=t, 1 not critical). An element a = (a,) € A satisfies therefore the
relations

(4) Y,,:(log @) = 7,,:+.(log a,) (0eZ, 1 =1 =t,, 1 not critical)

with the convention that v,; = 0 if ¢ > t,. Moreover, Sk being diagonally
imbedded in Gy (see 3.3), we have

(5) afi = ago (i =c(G,0),i=1,---,50€e3).
Therefore, a € oA, if and only if it verifies (4), (5), and

(6) Vo,i(10g @) — Yo,i1:(log @,) = 2log ¢ (i = e(4, 0))
if ¢(j,0) # t,, and

Yo.i,(log @,) = log ¢ (resp. ¥,,,,(log a,) = 2log t),
if ¢, is critical; i.e., if t, = ¢(s, 0), and if gD, is of type C (resp. BC).

The subset g4, @’ = & N P is contained in every standard parabolic sub-
group, in particular in the groups N(F}). From 3.8 and the construction of
the groups L(F},), we deduce immediately the following assertion: For b # s,
&' N L(Fy) is a Siegel domain of L(F}) with respect to K N L(Fy), S N L(FY),
and U N L(F}); its image under w, is a Siegel domain of G(F}); and

0p* TB(S” N N(F)) = 0p* Tp(&)
is a Siegel domain of F},.

If b = s, then F}/T'(F}) is compact, and oy, ©,(&"” N N(F})) is compact.

4.5. LEMMA. We keep the assumptions and notation of 4.4. The closure
& of a Siegel domain S, in the natural compactification of X, is contained
in the union of the standard rational boundary components Fy, (0 = b = s).
The intersection Fy N S is equal to o, @ (S') and is a Siegel domain in Fy
(0 = b = s); moreover, any Siegel domain in Fy is contained in a Siegel
domain obtained tn this way by taking & itself suffictently large.

Leta, and v, (v = 1,2, ---) be sequences of elements in @4, and w re-
spectively. We may assume that v, — v and that lim af/ = d; exists for every
j =< s. If all thed; are >0, then o-a,-v, tends to a point of & itself. Other-
wise let b be the greatest index such that d, = 0. It follows from 4.4 that

(1) Yo,i(log @,,;) — —co (¢ = ¢e(b, 0),0€Z)
and that v, ;(log a,,,) has finite limits if 7 > ¢(b, ). We have then
limo-a, = op-a ,

where a is the element of L(F}) N & such that af =d,; (j > b) if b # s, and
is the identity if b = s. This implies
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].im,,_,ee 0°Q,*V, = 0p*A-VE Ob'wb(th‘w) .

Conversely, given x € o, T(gA4, - ®), it is clear that we can find a sequence a, - v,
as above such that « = limo-a,-v,. Taking into account the next to last para-
graph of 4.4, this proves the lemma.,

The following lemma is the analogue, in the present context, of Lemma 1
in [33].

4.6. LEMMA. We keep the assumptions of 4.4. Let & be a Siegel domain
in X, C a finite subset of Gq, and Q = &-C. Then Q 1is contained in the
union of finitely many rational boundary components. There exist finitely
many elements v; €T (1 = 1 = q) having the following property: for every
ve T such that Qv N Q # @, there exists v; verifying the condition a-v; =
a-vy for every ac Qv N Q.

By 4.5, Q is contained in the union of the boundary components Fy-c(c e C)
which are all rational. Moreover, if we put £, = & N F}, then we may write
Q = U, Z.-c, where \ runs through a finite set A, ¢, € C, and , = ,,, for a
suitable b(\). Thus %, is a Siegel domain of F,,, and has the Siegel property
(4.4, 4.5).

For each pair N, z£€ A for which there exists v e I' verifying

(1) TrenvyNZ, e, + D,

choose one element v,, € I' fulfilling that condition and let d,, = c\-7y. ¢
We have b(\) = b(p), T, = Z, C Fyn, and d,, € N(Fy,))q. Let v be an element
of I"satisfying (1). We define ¢,,(v) = ¢, 7xi-7v-¢c;'. We have e,.(7) € N(I'yn)q-
Condition (1) implies

(2) zx‘wb(dm)‘m’b(em«/)) NZ,+ .

If b = s, then £, is relatively compact, and has trivially the Siegel property
for any discontinuous group. If b+ s, then w, is canonically a Q-morphism
(3.10 (1)). Since ¢,-I'-¢;" is arithmetic [13, §6.4] and ¥, is a Siegel domain
(4.4), the Siegel property obtains. In both cases, it shows that there are
only finitely many possibilities for w,(e,.(v)) when v varies through the ele-
ments of I" verifying (1). We have thus shown the existence of a finite subset
D, of ¢ (N(Fyr)q)c. such that (1) implies the existence of 7(v) € D, verifying

reT(y) = w7y, (xeZy-cy) .

This means that, if Q-v N Q # @, there are only finitely many possibilities
for the action of v on Q-v' N Q, whence the lemma.

4.7. LEMMA. We keep the assumptions of 4.4. Let X* be the union of
the rational boundary components of X. Then there exists a fundamental
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set Q@ = &-C for I' such that X* = Q-T' = O-G,

By 4.6, we have Q c X*, and hence OQ-Gq < X*, for every fundamental
set of the type considered in 4.2.

By 4.2, 4.3, and 4.5, there exists a fundamental set Q such that
Q N F, is a fundamental set for I'(F}) (0 = b < s). For this set we have then
F,c Q' N N(F})). Let now F be a rational boundary component. There
exists ce Gq and b such that F = Fy-c (3.8). Let vye N(F,) NI'. By the
Siegel property, there exists a finite subset D of I' (depending on v), such
that

Q-v.cCQ-D.
This implies
QvecQ-DcQ-T;
therefore,
F=FyccQ-T,

and X* < Q-T", which completes the proof.

4.8. We now turn to the general case and let I" be an arithmetic sub-
group of H(X) as in 3.3 (i). We take the notation of 3.3 (i). The union X*
of the rational boundary components of X is the product of the similarly
defined spaces X;* corresponding to the different simple Q-factors G; of G.
The group H(X) operates continuously on the natural compactification of X
(11.2), and hence H(X)q operates on X *, Furthermore, (11.2), the restriction
of each element h e H(X) to each boundary component is holomorphic. By
4.7, applied to X;* and I'; = I' N GY%, and 4.3, there exists then a fundamental
set Q for I'in X such that Q-I'= X*, Forve X* welet I',={yeTl,x.-v=2a}.
The space X * will be endowed with the topology S(Q, I') in which a funda-
mental set of neighborhoods of x e X* is the set of all subsets U of X * con-
taining « and having the following properties: U.-y=Uif yeI';and U-vy N Q
is a neighborhood of x-v in Q, in the natural topology of O whenever z-v¢ Q.
This topology was introduced, in a similar setting, in [33], and will be called
the Satake topology for X*,

4.9. THEOREM. We keep the assumptions of 4.8. The Satake topology
1s the unique topology on X* having the following properties:

(1) It induces the natural topology on X and on the closure of any
fundamental set Q for any arithmetic group I' € H(X).

(ii) The elements of the group H(X)q operate continuously on X*,

(ili) If x and x' are not equivalent with respect to T, then there exist
neighborhoods U of x and U’ of &' such that U- T NU' = @.
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(iv) For each x € X*, there exists a fundamental set of meighborhoods
{U} of « such that Uy =Utf vel,,and U-vyNU = @ if v¢I,.

Proor. We wish to appeal to Theorem 1’ of [33]. We first consider a
fundamental set as in 4.8, used to define the topology. As was remarked in
4.8, every element of H(X)q operates continuously on X*, viewed as a sub-
space of X in the natural topology, and this implies condition (2) of Theorem
1’, loc. cit. As to the condition (3), it is just Lemma 4.6. Thus, Theorem 1’
applies. Also, by [33, Remark 2, p. 563], the topology induced by &(Q, I') on
X is the natural one. This proves 4.9, with H(X)q replaced by I' in (ii).

Let now c € H(X)q, and let O be a fundamental set for ¢-I'-¢* N I, It is
also one for T" and ¢-I'-¢* in view of the Siegel property. It follows directly
from the definitions, and from the fact that ¢ acts continuously on X, that ¢
carries S(¢-I'-¢7*, Q) onto S(I', Q-¢). However, as pointed out in [33, Remark
3, p. 563], these two topologies of X * are identical, whence (ii).

In the sequel we shall also write & for S(Q, I').

4.,10. PROPOSITION. Let F be a rational boundary component of X, and
xe F. Then x has a neighborhood U in X* verifying 4.9 (iv), and such that
a rational boundary component F' intersects U if and only if FC F'. The
closure of F in X* is the union of the rational boundary components con-
tained in the closure of F in the natural compactification X of X,

We let & and J denote respectively the Satake topology of X * and the
topology of the natural compactification X. Let Q be as in 4.8, Then $ and
g coincide on Q. We may (and shall) assume that x-I" contains an interior
point of Q N F. It follows from 4.6 that we may find finitely many elements
Yy v+, Ym€D such that QNI = {x-7,, -+, x-7,}. Let U; (1 <17 < m) be
a subset of X * such that U;.v; is a neighborhood of z-v; in Q. Then U =
U: U;-T', is a neighborhood of x, which satisfies 4.9 (iv) if the U, are suf-
ficiently small, and we get in this way a fundamental system of neighbor-
hoods of x in & [33, p. 562]. By 4.6, Q is the union of its intersections with
finitely many rational boundary components. We may therefore assume U,
to be such that if the rational boundary component F’ intersects U;-v;, then
x+7; belongs to the closure of F’ N Q.

Let now F" N U # @&. There exist then v eI, and an index 7 such that
F"'NU;-v + @, whence F'-v v, N U;-v; # @; by the condition just imposed
onU;, this implies that x-v; belongs to the closure of F’.y~'.v, N Q, either in
S or J since both coincide on Q.

Consequently x belongs to the closure of F”’-v~! and hence to that of F”,
in both § and J. This proves our first assertion and shows that if « belongs
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to the closure of F” in §, then it does so in 7, too. To prove the converse,
we may assume G to be Q-simple, and F' = F), to be standard. Then F', (¢ = b)
belongs to the closure of F}, in both the § and the J topologies.

Let F” be a rational boundary component contained in the J-closure of
F. There exist ¢ = b and g€ N(F')q such that F’.g = F, (3.8, 3.9). Since
g defines a homeomorphism in the S-topology (4.9 (ii)), it follows that F” is
also in the S-closure of F..

4.11. COROLLARY. The quotient V* = X*/T", endowed with the quotient
topology, ts a compact Hausdorff space. V = X/T' is an open everywhere
dense subset. V* is the finite union of subspaces V, = F,/T(F;), where F,
runs through a set of representatives of equivalence classes modulo T' of
rattonal boundary components. The closure of V; is the union of V; and of
subspaces V; of strictly smaller dimension.

The first three assertions are obvious consequences of 4,9 and 4.10, once
it is shown that, when G is Q-simple, F,- H(X)o/T' is covered by the images
of finitely many rational boundary components. Let Q — &-C be the funda-
mental set of 4.7, where & is a Siegel domain and C a finite subset of Gq.
Let F' be a rational boundary component of type F,. There exist ¢ € C and
veI such that S.¢c-v N F # . But the intersection of & with the orbit
of F}, under G% is contained in F} by 4.5; therefore, Fy-c-vyN F # @, and
Fy-c-v = F, so that F,- H(X)g/T' is a quotient of F},-C.

The last assertion of the corollary follows from 4.10, because in X, the
closure of a boundary component F'is the union of F' and of boundary com-
ponents of strictly smaller dimension (1.5).

REMARK. The proper rational boundary components correspond to the
proper maximal parabolic Q-subgroups (3.7). Since parabolic Q-subgroups are
conjugate if and only if they are conjugate by an element of Gg (2.2), the
V.’s of the corollary are in one-to-one correspondence with the orbits of I" in
Gq/Pqy, where P runs through the standard maximal parabolic Q-subgroups.

Let G be the quotient of the symplectic group Sp(2n, C) by its center,
and I' = Sp(2n, Z) be Siegel’s modular group. The proper maximal parabolic
Q-subgroups are the stability groups of the rational isotropic subspaces. It is
elementary that two rational isotropic subspaces of the same dimension ¢ are
transforms of each other by an element of I', so that we have Gq = I'- Py for
every maximal parabolic Q-subgroup. The boundary component correspond-
ing to such a subspace is isomorphic to Siegel’s upper half-plane of degree g,
and thus V* = MNyz,<. V,, where V, is the quotient of the Siegel upper half
plane of degree ¢ by the corresponding modular group. We get therefore
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again the compactification introduced by Satake and later considered in [35].

4.12. Truncated Siegel domains. In order to give a more precise de-
scription of a fundamental set of neighborhoods of a point in V*, we need to
introduce certain subsets of a Siegel domain. To define them, we assume
again, for convenience, that G is simple over Q.

Let @ = @A, - be a Siegel domain in P and & = 0-&’ the corresponding
Siegel domain in X (4.2). Fix an index b < s. For a positive number « and a
subset E C F}, we let

(1) Si(u, ) ={sc® |sP = u,o0,-s€E},
and
(2) Sy(u, E) = 0-S;(u, E) .

The sets described by (1), (2) will be called Fy-adapted truncated Siegel
domains. The subscript b will sometimes be omitted, if it is clear from the
context, or replaced by F.

An element s € & can be written uniquely in the form
(3) s=arharw (0,6 DZE) N oA, a€ L(Fy) N oA, by € oAy, we 0)

where qA, is the kernel of all simple Q-roots 8; (¢ # b). Of course, all ele-
ments on the right hand side depend (continuously) on s. However, for sim-
plicity, we shall not make this explicit in the notation as long as no confusion
arises. We collect a few remarks about this decomposition.

(i) The element h, annihilates all simple Q-roots except B,, and a,
{resp. a,) annihilates B3; for ¢ = b + 1 (resp. ¢ < b); hence,

(4) sP = afi G <b—1)
(5) o (G=b+1).

If the roots B; (¢ = b + 1) are multiplicatively bounded on a,, then a, is
bounded; hence, there exists ¢’ such that the set of products %-a, is contained
in g4,. In view of 4.5, it is clear that the 8;’s (z = b + 1) are multiplicatively
bounded if E is relatively compact, as will be the case unless the contrary is
stated. If so, the discussion of 4.5 implies

(6) N.so Si(u, E) = 0b-Si(u, E) (some %, > 0) .

(ii) The group oA, centralizes K’ = K N Pg, and is contained in the iso-
tropy group of o,. Since & = K':qA,-w, (v < Vi), we have then

(7) h-&y(u, E) C Si(v, E) , (v =u-hP heqd),

and hence also
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0, S = 0,-Sj(u, Fy) , (w > 0),
o0& (u, E) = 0,-& (v, E) (w,v>0).

(iii) Let (X;) be the basis of qa with respect to which the simple Q-roots
are written as in 1.2, Then the Lie algebra of gA N DZ(F},) (resp. oA N L(FYy),
resp. o4,;) is generated by X; — X;,, (¢ =1,--+,b—1) (resp. X; (¢ =b+1,---,9),
resp. X, + -+ + X,).

4.13. LEMMA. We keep the assumptions of 4.4. Let xe Fy, and let x*
be the image of x in V*, Let Q = &-C be a fundamental set verifying 4.7,
where & 1s an open Siegel domain whose closure contains x. Then there
exist finitely many elements e; € N(Fy)q with the following property: the
image U in V* of U’ = U, S(u, E;)-e;, where E; is a relatively compact
neighborhood of x-e;* im Fy, 1s a meitghborhood of x*; the set U (resp.
U’-T,) describes a fundamental set of meighborhoods of x* im V* (resp.
x€ X*) of u—0 and, independently, E; runs through a fundamental set
of neighborhoods of x-e¢;* in Fy. Furthermore, we get an equivalent set of
neighborhoods of x* 1f we replace S by any open Siegel domain & O S,

It is clear from 4.5 that &,(u, E) contains an open neighborhood of z in
&,, and 4.12 shows that we get in this way a fundamental set of neighborhoods
of xin &. We let D be the finite set of elements ¢e C such that ze S-e.
If de D, then we get similarly a fundamental set of neighborhoods of x in
S-d by taking subsets &,(u, E)-d, where E is a neighborhood of z-d~* in F},.
Since Q is the finite union of the closed subsets S-¢, (c € C), it follows that
has a fundamental set of neighborhoods in Q of the form U, S,(u, E,)-d,
where d runs over D and E, is a neighborhood of z-d~*.

By 4.6, z-I' N Q is finite. Let v; (1 = j < q) be elements of I' such that
z-I'NQ={x-v, ---, 27}, and put z-v, = x,;. Let I', be the isotropy group
of # in I'. From 4.10, it follows that if U;-v; is a neighborhood of z; in Q,
then |, U;-T', is a neighborhood of « in X *, and that we get in this way a
fundamental set of neighborhoods. For U;, we may by the above take a finite
union of sets &,(u, E)-¢, where c € C is such that z;€ S.¢, and E is a neigh-
borhood of «;-¢™' in F}. From this, our first assertion follows, with ¢; running
over the set of products ¢-v;* for which 2-v;-¢c*€ &. Such elements are ra-
tional over Q, and they belong to N(F}), since they transform « into a point
of Fy,.

As for the second assertion, the images of the sets |, U}, which are con-
structed simply by replacing & by & while allowing ¢ and v; to run over the
same sets of objects as in the definition of U,, are relatively compact neigh-
borhoods of z*, and for v — 0 and E; , decreasing through a basis of compact
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neighborhoods of z;-¢™* for each j and ¢, we obtain a decreasing family of
compact neighborhoods of x*; it follows from 4.12 (6) that the intersection
of all these is just x*. Since V* is compact and Hausdorff, and since all the
spaces we consider are second countable, it follows that these neighborhoods
also give a basis of neighborhoods of x* in V*, which proves the last assertion.

REMARK. Let E, (n =1, ---) be a decreasing sequence of neighborhoods
of x in F),, whose intersection is x, and let u, be a sequence of real numbers
tending to 0. Then the images in V* of the sets U, = U; S(u,, E,-¢7")-¢;
form a fundamental set of neighborhoods of x*,

4.14. LEMMA. Let b(1 = b = s) and a Siegel domain &) in Pg be given.
Then there exists a Siegel domain & DS, in Pg such that S,(u, E) =
0-&'(u, E) is connected for every w > 0 and every connected open subset E
of oy &',

We choose an Iwasawa decomposition P = K’- A-N of P where

K'=KnP, A=(MnNA) x a4, N=WMNN)-Ug.
We may assume as before that 7' gT < T, and choose compatible orderings
on the root systems. The groups Z(Fi) N A-N and L(Fy) N A-N are con-
nected (for otherwise they would have infinitely many components, which
is impossible since Z(F})c, (A-N)¢c, and L(F})c are algebraic); they are also
contractible, and the product mapping yields a homeomorphism of

(L(Fy) N A-N) x (Z(Fy) N A-N)
onto A-N. Furthermore (L(F}) N A) and (L(F},) N N) are the A and N part
of an Iwasawa decomposition of L(F}). It follows that (a,n)— o-a-n and
(a, n) — op-a-n yield homeomorphisms of A x N onto X and of
(L(Fy) N A) x (L(Fy) N N)
onto Fi,. We also have (~ meaning homeomorphism)

L(Fy) N A-N ~ (@A N L(Fy)) x (L(Fy) N VN A-N),
Z(Fy) N A-N ~ (oA N Z(Fy)) x (Z(Fy) N Ve N A-N) ,

where the homeomorphisms are given by the product mapping.

Let us write &) = K'-q4,, @, (0, Vgr). We take t > t, and choose
,, w, open, relatively compact, and connected in L(F},) N VgN A-N and
Z(Fy) N Vg N A-N such that K'-w,-w, D K'-w,, (note that K’ meets every
connected component of Pg). We claim that &' =&, (w = K'-®,-®,), verifies
our conditions. Since K’ is contained in the isotropy group of o, in Pg, and
is the isotropy group of o in Pg, an elementary argument shows that it
suffices to prove that K'\Sj(u, x) is connected for every u > 0 and every
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x €op-&'. We may write
x = op-a’-w (@' e L(Fy) N g4, w' € w,) .
An arbitrary element s € &' can be written as a product
s=k-a,-hy-a,-w,-w, ,

where a,, h,, a, are as in 4,12, and k'€ K’, w;€ w; (¢ = 1,2). The remarks
made above imply that o,-s = « if and only if a, = o/, w, = w’. Thus w, runs
through w,, which is connected by assumption, k¥’ through K’, and a,-k, runs
through the elements y € Z(F},) N oA satisfying the conditions

Y=t <b), y*P=ut,
which define clearly a connected set; whence our contention.

4.15. PROPOSITION. We keep the notation of 4.11. Ewvery point v* € V*
has a fundamental set of open neighborhoods U such that U N V is connected.

Let I' be a normal subgroup of finite index of I'. Then V* = V*(I') =
X*/I" is the quotient of X */I” by I'/I”. Let G; (1 = ¢ = m) be the simple Q-
factors of G and, as in 3.3 (i), let I be the group generated by the I'; = Gz N T.
Then X*/IV = Hi X7/, It suffices therefore to consider the case where G is
simple over Q and I' © G%. We may furthermore assume « € F},. We use the
notation of 4.13, 4.14, take &, with &, verifying 4.7, and &, containing x.
We choose the elements ¢; € N(F})q as in the proof of 4.13; in particular,
x-e;' € 0,-S,. Moreover, we may so arrange things that each x-e;" is con-
tained in the (relative) interior of F}, N &,; this is an easy consequence of the
two following facts: the fixed set C of 4.13 is finite, and the number of ele-
ments in the intersection of any orbit of I" in X* with the closure of any
Siegel domain (constructed with respect to the given torus, ordering, ete.) is
finite.

Let E be a connected open neighborhood of z in F', small enough so that
E.¢;'C o0, for all 1. Given u > 0, there exists g,€ &) ,(u, /) such that
X = 0p+g, (see 4.12 (ii)). By construction, oy-g,-¢;" € 0p+-S;; hence (loc. cit.),
0p*gor€; € 0y S, ,(u, E-e7"); there exists therefore u; in the isotropy subgroup
of o in N(F},) such that u;-g,-¢;"' € &, (u, E-¢;7).

The groups K N L(F}) and K N Z(F}) are maximal compact in L(F},) and
Z(F}), and the first one is the isotropy group of o, in L(F}). Moreover,

Z(Fy) = (KN Z(Fb))'(P N Z(Fb)) .
Since N(F}) = L(F})- Z(F}) by 3.3, we may write (not uniquely):
w; = ki-k-s; (kie K N L(Fy); kY € KN Z(Fy); s;€ Z(Fy) N P) .
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Let &' be an open Siegel domain in Py satisfying 4.14 which contains &; and
the elements s;-g,. The images in V* of the sets U = |J,; S,(u, E’-¢;Y)-¢;, as
# runs over all strictly positive numbers, and E’ over a basis of connected
open neighborhoods of x contained in F, form a fundamental set of neighbor-
hoods of v*, and their interiors form a fundamental set of open neighbor-
hoods. It is then enough to show that the interior of U N X is connected.
This latter set is the union over 7, of the open sets 0-&,(u, E-¢;")-¢;. We are
therefore reduced (4.14) to proving that

(1) 0-Si(u, E'-¢;")-e; N 0-Sj(u, E') + @,
for all u > 0, all 4, and all E’ subject to our previous conditions.

We let & be an element of ¢4, such that hf» < ¢t u.

By construction, o,-s;-g, = « and s;-g,€ &'; hence, s;-g,<€ &;(t, E'), and
therefore (4.12 (ii)):

(2) h-s;-g,€Si(u, E') .
By 4.12 (ii), we have

oh-u;-g,-e;7'€0-S(u, E'-e7") .
But ¢4, centralizes L(F}) and K N Z(F},); therefore,

0 h-w;goreit = 0 hoki okl S goreit = 0-h-8;-go-e;”

whence
(3) o-h-s;-g,€0-S)(u, E'-¢7")-e,; ,
which, together with (2), proves (1).

4.16. PROPOSITION. We keep the previous motation. Let J(x, g) be the
Sfunctional determinant function in the unbounded realization associated to
the rational boundary component F' = Fy, (3.3) and g€ N(F')q. Then J(x, g)
is multiplicatively bounded on S,, where S, = S,(u, E) (E compact in F')
18 an F-adapted truncated Siegel domain.

We have &, = 0-&/, and
(1) J(z, 9) = J(o-s, g) = J(o, 5)7"+J(0, s+ 9) (s€ &f)

We want to estimate both factors on the right hand side. We write as in
4.12,

(2) s=a,°h-a,-q (@€ DZ(F) N qA, @€ L(F) N g4, h€ gA), g€ W) .

As pointed out in 4.12 (i), since s € &, the element a, is bounded on &%, and
there exists ¢’ = t such that

(3) h-alqut/ .
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From (2), we get
s=a,h-a,-q-(h-a,)*h-a, =c-h-a, (c=ash-a,-q-(h-a)™) ;
hence, by 1.11,
(4) J(o, s) = J(o, ¢)+-J(o, k) .
By 4.1, and the above remark on a,, the element ¢ varies in a compact set
when s € &,; hence,
(5) J(o, s) < J(o, h) (se®)).
The Bruhat decomposition gives
g=u-t-w-o, (u, v € Ug, t € Z(S)q, w € Ny (S)q)
whence
s.g=d-f-v (d=c-h-ayu-(h-a)?t-w; f=w"h-a,-w) .
Since ¢ varies in a compact set, 4.1 and (2) show that so does d. We may write
v =20 (WeLF)NU, v eZF)nU).

The element v’ commutes with the subtorus Z(F) N S = Sy (0 = {Bys1,**+, B:}).
Since 6 is a connected component of the set gA — {8,} of simple Q-roots of
N(F'), the Weyl group relative to Q of N(F') also leaves S, stable. Therefore
v’ commutes with f, we have s-g = d-v'-f-v”, and, by (1.11),

(6) J(o, s-9) = J(o0, d-v")-J(o, f)-J(0, V") .
But ¢’ and ¢" are fixed and d varies in a compact set. Consequently
(7) J(o, s-9) < J(o, f) (se &%) .

The restriction of J(o, g) to Z(F') is a character (1.8, 1.11), which is of course
equal to one on the derived group. Furthermore, the relative Weyl group of
N(F) is generated by the symmetries with respect to the hyperplanes annihi-
lating the simple Q-roots B; # B,, and hence it acts trivially on ¢4,. We have
therefore

(8) J(o, f) = J(o, b},
and the proposition follows now from (1), (5), (7), and (8).

II. AutoMORPHIC FORMS

5. Poincare series

5.1. In this section, G is a complex connected reductive group defined
over R, whose group of real points has a compact center, H, a subgroup of
finite index of Gg, K, a maximal compact subgroup of H,V, a finite dimen-
sional complex Hilbert space, and p: K — GL(V) a unitary representation.
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A function f: H—V is of type p on the left (resp. right) if f(k-g) =
o(k)-f(g) (resp. f(g-k) = p(k™)-f(9)) (9€ H, ke K). It is of finite type, with
respect to K, or K-finite, on the right (resp. left) if the set of right translates
r.f (resp. left translates I, f) of f by elements of K spans a finite dimensional
vector space over C of V-valued functions. This is in particular the case if f
is of type o, and the general case can be subsumed into that one, at the cost
of changing V, as is easily seen.

5.2. The universal enveloping algebra Ql(g) of g is identified in the cus-
tomary manner with the algebra of right invariant differential operators on
H. In particular, if X € g and f is a differentiable V-valued function, then

X7(0) = (L fe*-0)|

The center Z(g) of €U(g) is then identified with the algebra of left and right
invariant differential operators on H. A smooth function (or a distribution)
is called Z(g)-finite if it is annihilated by an ideal €U of finite codimension of
Z(g). If U has codimension one, such a function is an eigenfunction of Z(g),
which is our main case of interest. It is known that if f is Z(g)-finite, and is
K-finite on the right (resp. left), then it is annihilated by an elliptic right
(resp. left) invariant, hence analytic, differential operator, and is consequent-
ly necessarily analytic. However, since analyticity is obvious for the func-
tions to be considered later, we omit the proof. The convergence proofs for
the Poincaré series could be based on that fact (and indeed are in [35, Exp.
10]). Here, we shall use instead the following result (in which, in fact, the
assumptions on H may be slightly relaxed) of Harish-Chandra [23, Th. 1].

5.3. LEMMA. Let U be a meighborhood of the identity in H. Let
f:H—V be a C=-function which is of finite type on the right (resp. left)
with respect to K, and is Z(g)-finite. Then there exists ac C2(U) such that
ak-g-k™) = a(9) (9 H, ke K) and that f = fxa (resp. f = axf).

As is usual, C7 refers to C=-functions with compact support, and = stands
for the convolution. Thus in particular

fra@ = | fla-ny-amn = | f0)-at-gan,

t=0

where dh is a Haar measure on H, chosen once and for all.

5.4. THEOREM. Let I be a discrete subgroup of H. Let f: H—V be a
Sfumnction which belongs to L'(H) @ V, is Z(g)-finite, and is of finite type on
the right, with respect to K. Then the series

pA9) =20 @), pual®) = 2 I F I,
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are absolutely and uniformly convergent on compact subsets, and are bounded
on H.

It is enough to prove this for p,;. Since I' is discrete, we may find a
symmetric compact neighborhood U of ¢ such that U*NT = {¢}. By 5.3,
there exists « € C2(U) such that

flg-v) = Snf(g-v-h‘l)-a(h)dh; (9e H,vel)

this can also be written
flg-n) = | flg-h-ath-)dh .

Let M be the maximum of |« | on H. Since « has its support in U= U™, we
have then

(1) Iftg-n |l =3 Ilfg-h)|-dh .

But U-vyNU-¥Y = @ if v # v/, hence

2es IflgM) Il = MSHHf(g-h"l) ldh = M-[| ]z,

which proves that p,;, is bounded on H.
Let now C be a compact subset of H. Given ¢ > 0, there exists a compact
subset D of H such that

(2) SH_DHf(h)Hdhés.

The inequality (1) can also be written
(3) Ifg-n) |l = M| |17@w)]|ldh.
Let 4 be the set of elements vyeTI' for which C.-v-UN D =# @, it is finite,

Given ge C, the translates g-v-U(veT, v¢+r) are pairwise disjoint subsets
of H — D, hence

ey g0 = M- |1 fR) || dh = M-e (9eC),

from which the uniform convergence of p, s, on C follows.

5.5. REMARKS. (1) The above proof is due to Harish-Chandra. Our
original argument was longer, and was a variation on one of Godement’s
[35, Exp. 10].

(2) If fis of finite type on the left, and satisfies the other assumptions
of the theorem, then a similar argument, or the one of Godement, shows
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readily that p, is absolutely and uniformly convergent on compact sets. How-
ever, it does not seem necessarily true then that p, is bounded.

5.6. The series p;, where f satisfies the assumptions of 5.4, will be called
a Poincaré series. Our next aim is to show that the usual Poincaré series on
bounded symmetric domains are associated in a simple way to Poincaré series
in the above sense.

Up to the end of this section, we assume that X = K\H is a bounded
symmetric domain, let H = G}, and use the notation of §1. Let, further,

M@, g) = (e'*-g), € Kc , (9eH,zeD)

be the canonical automorphy factor of the bounded realization D of X (1.8),
and let

where o also denotes the natural extension to K¢ of p. Since p(x, k) = k
(k€ K), we have in particular,

(2) (0, k) = o(k) (ke K).
To a function F: D — V|, we associate f: H— V by

(3) f9) = 10, 9)-F (L(9)) (9e H) .
From (2), and the cocycle identity (1.8), it follows that

(4) Sk-g) = p(k)-f(g) (ke K,geH).

It is easily seen that F'+— fis in fact a bijection of the set of V-valued funec-
tions on D onto the set of V-valued functions on H which satisfy (4).

5.7. LEMMA. We keep the notation of 5.6. Then

(a) the function F on D is holomorphic if and only if Y-f = 0 for all
Yep;

(b) Let f: H—V be a function which satisfies 5.6 (4) and Y-f = 0,
(Yeyp). Then fis 2(9)-finite.

The second assertion is proved in [35, Exp. 10, pp. 6-8]. As a matter of
fact, it is only explicitly stated there that f is an eigenfunction of Z(g) if o is
irreducible, but the proof also yields (b).

Part (a) is also known, and mentioned in [35, Exp. 10, p. 6]. For the sake
of completeness, we indicate a proof. If we view g as a Lie algebra of dif-
ferential operators on D, via the action of G%, then the elements of p~ are
the linear combinations with constant coefficients of the partial derivatives
0/0Z;, where the z; are coordinates in p*, Therefore it is enough to show

(1) Yf(g) = tt(0, 9)- YF(C(9)) (Yep;9eH).
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Let first Y e gg. We may write

(2) Y=Y +Y, +7Y, (Yieps; Yoeto)
where, obviously
d
3 — (& (o7
(3) ¥, = (&),
We have

t=0

Yf(e) = d% (40, %)+ Flo-e™) | _,

hence, using (3), and denoting by dp: gc — gl(V') the differential of p,

(4) Yf(e) = do(Y,)-F (o) + Y-F (o) .

By linearity this formula extends to all Yeg. If Yep™, then Y, = 0, and (4)
yields (1) for g = e. Now the correspondence 5.6 (3) associates to the right
translate f’ = r,-f(g € H) the function F”’ given by F'(x) = p(x, 9)-F(x-g).
Since /¢, is holomorphic in x, we have YF’(0) = #,(0,9)+ YF(0-g); on the other
hand Y(r,f)(e) = Yf(g), hence (4), applied to f’ and F", yields (1).

5.8. LEMMA. Let J(x, g) be the functional determinant function in the
bounded realization of X. Then g— J(o, 9)* is in L'(H) for every integer
a =2,

We know that J(x, k) = det Ady+ k" is a scalar independent of x, of
modulus one (ke K). By the cocycle formula, g+— |J(o, g) |* is therefore left
and right invariant under K, and in particular may be viewed as a function
on D, We have

[, 1960, 0)17dg = | |Jo, ) " dz,
éR D

where dx is a suitable invariant volume element. Up to a positive factor,
de = |J0,2) | w,

where o is the euclidean volume element in p*. The domain of integration
being bounded, it is then enough to show that |J(o, «) | is bounded on D. Since
Gr = K-A-K, it suffices to check this on o- A, where it follows from 1.12.

5.9. Let X = X, x --- x X, be the decomposition of X into irreducible
bounded symmetric domains. The X,’s correspond canonically to the almost
simple, non-compact, almost direct factors of the derived group of Gg, and
are therefore stable under Gg. Each g € G% induces a complex analytic homeo-
morphism g; of X; such that

(@1, + ooy )9 = (XyoGsy ==+, Ty*Gy) (€ X5) .
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Letting J; be the functional determinant function in the canonical bounded
realization D; of X;, we have

J(@, 9) = IL Ji(@;, ;)
If a=(a, -, a,) is a sequence of integers, define J* by
J(z, 9)* = Hi Ji(w;, g:)% .

Let T" be a discrete subgroup of H. Let ¢: D — V be a polynomial mapping.
Put

(1) P(x) = P(®) = 30 . J(@, V) p(x-7) .

Up to the fact that (for later use) we allow a multi-exponent a, this is just a
Poincaré series in the usual sense. If it converges, it represents an automor-
phic form of weight a, i.e., it verifies

(2) P(x) = J(x, v)*- P(x-7) (xe X;velD),

as follows from the cocycle formula. To ¢ we associate, as in 5.6, the function
f+ H—V defined by

flg) = J(o, 9)*-#(L(9)) (9eH).
Then by the cocycle formula, we have formally
(3) pA9) = 25 o flg-7) = (o, 9)*- P(L(9)) -
As before, let
(4) pun9) = 22 o 1F @Il -

5.10. THEOREM. Assumea; =2 (¢t =1, ---,q). Then the series p; is a
Poincaré series in the sense of 5.6. Consequently P,, p; and p, converge
absolutely and uniformly on compact sets, and p,y, is bounded on H.

By 5.6 (4), f is of finite type on the left. Together with 5.7, this shows
that f is 2Z(g)-finite. Since @ is a polynomial mapping on D, it is bounded;
hence, fisin L'(H) ® V by 5.8. We have

J(0, 9-k) = J(o, 9)- I],-(det Ad k") (k= (ki +++, k), kie K) .

On the other hand, since k acts on D by means of a linear transformation,
namely Adp- k7', it transforms ¢ into a polynomial mapping of the same
degree, hence the set of transforms of @ under K is contained in a finite
dimensional vector space. It follows then that f is K-finite on the right, too.
It satisfies therefore all the assumptions of 5.4.

5.11. We conclude this paragraph with some remarks to be used in § 10, in
the application of our main embedding theorem. Let v be the one-dimensional
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representation k+— det Ady+ k= of K¢. Then, in the notation of 5.6, the auto-
morphy factor y, is just the functional determinant J in the bounded realiza-
tion of X. Letting o(m) (m € Z) stand for the tensor product p ® v™, we have

(1) Lo, 9) = (@, 9)"- 12, 9) , (reX,geH).
For a linear transformation A of a finite dimensional Hilbert space we let
|| A|]* = Tr (A*- A), where A* is the adjoint of A. We claim that, given p,
there exists m, such that the function B: g — || ttom)(0, 9) || belongs to L'(H)
for all m = m,.

Proor. We have

(2) 1o, k-g-k') = k- (o0, g)- K’ (9eH, k,K'e KN H),
so that B is right and left invariant under K. Clearly, oy = J "™ Lotm),

(n, m € Z); therefore, as in 5.8, it is enough to show that 8 is bounded on A
for m big enough. For ac A, we have

(o, @) = @,

3
(3) = ]I, exp (log cosh v;- H;) , (@ =exp (X, + -+ +7.X)),

as was recalled in 1.12. The transformations po(m)(a,) are simultaneously di-
agonalizable, and their eigenvalues are of the form aj, where ¢ runs through
the weights of o(m). These are the sums m-v + \, where )\ runs through the
weights of p. From 1.10, applied to each irreducible factor of X, we see that
Y(H;) < 0 for all 7. Consequently, there exists m, such that 6(H;) < 0 for all
4 and all weights 6 of o(m) if m = m, By (3), 8 is then bounded on A.

Asin 5.10, it follows that if @: X — V is a polynomial mapping, the series

E‘yer‘ J(.'X), ’Y)W'#P(xy g) ‘@(x'7) ’
is a Poincaré series for m = m,, and any discrete subgroup I' of H, to which
the conclusion of 5.10 applies.

6. Poincare-Eisenstein series

6.1. In this section, G is a connected semi-simple Q-group, H a subgroup
of finite index of Gg, K a maximal compact subgroup of H, V a finite dimen-
sional complex Hilbert space, P a parabolic Q-subgroup of G, and X, p+
det Ad, p (p € P) the determinant of Ad p in the Lie algebra of the unipotent
radical U = R,(P) of P.

Furthermore we assume P to be in the standard form (2.2). Thus P= oF,
where 6 C gA. Let 0’ = gA — 0. We have then (2.3):

XO = Eaeﬂ’ eada ’ (ea € Q, (" > 0) 9
where the d, are fundamental highest weights for P. For every set s =
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(Sa)aco- 0f complex numbers, we let A(p, s) be the complex valued function
on Py defined by

(1) A(p, 8) = [l.eo | da(p) 7= .
Let f: H— V be a continuous function which satisfies
(2) flg-p) = fl9)-A(p, s) (9eH,pe PN H).

Let T" be an arithmetic subgroup of G, contained in H, and I'., a subgroup of
finite index of I' N P. The series

(3) EA9) = 2 eryr flg-7) (9e H)

is called an FEisenstein series. It follows from a theorem of Godement
(unpublished; for a sketch of the proof, see [12]) that this series converges
absolutely and uniformly on compact sets if

(4) R8s, > e, (act’).

We note that since a rational character, defined over Q, takes only the
values +1 on an arithmetic subgroup, (2) implies that f is right invariant
under I'.., so that the summation in (3) makes sense, and E; is right invariant
under I'. We shall need the following generalization of this result.

6.2, THEOREM. We keep the notation of 6.1. Let f': H—V be a con-
tinuous function which is right invariant under T, and such that

m(9) = sup, || f'(g-p) [|-| A(p, s) [ (pe PN H)

18 finite for every g € H, and is bounded on compact sets. If s verifies 6.1(4),
then

(1) E;, = Eyer/rwf'(x")’) )

converges absolutely and uniformly on compact sets.

We only show how this reduces to the Godement theorem. Replacing f”’
by ||f'|l we may assume the s, to be real, and f’ to be a real-valued positive
function. Let f” be a strictly positive continuous function on H such that

F"(g-p) = f"(9)-Alp, s) (9eH,pe PrNH).
Such functions obviously exist; we may for instance simply put f”(k-p) =
A(p, s). Since A is trivial on PN K, this is legitimate, and defines the re-
quired function on H = K-(PN H). Writingg = k-p (ke K,pe PN H), we
have

1@ (f"(@)™ = f'(k-p)-Alp, 8)7*-f" (k)™ .

f" has a strictly positive minimum on K, and f’(k-p)A(p, s)~* remains bounded
when k runs through K and p through PN H by assumption. There exists
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therefore a strictly positive constant ¢ such that

f'(@) =c-f"(9) (9eH),
whence the reduction to the case of 6.1,
We now introduce a generalization of Eisenstein series and Poincaré
series, to be called Poincaré-Eisenstein series.

6.3. Let B be a normal connected Q-subgroup of P which contains the
split radical S-U of P, and let C = P/B. This is a reductive connected Q-
group which has no non-trivial rational character defined over Q. The natural
projection maps H N P and Py onto subgroups of finite index of Cr. Further-
more, if /1 H — V verifies
(1) [ f(h-e) |l = Ilf(R)-Ale, 8) ], (he Hy,ce Bg N H),
then the restriction of || f-A( ,s)™'|| to H N P is right invariant under B N H,
and may be identified with a function on the open subgroup (H N P)/(H N B) =
C, of Cg.

Let now I' and I'., be as in 6.1, and I'; = I'., N B. We define the Poincaré-
Eisenstein series E; by:

(2) Eih) =3 erm, [ () (heH).
6.4. THEOREM. We keep the notation of 6.3, and assume that Cy has a
compact center. Let f: H—V and f': C, — V be continuous functions which

verify

(i) ||f(k-h-b)|| = || f(h)||-A(b,s) (ke K,he Hbe BN H), where s =(s,)
s real, and

(ii) the function f’ belongs to L'(C) @V, is Z(c)-finite (cf. 5.1), is of
finite type on the right with respect to some maximal compact subgroup,
and 1s equal in norm to f-A( , s)7".

Then, if s satisfies 6.1 (4), the series 6.3 (2) converges absolutely and
uniformly on compact sets,

ProOOF. Note first that

(1) [ f(h-b-p) || = [|f(h-p) |- A(b, 5) (he H,be BNH,pe PN H).
In fact, we have b-p = p-b’ (b’ = p~'-b-p), hence

f(R-b-p) || = |If(h-p-0) || = |[f(R-p)[[- A, 5) .
But A(b, s) = A(b, s) since P acts trivially by inner automorphisms on its

character group, whence (1). The function A, being equal to one on I',, and
I, being normal in I'.,, this implies in particular

(2) f(h-t-0) = f(h-0) (heH,zely,,o€el.).
Let
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pe(h) = Eaerw/rof(h'o') ’
pusu(h) = Eoe[‘m/[‘o |f(h-0)l| (he H) .

Write » = k,-p,, where k, € K and p, € P are determined up to an element of
KN P. In view of (i), (ii), we have, = denoting the projection H N P— C,,

(3)

(4) Dl -p)-Alp, 8)™ = A(ps, 3)‘p||f'u(7f(ph'p)) )
where
(5) pnf'n(ﬂ'(Q)) = Eger‘wlro Hf'(ﬂ(Q‘O')) H (¢ge PN H).

By (ii) and 5.4, the series in (5) is uniformly bounded; therefore, the left hand
side of (4) is bounded when p varies in PN H and p, runs over a compact set.
Moreover, (2) and (3) show that p, is right invariant under I'... We may write

(6) Ef = Z:-yer/rm pf(h"f)/) ’
(7) B = Eyer/rw Dus(h-)

so that the theorem now follows from 6.2,

7. Poincare-Eisenstein series on bounded symmetric domains

In this section, G is a simple, connected Q-group satisfying the assump-
tions of 3.3 (ii); the notation of 3.3 is used,

7.1. Let = Fy (1 £ b = s) be a standard rational boundary component,
0p: X — I the canonical projection. The group N(F')¢ is defined over Q, and
has a connected normal Q-subgroup B, containing the split radical Sy- U, of
N(F')¢, such that By, c Z(F') and Z(F')/By is compact (3.6, 3.7).

Let J; or Jy, or simply J, be the functional determinant in the unbounded
realization S, associated to F', and ¢ a polynomial on F, in the coordinates of
the canonical bounded realization of F. Let I' be an arithmetic subgroup of
G, contained in G§,I'. = N(F)NT, and T',= B3N T; let | be a positive
integer. We shall consider the series

( 1 ) E(x) = Etp,lyl‘(x) - E‘YGF/FO (,D(O‘b(x',Y)) 'JF(xy '7)Z (x € X) .
For this to make good sense, each term of the right hand side should be

right invariant under I';, More generally, we wish to know that

(2)  plo(@-g-N)-Te(®, g-N)' = p(on(2-9)) - To(@, 9)' (g€ Gy, we X, NeT,).

Since By C Z(F') acts trivially on F', the invariance of the first factor is
clear. For the second one, it is enough that [ be a multiple of the integer d
of 3.14, as we shall assume.
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In what follows, £ may be supplied with a subscript consisting of any
subset of {p, [, I'} sufficient to characterize it in a given context. It will be
called a Poincaré-Eisenstein series (P-E series for short) adapted to F. More
generally, for any g€ Gq, we shall also consider the transform Eog of E by
g, defined by

(3) Eog(x) = Jp(z, g7) - E(2z-97) (xe X).
By the cocycle identity:
(4) Eog(x) = E'yer/ro @(ob(x-g_‘-')’))-JF(x, gt

We shall see shortly that this series converges absolutely for suitable [. It
represents then an automorphic form of weight ! for the group I'? = g=*-I"- g.

7.2. THEOREM. There exists a positive integer l, such that, if 1 is a
positive multiple of l,, then the series E,,rog converges absolutely and
uniformly on compact sets.

It suffices to prove this for E.
The group N(F') is the standard parabolic group P, where 6 = A — {5,},
in the notation of 2.2. Therefore the set 8’ = gA — 6 reduces to {5,}, and

1(p) = det Ad, p(p € N(F')c) may be taken as the fundamental highest weight
relative to Q (2.3). By 3.12 (1), we have then

(1) | Te(x, 9) | = | delon(®), 9) |- Alg, 1) , (9 € N(F))
where A(g, ;) = XAb(g9)~".

We claim that 7.2 holds if we take for [, the smallest positive integer [
verifying 7.1 (2) and:

(2) LemeZ, Loy >1:  loQupe =2 (ce3).
Let f be the complex valued function on G% defined by
(3) F(9) = p(ou(C(9))) - Ix(0, 9)' .

Since the maximal compact subgroup K leaves o fixed, and |J(0, k) | = 1, if
ke K, we have

(4) | f(k-g9)| = 1S(9)] (ke KNGy, geG) .
The cocycle formula and 3.11 imply
(5) | f(g-0)| = [f(9)]-A, l-n), (g€ Gy, be Bg N Gg) .

From (1), we get

(6)  1f(9)]-Alg, t-m)™ = | @(0n-L(9) | ] Gx(on, 9) " (9e N(F) N G) .

Taking (4), (5) and 5.7, 5.8 into account, we see that all conditions of 6.4
are fulfilled by | f|, if [ is a positive multiple of [,; therefore
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(7) Eqg) = Eyer[rof(g"Y) ’ (ge G%t)
converges absolutely and uniformly on compact subsets. Since
(8) E,(0-9) = J(o, 9)"" - Ef(g) , (9€Gr)

by the cocycle identity, the theorem is proved.
Asin 6.4, we may write & in the form

(9) E(o-9) = J(0, 9)™" 30 crpe 229+ 7)
where

(10) s = Exerw/ro flgn) = Exerwlro ¢(0b°C(g'7V))'JF(01 g-nt.

The argument used in proving 6.4 shows that

[f(g-b-p)| = |f(g-D) | A(b, L-m,) (9€ Gk, be BN Gy, pe N(F)) ;
therefore, if we put again
(11) Pusi = E,\erw/ro [flg-M1,
we have
(12) Dus(k-g+b) = pysu(9) - A(b, L-n,) (9eGr,beGr N B, ke K) .

As was proved in 6.4, p,s(9-2)A(p, l-n,)"" is bounded when ¢ varies in a com-
pact set of G} and p in PN G%.
We henceforth assume [ to be divisible by the integer I, defined above.

7.3. From the geometric point of view, an automorphic form w on X of
weight [ for I' is a holomorphic cross section, invariant under T", of the com-
plex line bundle (A"7)™ (n = dim¢ X), where A"z is the n™ exterior power of
the tangent bundle 7 to X. If X is realized as a domain in C*, then 7 is
canonically trivialized, and  is represented by a holomorphic function @’ on
X which verifies

(1) o'(x) = j(@, Mo (@7) , (e X,vel)

where j is the functional determinant in the coordinates of the ambient vector
space.

By a slight abuse of language, we shall say that w ¢s a P-E series adapted
to F}, if it is represented by such a series in the unbounded realization Sy as-
sociated to F' = F}. Let F'* = F. be another standard rational boundary
component, We let v = v,., = y.ov;*, where vi: D — S, (1 < ¢ = s) is the
canonical isomorphism (cf. §1). The P-E series K adapted to F' is then re-
presented on S;. by the function E* given by

(2) E*(v()) = j(z, )™ E(x) (xe Sy,
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where j(z, v) is the functional determinant of v at . In studying E*, and
more generally E*og (g€ Gg), we shall use the following notation, where
J, J, stand for J,, Jp.:

(3) a(s) = J(o,9)",

(4) a*(s) = Jx(o, 5)" ,

(5) B(s) = Dorer i, (b L(s-N)a(sN) (seGY) .
Thus, B is the function p, of 7.2 (10), and we have, by 7.1 (4) and 7.2 (9):
(6) (Eog)(0-5) = ()™ Xyerss., Bls-g7+7) (5, 0€Gh) .

More generally

(1) (E*eg)o, s)

= d~a*(8)7 ey, Bls=g7H) (s, 9€ Gi; d = j(o, v)") .
In fact, the obvious equality
(8) i@, v)-Ju(v(x), s) = J(x, s)-j(x-s, V), (se Gy, xeSy)
shows that
(9) d-a*(s) = a(s)-j(o-s, v)' .

On the other hand
(E*og)(o-s) = Jx(o-s,g7) - E*(0-5-97")
= Jx(0-s,97) - j(o-s-g7, ¥) "' E(0-s-97")
= Jx(0, 8)7"J (0, 8-97")"-J(o-s-97, v)"" - E(o-s-97") .
Together with (9), this gives
(E*og)(0-s) = a*(s)™-d"-a(s-g7")- E(o-s-g7") ,
so that (7) follows from (6), and from the definition 7.1 (3) of Eog.

7.4. LEMMA‘. We keep the notation of 1.3, fix b, b*, 1, put A = In,-Y, if
b=1, A, =ln Y- if b* =1, and A =0, A, = 0 otherwise. Let S;. = S* be
an F.-adapted truncated Siegel domain (4.12) in P}, For se &*, we write
s = a(s)-v(s) (a(s) € g4, v(s) € Vr). Then

(1) a*(s) < a*(a(s)) < a(s)™, (s€ &%)

(ii) a*(a(s))-a(s)* <1, (b* = b; se &%)

(iii) a*(a(s))-a(s)* < I1,cicy a(8)75F (b < b*; 1€ Z, 1, > 0, (b < 7 = b¥)),

By 3.12 (1), we have

[a*(s) | = | Gp(01:(04), Wpe(5)) [V | Lpe(8) [0
|a*(a(s)) | = | Jr(op(04), Tpe(als)) |- | pe(als)) |70 .

4 In this proof, s occurs in two capacities: as the Q-rank of G and as an element of
a truncated Siegel domain. We trust this will not cause any confusion.
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By the definition of a truncated Siegel domain, & ,.(&*) is a set of elements in
G(F'*) which bring the origin into a compact set, and so is relatively compact.
Since v(s) varies in a compact set, the set of elements @ ,.(v(s)) is then also
relatively compact. Thus the factors j,. in the two above equalities are
multiplicatively bounded on &*, Since y;+(s) = yp(a(s)) for any se N(F'*),
this proves the first assertion.

If b* = 0, then &* is compact, and the remaining assertions are obvious.
So we assume b* = 1.

As in 4,12, we may write, with reference to the index b, an element
acqA as a = a,-h-a,; the set of all a, (resp. 4, resp. a,) which occur in this
way form a subgroup A, (resp. H, resp. 4,) of qA, we have

H:QAb, A1‘H=Z(Fb)mQA’

1
(1) A =LEYNeA,  A=DZF)N A,

and the rational character A is trivial on A4,-A4,. We have 8; = (v: — 7:11)/2,
1=7v<s), and B, =, (resp. B, = 7,/2) in case C, (resp. BC,). It is clear
that any character y of A4 trivial on A,- A4, is of the form y =m(v,+ -+ + ;)
with some m e Q. In particular A = m,(v, + -+ + 7,), and m, > 0,if b = 1,
because the simple Q-roots appear with positive coefficients in det Ad, = ¥,
where u is the Lie algebra of U(F'). We want to prove that m, is inde-
pendent of b for b = 1. We have

(2) A=2m(B+ 2B+ -+ + 0B+ --- + B) + 1008,

where v = 1/2 (resp. 1) in case C, (resp. BC,). There is an analogous formula

for the restriction of A to each irreducible factor °G’ of G (notation of 3.3 (ii)).

Moreover (3.3 (ii)) the first simple a(k)-root of °G’ is the restriction of only one

simple R-root, with index ¢(1, o). Using the fact that A is diagonally em-

bedded in (R,;oS")r and applying 1.12 to G, = (°G")} for each o, we see that
m, = Z‘Ea mo,.-¢(1, o) ,

where m,,, is the positive integer associated to G, by 1.10, and denoted by m,
there. This expression is indeed independent of & = 1. From now on, we
write m for m,. From (1), we get

(3 ) aA = a2mans.H1§i§b a'gmmi'Hb<i<s aQMbﬁi (b g 11 m > 07 ac QA) .

The roots 5; (1 > b*) are multiplicatively bounded on a(s) (s € ©*). There-
fore if y = ¢,8, + -+- + ¢,8, (¢c; € Q) is a character on ¢4, we have

(4 ) a(s)x = H]gigb* a(s)%'ﬂi ’ (se 6*) .

In particular, taking (i) into account:
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(5) a*(a(s)) < IL,z;z0 als) "5 1=b*<s),
(6) a*(a(s)) < a=mps I a=mifi (se®*;b* =s).
These relations and (3) yield (ii) and

(7)  a*(a®)-a(s)* < II,<.cp- a(s) ™m0 | (se®*; b <b* <s).

(8)  ar(a(®)-a(s) < ame=e L, afs) "% (b <b* =3),
which proves (iii).

7.5. Our main aim in this section is to study the behavior of P-E series
near boundary components in X*. For this purpose, we need to construct a
function that will help us to majorize these series in a certain way and to
study them termwise,

Let p: G — GL(V) be an irreducible representation defined over Q, with
highest weight A = l-n,-),, where %, is as in 3.11, such that Vg contains an
element ¢, = 0 which spans a line stable under N(F})c, and on which the
latter group acts via its one dimensional representation A, This always exists
(2.3). We endow V with a hermitian structure such that K and S are repre-
sented by unitary and self-adjoint operators respectively, and such that e,
has norm one. The function we shall use is defined by

(1) c(9) = [ o(g9)-e ™ (9€Gr) .
Obviously
(2) c(k-g-p) = c(g)+| p™" | (pe N(F)) .

It is also clear that if % varies in a compact set C and ge Gg, then
c(9) < e(h-g). In particular, if & is a Siegel domain in the minimal standard
parabolic Q-group P, then, using 4.1, we see that

(3) c(a(s)-g) < c(s-9) , (se &, geGy)

where, as in 7.4, a(s) denotes the component in A of s. The main properties
of interest to us of the function ¢ are given by the following lemma:

7.6. LEMMA. We keep the notation of 7.4, 1.5, choose t > 0, and let a,
be the element of A on which all simple Q-roots B; take the value t. Then,

(i) a*-c(a-h) =< a}-c(ay,-h) (h e Gg; acqd,).

(il) limger_,a*-c(a-g) = 0if b* = band g ¢ N(F\.) - N(F}), (g € Gq,a € qA4,).

We refer to the situation in 7.5. Since ¢4 is represented by self-adjoint
operators in V, the space V is the direct sum of the mutually orthogonal
subspaces

V.={veV, p(a)-v=a*v, (acqd),
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corresponding to the different Q-weights ¢ of o. The space V, being one-
dimensional, spanned by the unit vector ¢,, we may write

o(h)-e, = d(h)-e, + 3 fu(h), (fu(h) € V,; d(h) e R; he Gg) ,
whence
e(h)™ = d(hy + 22, [ fum) II*
and
o(a-h)-e, = a*-d(h)-e, + EM a*-fu(h), (aeqd, heGy).
It is known [14, §12.14] that every Q-weight is of the form
p=A— Elgigs mi(2) - B (mt(ﬂ) eZ, mi(p) = 0) ;
hence
(1) a-0(a-h)-e, = d(h)-e, + EM (IL, a=mswPi). fu(h) (@€ qAheGr).
Using (1) and the definition (7.5) of ¢, we have
(2) le(@-h)-a* |7 = d(h) + 35 (II, a7 %) || fu(h) |I* .
Since the m;(¢) are = 0, we have
q2mitmBg g a(;ﬁm(w)ﬂi = ¢Eimilw) ,
for all ¢ and all ¢, whence (i).

Let P= M-S-U be the minimal standard parabolic Q-group (2.2) which
underlies the definition of the standard boundary components. As recalled in
2.2, the element g € Gq may be written as
(3) g:u'ny'u, (u’y u' e UQ;naeN(S)Q)s
where n, is uniquely determined by g. Let w, be the image of %, in the rela-
tive Weyl group o W(G) = N(S)/Z(S).

We havea-g = a-u-a™'-n,-n,*-a-n,-u', and consequently

c@a-g) =cla-u-a-n,)(n;*-a-n,)""*.
But (4.1), a-u-a™" remains in a relatively compact set, since a € ¢A,, and so

the first factor is multiplicatively bounded. Therefore, we are solely con-
cerned with the behavior of

at-(m;team,) ™t = at-ameN |

The transform v = w,(A) of A by w, is a weight of o, and therefore has the
form

v=A—3 m®)58;, (mi(v) = 0, m(v) e Z) .
Thus we are reduced to studying the product

H a™iv)Bi
; .
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Since a € qA,, each factor is bounded above. Let 6(v) = {5; | m;(v) > 0}. It
follows from [14, §12,16] that 6(v) U A is connected; by construction, A is
orthogonal to all simple Q-roots except B,. Now, if g¢ N(F}), then v = A;
therefore 4(v) is non-empty, and we must have m,(v) = 0. It follows that

lim,pe_, [T, @™ % = 0 (aeqd,),

which proves (ii) if * = b. Let now b* > b, and assume that the limit is not
zero. Then m,.(v) = 0, and 6(v) is contained in the set gA — {B,.} of Q-simple
roots of N(F.)e/U(Fy)c. Then, by [14, 12,17], there exist

n,€ N(S)q N N(Fy) n,€ N(S)q N N(Fy) ,
such that n, = n,-n,. Consequently
9=019:, G=umeNFy)q, ¢=mn-uecNUF),,
which completes the proof of (ii).

7.7. LEMMA. We keep the notation of 7.4, 7.5, Let g€ Gq.

(1) There exists a convergent series of positive constant terms which
majorizes termwise, in the truncated Siegel domain S*, the series (see
7.3 (7):

(E*og)(o-s) = 2 ey, ()7 B(s-g7"7) ;

(ii) &f b* = b and g¢ N(F\.):N(Fy), then limsw , a*(s)™-B(s-g) = 0,
(se &%),

(iil) ¢f b < b*, then lim,sw_, a*(s)™*:B(s+-g) = 0, (s € S*).

The function 8 is equal to p,, in the notation of 7.2(10), and is majorized
by pus. We have already remarked (7.2(12)) that

Pusu(le-p)-Alp, 7, 1)7 = pypi(h-p)+ | p7" |
is bounded when & varies in a compact set of Gy and pe PN Gk. Since
c(h-p) = c(h)-|p™*| by 7.5 (2), it follows then, as in 6.2, that p . -c™' is
bounded on G%. There exists then a constant ¢ > 0 such that

(1) [B(h)| = d-c(h), (heGy),
and therefore such that
(2) 03 err, @F(8) M ee(s he)

is a normal majorant of (E*oh)(s) for all s, h € Gy, which converges in view
of 6.1.

We have ¢(s-h) < ¢(a(s)-h) for s in a Siegel domain and % € G} by 7.5 (3),
and a*(a(s)) < a*(s) for se€ &*, (s = a(s)-v, a(s) € g4, v € V) by 7.4. Together
with (1), this yields
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(3) | a*(s)™+ B(s-h) | <-a*(a(s)) - c(a(s)- k) (se&*, heGh).
Using 7.4, we get
(4) |a*(s)™B(s-h) | < (ITiZs. a(s)'#) - (c(a(s)-k)-a(s)") ,

where the first factor on the right hand side stands for the constant one if
b* < b, and the I, are strictly positive integers if b* > b. Let, as in 7.6, a, be
the element of A on which the simple Q-roots take the value ¢. Since the
first factor on the right hand side of (4) is bounded on &*, Lemma 7.6 (i) and
(1) imply the existence of a constant ¢’ > 0 such that

c(h) = 0" -c(a,-h)-ap = |a*(s)™-B(s-h) | (se&*; he GY) .
As a consequence, E*og is majorized in &* by the series
2,

which converges, as was noted above (6.1 and 7.5 (2)), whence (i).
In view of (1), (2) it suffices to prove the statements (ii), (iii) with
a*(s)™*-B(s-g) replaced by
(IT:Z,., a'®)-c(a-g)-a (a€qd).
Let b* < b and g ¢ N(F}.)- N(F,). Then the first factor is one, and the
second one tends to zero as a®* — 0 by 7.6 (i), which proves (ii).

Let b* > b. Then [l,» > 0 by 7.4; hence, the first factor tends to zero.
The second one remains bounded by 7.6 (i), whence (iii).

7.8. THEOREM. Let E and E* be as in 7.1, 7.4, Let &', be a truncated
Siegel domain adapted to F'*; let € > 0 and g € Gq be given.
(i) Assume b < b*. Then there exists u, > 0 such that

|E*og(o-s)| < ¢ (s € S, als)® < uy) .
(ii) Assume b = b*. Then there exists u, > 0 such that
| E*og(o-s) — (0, ) Xy nimmimmnrie, €5 (8) 7 Bls g7 1) | <&
for all s e &. satisfying a(s)?P* < u,.

By 7.7 (i) the series E*og has a constant majorant series in &*, so that
we may investigate its behavior termwise; 7.7 (ii) and 7.7 (iii) allow us to do
this, with the theorem as an immediate consequence.

7.9. PROPOSITION., We keep the previous notation and assume b* < b.
Then the series

(1) E*og(o-s) = a*(s)_l'Evewzvm*mmmr)/r,,o B(s-g7"+) (g€ Gq)
18 an automorphic form on F'*, for the group

DF*) = (Z(F*) N g To)\(N(F*) N g Tg) ,
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lifted to X by means of the canomical projection op.: X — F'*, of type
(@, ).

Since b* < b we have a canonical factorization ¢ = 0y, = 700, Where
z: F'* — F is a holomorphic map. In fact ¢ may be identified with the ca-
nonical projection of F'* onto F, the latter being viewed as a standard
rational boundary component of F'*,

We show first that E*og is holomorphic, constant along the fibres of o.,.
By definition

E*og(o-s)
=a*(s)™ Z:verlr°° Exerw/ro ¢(0(0'S'g—l7'x)) -J(o, s-g7"-7-N)",

the range of v being as in (1). For fixed v, the product of the series on the
right hand side by a(s-g~*-v)™' is a Poincaré series for I'../T', on F', lifted to
X by o. It is therefore a fortior: lifted from a holomorphic function on F'*,
In order to finish the proof of our assertion, it suffices to show that

a*(s)tea(s-u-v) , (we N(F*),ve N(F))
is holomorphic, as a function of o-s € X, and constant along fibres of ¢,. The
equality 7.3 (8) yields

a*(s)yta(s-u-v) = J (0, s)""J(o, scu-v)
= j(oy U)l'j(O'S, D)_l'J(Os S)_l°J(01 S-?,{,-’U)l
=d-j(o-s, V)" J(0o-s, u-v)' .
The factors on the right hand side are of course holomorphic in o-s; by 3.3 (ii),

j(o-s, V)" is constant along the fibres of ¢,. By 1.7, Z(F'*)° is transitive along
the fibers of o,. In view of the cocycle identity, it suffices to prove

(2) J(x, u) = J(xz, u) (z€ Z(F*), we N(F*)) ,
(3) J(xu, v) = J(xzu, v) .
We have zu = uz’ (2 € Z(F'*)). Since b* < b, F C F, whence Z(F*)c Z(F),
so that (2) and (3) follow from 3.3 (ii).

Let now v,€ N(F'*) N g~*-I'-g. Thus v, = g~*+7"-g (v¥' €I, and it is clear

that the series on the right hand side of (1) remains unaltered if s is replaced
by s-v,. Moreover

a*(s-v) ™ = Jx(0,5:7) 7 = Jy(0,8)7 T (08, 70) 7" 5
hence,
E*og(0-5) = J (08, 7)) - E*og(0-s:7,) ,
which ends the proof of the proposition.
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8. The operator ¢

8.1. Up to 8.7, we keep the notation and assumptions of 3.3 (ii). As in
4,8, X* denotes the union of the rational boundary components of X, endowed
with the Satake topology. A good neighborhood of x € X* is one which verifies
4.9 (iv) and 4.10. We let F' denote a rational boundary component, and @&, be
the canonical epimorphism of N(F') onto G(F).

An automorphic form w of weight I, for the arithmetic group I', will be
said to be a P-E series adapted to F' if its transform wog under some element
g € Gq which carries F' onto the rational boundary component F}, is a P-E
series adapted to Fy, for I'?, (7.6).

8.2. The functional determinant Jy(x, g) (9 € N(F}), x € X) is by 3.3 (ii)
constant along the fibres of the projection ¢,: X — Fy. It defines therefore
an automorphy factor on F} for N(F}), hence an action of N(F}) on the trivial
line bundle F}, x C given by

(@, ¢)n = (x-n, Jp(z, n)-c) (xe Fy, ce C,me N(FY)) .

The N(Fy)-bundle thus defined will be denoted by &,. If F'= F}.g™" is
as above, the translation by g carries &, over onto an N(F')-bundle denoted
by &z. The isomorphism class of &,, viewed as an N(F')-bundle, depends only
on F.

Let A be a discrete subgroup of N(F') whose image A’ under o, is dis-
crete, and ! an integer. An automorphic form w for A’, of type &%, is a A’-
invariant holomorphic cross section of &,.. The transform wog is then an
automorphic form of type & for wy,(A?). It is therefore represented in the
canonical bounded realization of F, by a function f which satisfies

(1) fz-N) = Ju(x, M) fl@) , (v e Fy, M€ A?)
where, by abuse of notation, we write Jy(x, g) for Jy(«', g) if x € FY, 2’ € o' (2),
g € N(Fy).
Let ¢ < b and vy, .: S, — Sy, be the canonical isomorphism. We have

(2) 3@, Vb0 Jo(Vb.e(®), 9) = Je(@, 9)-5(2- g, Yb,c) (xeS., geGy) .
Let g€ N(F,). Then, using 1.11, we see that Jy(x, g) is constant along the
fibres of the projection a.: S, — F, and hence defines an automorphy factor
on F, and an action of N(F) on the trivial line bundle. However, (2) shows

that the automorphy factors given by Jy, and J, are equivalent, and hence the
N(F'.)-bundle just defined is isomorphie, as an N(F)-bundle, to &..

8.3. Let U be an open subset of X* which intersects F', and A a discrete
subgroup of N(F') leaving U invariant. Let @ be an automorphic form of
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weight | for A in U. Let g€ Gy be such that F'-g = F}, for some b. We say
that w extends to F'N U if wog is represented, in the unbounded realization
Sy, by a function f which extends by continuity to a holomorphic function f’
on (UN F)-g. The extension f’ clearly represents an automorphic form ¢ on
(UN F)-g of type &, for A?, or rather for the image wy(A?) of A? in G(F}).
Its transform @’ under g~ is then an automorphic form of type &% for w (A),
to be called sometimes the extension of @. This form depends only on @ and
F. In factif F-¢g' = Fy,(¢' € Gy), then g’ = g-n (n € N(F}),); hence, wo g’ is re-
presented by f*(x) = f(z, n™")-J(x,n™*)". The function f* extends by continuity
to f* = 2 f'(x, n ") Jp(x, 27')", which represents g on. Its transform under
9''is then again @’ (cf. Remark of 1.7).

Let d = b, and f, be the function which represents w o g in the unbounded
realisation S, associated to Fy. Then w extends to F'N U (where still F-g =
Fy) if and only if f, extends by continuity to a holomorphic function f; on
(UN F)-g. This follows from the equality f, = f-J( , vq)" and the con-
stancy of J( ,vqsp) along the fibres of g,. Thus, in order to check that w
extends to U N F, we may use any unbounded realization Syq (d = b). Fur-
thermore, the last remark of 8.2 implies easily that @’ og is represented by
f4in the trivialization of &, which is given by J,.

8.4. Local integral automorphic forms. Let I' be an arithmetic sub-
group of G, and x € X*, We suppose « € F. An automorphic form w of weight
I for ', on X N N(x), where N(x) is a good neighborhood of x, is integral if
it extends to an automorphic form for w (N(F') N I') on F’ N N(x) for every
rational boundary component F’ which meets N(x).

If ye N(x), then 'y, I, by 4.9; therefore, the restriction to a good
neighborhood N(y) < N(x) of y of an integral automorphic form on N(z) is
an integral automorphic form, whose extension to N(y) N F” is the restriction
of the extension of w to F’ N N(x).

The form  is integral on N(x) if and only if for every g€ Gy such that
F.g = Fy, the transform wog is represented in S, by a function which ex-
tends by continuity to a holomorphic function on F, N N(x) for all ¢ < b. In
fact, as before, this condition is insensitive to a change of g; moreover, by
3.9, if F' N N(») # ©, there exists ge Gy such that F'-g = F,, F-g = F},
(¢ =b).

From 3.9 we also deduce that w is integral if and only if for one ge G,
which maps F' onto F}, the transform wog extends by continuity to N(x)-g,
and is holomorphic on (F’' N N(x))-g for every rational boundary component
F,
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8.5. Integral automorphic forms. The operator ®. An automorphic
form @ on X of weight [, for I, is integral if its restriction to X N N(x) is
integral for every x€ X* and every good neighborhood N(x) of x. This is
the case if and only if for every F' and g € G such that F'-g = F} is standard,
the transform wo g is represented on S, by a function which extends by con-
tinuity to a holomorphic function on F}. Then this function also extends by
continuity to a holomorphic function on F, for every ¢ < b.

Let w be integral. It then has an extension to any rational boundary
component F', which is an automorphic form for I'(F') of type &%, and which
will often be denoted by ®,w. The operator @ is, by definition, the operator
which associates to @ the collection of automorphic forms ®,w. The defi-
nition of the extension of w given in 8.3 implies that for any rational
boundary component F and g € G:

(1) (Pry—1@)og = Py(woyg) .

8.6. THEOREM. Let K be a P-E series adapted to the rational boundary
component F, for the arithmetic group I, of weight |. Then E is an in-
tegral automorphic form. Let F'* be a rational boundary component. Then
.. E=04f dim F* =dim F and F* ¢ F-I'. The operator ®, maps the
module of P-E series adapted to F, of weight I, onto the module of Poincaré
series for I'(F'), of type &.

If the statement is true for E, F', T', then it is also true for Eog, F-.g,
and I (g€ G,). We may therefore, without loss of generality, assume that
F = F} is a standard rational boundary component,

In order to prove the first assertion, it is enough to show that, for any
xe X* and g € Gy such that x-ge F. (1 = ¢ = s), the transform Eog is repre-
sented on S, by a function which extends by continuity to a holomorphic
function around x-g on F..

Let E* be the function which represents E on S.. Then Eog is repre-
sented by the function defined by (E* o g)(x) = J(x, g7)' - E*(x-97"). Let &
be a Siegel domain in P such that F, N &, where & = 0-&’, contains z-¢ in
its interior. This is possible by 4.5. There exists a finite subset C of N(F\)q,
containing the identity, such that Q-T',.,, where Q = U,es S(u, V,)-a, runs
through a fundamental set of neighborhoods of ¢ in X* when % — 0 and V,
runs through a fundamental set of neighborhoods of x-g-a" (see 4.13). We
have

(E*og)(s-h) = J (s, h)™ - (E*ogh™)(s) (se®(u,V,),heal’,,,acC).
The function J( , k) is constant along the fibres of o.: S, — F'. (3.3 (ii)), and
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is multiplicatively bounded on S(u, V,) by 4.16. Consequently, we are reduced
to showing that E*og-h~' extends by continuity to a holomorphic function
on the interior of S(u, V,) N F.. Since this series has a normal majorant in
S(u, V,) by 7.7, this follows from 7.8, 7.9.

In order to study the limit of E*og around z-g on F, it is enough to
consider its behavior on S(u, V'), where V is a neighborhood of xz-g. If ¢ > b,
i.e., if dim F'* < dim F', this limit is zero by 7.8 (i). Let now ¢ = b. Theorem
7.8 (ii) implies that the limit is zero unless ¢g-N(F}) N T # @, i.e., unless
Fy.g~tc F,-T'. Since

Dp (Eog) = (Ppy.—1E)og,
this ends the proof of the second assertion.

Let now g = e. Then 7.8 shows that the limit of £ on F), is the limit of
the ‘‘constant’’ term a(s)~'-b(s), which is by 7.9 the Poincaré series of type &i:

EAGFGO/FO @(ab(x')“))']b(xy )")l ’
(see 8.2). Furthermore, it is clear that every such Poincaré series can be
obtained in this way by suitable choice of ¢ in the definition of £.

8.7. The automorphy factor for N(F}) defined on F} by J, is equal in
absolute value to |jp(op(2), g) |9 (cf. 3.12). Therefore, (5.10), it satisfies the
condition imposed by H. Cartan [35 Exp. 10 bis; 19 p. 170] so that we may
apply Theorems 2, 3 of loc. cit. to the Poincaré series formed by means of J,,
on Fy,. Since every rational boundary component is the transform of some F,
by an element of G, this implies:

(1) Let F be a rational boundary component of X, a,, -+, a,, ¢ points of
F, no two of which are equivalent under I'(¥"), and ¢ a positive integer. Then
there is a positive integer I, with the property that, for any multiple [ of [,
there exist a Poincaré series P of type &, (see 8.2) which has pre-assigned
admissible (i.e., locally invariant, cf. [19, pp. 170-171]) Taylor developments
of order ¢ (in suitable local coordinates), at a,, « - -, a,.

This means in particular that, for suitable [, we may find P which is not
zero at a, and zero at a; (v = 2).

8.8. PROPOSITION. Let F, F"’ be two rational boundary components such
that dim F = dim F’, and that either F = F’ or FZ F'-T", Let xc F,ye F”’
be not equivalent under I'. There is an integer l,, such that if 1 is a multiple
of l,, there exists an integral automorphic form E which verifies @ E(x)+ 0,
@, E(y) = 0.

This follows from 8.6 and the result of Cartan mentioned in 8.7 (1).

8.9. We now want to extend 8.8 to the case where G is not necessarily
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Q-simple, and where I' is an arithmetic group of holomorphic automorphisms
of X. The notation of 3.3 (i) is used. In particular, X is the product of the
spaces X; = (K N G;g)\Gig, the space X* is the product of the X*, where G;
runs through the Q-simple factors of G, and I" is the product of the groups
I'; =T'NG%. We do not exclude the possibility that X;/I'; is compact for
some %, in which case X; = X*. Let pr;: X* — X* be the natural projection.
The notion of an integral automorphic form on X for I' is defined as in 8.5.
If E; is an integral automorphic form on X; for I';, of weight [, then the
product of the forms E;opr; is an integral automorphic form of weight [ on
X for IV. This shows first that 8.6, 8.8 are valid for I".

Let F', F’ be rational boundary components of X, such that F’ ¢ F'.T,
or F=F', dim F’' = dim F, and let xe€ F,ye F’, y¢ x-T'. Let I'(F'), be the
isotropy group of x in I'(F') = (N(F') N I)/(Z(F') N T'), where N(F') and Z(F')
are respectively the normalizer and the centralizer of F' in H(X). The orbit
of x under N(F') N I is the union of finitely many orbits of N(#') N I'. By
8.6, 8.8 for I, there exists I} such that for any multiple [ of I} we may find
a P-E series E’ adapted to F' of weight [ for I verifying

DE'(x) =0, O.E'(2)=0 @ex-'NFya’'¢x-I"NF),
O, E'(y)=0. (yey-I'NF').
Assume now that [ is also a multiple of the order of I'(¥"),, and put
E=3 e Eom.

Each summand on the right-hand side is an integral automorphic form of
weight [ for I', hence E is an integral automorphic form of weight [ for I'.
We claim that

(2) O E@) #0, P Ey) =0,

(1)

which will prove our contention, if we take for I, some multiple of I; and of
the order of I'(F'),. We have, for any rational boundary component F'*

(3) (Ppry—1E Yoy = Op(E'07) ,
(see 8.5). Let F' ¢ F-T" and F'* = F’, Then F*.y'¢ F.I", the left-hand
side of (3) is zero by 8.6, whence the second part of (2) if ' = F”’. Let now
F*=F=F' Ifve(NF)NT)-I', then F.v* ¢ F-I", the left-hand side of
(3) is zero by 8.6, whence

QFE(z) = EI"\{N(F)QF).[‘I (((DFE,)O,Y)(Z) (Ze F)

which implies ®,E(y) = 0 and, because of the conditions imposed in (1).

O E(r) = E(N(Flﬂl")\(N(F)ﬂF) Ir(w, ) PpE (7).
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If x.v¢ x-I", then the corresponding summand is zero by construction of E’,
There remains to consider those terms for which x.v€ x-I". In that case
vy (NF)NT)-I'(F),. Since we sum modulo N(F') N IV, we may assume that
ve I(F'),. Then j,(x,v)' = 1, since [ is a multiple of the order of I'(¥),, and
the corresponding summand is equal to ®,E’(x). As a result, ®,E(x) is a
non-zero multiple of ®,E’(x), which ends the proof.

8.10. Assume again for convenience, G to be Q-simple. An automorphic
form of weight [ is a cusp form if it belongs to the kernel of @,

It is known [35; Exp. 10, §4] that every cusp form whose weight is a
multiple of some suitable fixed integer [, is a linear combination of Poincaré
series; in particular, if X/T" is compact, every automorphic form of weight
ml, is a linear combination of Poincaré series. It follows therefore from 8.6,
by an obvious induction procedure on dim F, that there exists an integer I,
with the following property: every automorphic form for I', of weight [
divisible by I, is a linear combination of transforms under elements of G, of
P-E series for conjugates of I' under Gi,.

III. THE COMPACTIFICATION AS AN ANALYTIC SPACE

9. An analyticity criterion

9.1. In this section, V is a locally compact Hausdorff space, satisfying the
second axiom of countability, which is the union of a locally finite countable
family of disjoint subspaces V,, V,, ---, each of which is provided with the
structure of an irreducible normal analytic space.

An @-function on an open subset U of V is a complex valued continuous
function on U whose restriction to U N V; is analytic (0 =1 = m). If we
associate to U the C-module of @-functions defined on U, we get a presheaf
which is easily seen to be a sheaf, the sheaf @ of germs of @-functions. The
continuous sections of @ over an open subset U of V are the (@-functions
defined on U, We let @, be the stalk of Ratve V.,

9.2, THEOREM. We keep the notation of 9.1 and make the following
assumptions:

(1) For each positive integer d, the union Vi of the V.'s whose di-
mension 18 =d s closed, dimV,=dimV,dimV, <dimV, ¢f ¢ = 0 and V,
1s dense in V.,

(i) Each point v €V has a fundamental set of open neighborhoods
(U,) such that U, NV, is connected for every «.

(iii) The restrictions to V; of local Q-functions define the structural
sheaf of V..
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(iv) Each point v € V has a neighborhood U, whose points are separated
by the Q-functions defined on U.

Then (V,Q@) is an irreducible mormal analytic space and for each
d =dimV,, Vi, s an analytic subspace of (V, @) with dimension equal to
MaXgimy,<q (dim V7).

The proof of 9.2, will be broken up into several lemmas, and will be con-
cluded at the end of 9.7. We note first that, in view of (i), the subspace V; is
locally closed in Vi, (d = dim V), hence is locally closed in V.

We shall use the following remark on normal analytic spaces.

9.3. LEMMA. Let Y be a normal analytic space. Then the ring of
analytic functions on Y 1is integrally closed in the ring of complex-valued
continuous functions on Y.

Being normal, Y is the disjoint union of its irreducible components, which
are open in Y. We may therefore assume Y to be irreducible.

Let h be a continuous, complex-valued function on Y which satisfies a
relation
(1) RMY) + 2oz, @i(y)h"i(y) = 0 (yeY),
where the a; are analytic functions on Y.

Letac Y, O, be the local ring of Y at a, and K, be the field of quotients
of O,, Let P=P(T)=T"+ a,:T" "'+ +++- + a,€O,[T], where a; also de-
notes the germ defined at a by a;,. We assume a to be a regular point. Using
the Gauss factorization lemma, and (1), we can find a factor

Q=T"4+b-T""+ +-- +b"€0,|T]

of P which is irreducible in K, [T], and such that

(2) Qu(h(y)) = h™(y) + bi(y)-h"(y) + +++ + bu(y) = 0 (yel),
where U is a sufficiently small neighborhood of a. Here @, C[T'] denotes
the polynomial obtained from @ by replacing b; by b;(y), (y € U). By con-
sideration of the resultant of Q and dQ/dT, we see that the set of points
y € U, for which @, and d@Q,/dT have a common root, is a proper analytic
subset Z of U, If y ¢ Z, then the implicit function theorem and (2) show that
h is analytic around y. Hence, % is analytic at a set of points defined locally
as the complement of a proper, local analytic subset of U, It is then analytic
in U by Riemann’s extension theorem [1, 44.42, p. 420]. Since the set of
singular points of Y is a proper analytic subset, a further application of the
Riemann extension theorem shows that % is analytic on Y,

9.4. LEMMA. We keep the notation of 9.1 and assume (i), (ii) of 9.2.
Then @, is integrally closed for every ve V.
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Except for the use of 9.3, the proof is the same as that of the corre-
sponding assertion in [35, Exp. 11, p. 7], and we describe it briefly.

By (ii), v has a fundamental system of neighborhoods U such that U N V,
is an irreducible analytic space. Therefore, if f, g are @-functions on U whose
product is identically zero, then one of them must be identically zero on
U NV, hence on U by continuity. This shows that @, is integral.

Let now f, g € @, with g not identically zero and f/g in the integral closure
of @,. There exists then a relation of the form

(1) (f/g)n+Eo<1§naz'(f/g)n_z:0 (aie@v;i:01'°‘yn_1)'
If U is a sufficiently small neighborhood of v, then f, g may be viewed as

@-functions on U, and g is not identically zero on UN V,. Since UNV, is
normal, there exists then an analytic function 2 on U N V, such that

h(x)-g(x) = f(x) (xelUnVy).

As in [35, loc. cit.] it follows from (1) and (i) that # extends by continuity to
a continuous function on U, which will then verify

(2) h"(x) + qugn a(@)-h"(x) = 0,

for all x € U. By 9.3, the restriction of 2 to V; N U is then analytic; hence,
h is an (@-function on U, and f/g € Q,.

9.5. LEMMA. We keep the notation of 9.1 and the assumptions (i), (iv)
of 9.2. Let ve V, U’ be an open relatively compact nerghborhood of v whose
points are separated by A-functions, and U be a meighborhood of v whose
closure ts contained in U’'. Then there exist finitely many Q-functions on
U which separate the points of U.

Let fi, -« -, f, be a finite set of @-functions on U’. Define a holomorphic

map f: U’ — C* by f(u) = (fi(u), ---, f,(u)), and let

p=fxfiU x U —C xC,
Let A and D be the diagonals of U’ x U’ and C* x C* respectively. Clearly
@ (D) D A, and we have p~'(D) = A if and only if f is injective.

U’ x U’ is the disjoint union of the locally closed analytic spaces
U'nV,) x(U'NnV,;). Similarly (U’ x U’) — A is a disjoint union of locally
closed subspaces, each endowed with the structure of a separable normal
analytic space, namely the complements of the diagonal in the subspaces
(U'nvV,) x (U NV;). Therefore U’ x U’' — A may be written as disjoint
union of countably many subspaces M;, each of which is an irreducible
analytic space, locally analytically embedded in some V;. The restriction of
@ to M, is analytic, hence U N ¢~ (D) N M; is an analytic subspace. Let M,
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be its irreducible components, and let
8U(.fly Y fs) = man,k dim Mjk

Put o,(fi, -+, f,) = —1if all the M;, are empty, i.e., if f is injective on
U. It is clearly enough to show that if, d,(f;, - -+, f,) = 0, then there exists
an open neighborhood U"” of U, and finitely many @-functions f{, ---, f/ on
U" such that oy(f{, -+ -, f) < 0u(f, +++, fo).

Let us enumerate the M, as Y, Y,, ---, and let ¥, = (u;,,v;) € Y; (t =
1,2, ---). Then u; # v;, so there exists an @-function g; on U’ such that
g:(u;) # gi(v;) (¢ =1, --+). Define g} on U’ x U’ by g¥(=, y) = gix) — g:(¥).
We may, and shall, assume that |g;| =< 1/2 on U’, hence that |gf| =<1 on
U’ x U'. Let U” be an open neighborhood of U whose closure is contained
in U’. We claim that we may choose constants ¢; such that the sequence
Gy = Dz, CigF converges uniformly on U” x U” to a function g* such

that g*(u;, v;) #0 (¢t =1, 2, ---). In fact, supposing ¢, ---, ¢,,_; chosen in
such a way that g%, (u;, v;) # 0 for7 =1, --., m — 1, we select ¢,, verifying
the fellowing conditions

’cm’ é 4-m ) g(*m)(umy vm) 7 O ’

| Cnegm(Uiy ) | = 47" -Minigjcm | 95 (Wi, v3) | I=v<m).

Then the constants ¢; are easily proven to satisfy our condition. In this case,
g =Y ¢;-g; converges uniformly on U” and is an @-function on U” such
that g*(x, y) = g(x) — g(y), (x, y € U”). This implies that g(u;) — g(v;) =
g*(u;, v;) = 0 (¢t =1, --+), hence that

5U(f1y "'yfsyg) < 5U(f‘ly "'yfs) .

9.6. LEMMA. We keep the notation of 9.1 and the assumptions 9.2 (i),
9.2 (ii). Let U be a relatively compact open netghborhood of ve V, fi, «+-, f,
a finite set of Q-functions on U which separate the points of U, and
SFru—= (fuu), «--, fi(u)) the associated mapping of U into C°. Then there
exists a relatively compact netghborhood U’ of v in U such that f induces
a homeomorphism of U’ (resp. U' NV, 1 =0,1, ---) onto an analytic (resp.
locally analytic) set in some open domain N of C°, and that f(U’) is locally
analytically irreducible at each of its points.

Let U, be an open neighborhood of v such that U, is contained in U.
Since f is injective on U, there is an open neighborhood N of f(v) such that
AU, —U)N N is empty. Put U’ = f~(N) N U,. Let C be compact in N,
and C' = f(C)NU’. The set C’' is contained in f(C)N U, which is
compact. Let b belong to the closure of C’ in U,. Then f())e Cc N, so
beUNfC)cU’; thus be f(C)NU’'=C", so C' is compact. Conse-
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quently. f is proper on U’, and therefore is a homeomorphism of U’ onto
f(UYc N. Now,let V;,---,V, be those V; of smallest dimension d, which
meet U’. By 9.2(i), the intersection of each with U’ is closed in U’ and since
f is proper on U’ it follows that f(( Vi,n---nV;)n U’ is a closed analytic
subset of dimension d, of N. Assume now that for some integer d = d, we
have proved that S = f((Vis) N U’) is a closed analytic set in N of dimen-
sion < d. Let V; be of dimension d + 1. By [21, Ch. V, C5, p. 162] AV, N U")
is analytic of dimension d + 1 in N — S. Then, by a theorem of Remmert-
Stein [21, Ch. V, D5, p. 169] the closure of f(V,; N U) in N is an analytic set
in N. The fact that f(U’) is an analytic set now follows by induction on d.
Since f is bijective on U’ and since each of its coordinates is an (@-function, it
follows that for each x € U’, f induces an injection of the local ring of f(U’)
at f(x) into @,; the latter being an integral domain, we see that f(U’) is irre-
ducible at every point.

9.7. LEMMA. We keep the notation of 9.1 and the assumptions of 9.2.
Let U’ be as in 9.6, and put Y = f(U’). Let Y be the normalization of Y.
Then f induces an isomorphism of ringed spaces of (U’, @ |,.) onto Y.

Since Y is analytically irreducible (of dimension d = dim V,) at each
point, the canonical projection of ¥ onto Y is a homeomorphism, and we may
identify ¥ with Y, endowed with the structural sheaf O whose stalk at y is
the integral closure 0, of the local ring O, of Y at y. We have to prove that
f induces an isomorphism of @, onto Oy, for every u ¢ U’.

Let first g € O;.,. There is a neighborhood of f(u) in which ¢ defines a
continuous function which satisfies an integral dependence relation
(1) g"(@) + 2.2, (@) g" (@) = 0,
where the b; are analytic on Y around f(u). The function gof is then con-
tinuous around u, and satisfies there a relation similar to (1), with b; replaced
by a; = b;of. The a,’s are continuous around u. By 9.6, they are @-functions;
hence (9.3), the restriction of go f to V; around u is analytic. Therefore gof
is an (-function.

It is well-known [8, p. 179] that an analytic homeomorphism of one com-
plex manifold onto another is an isomorphism. Let a be an @-function at
ue U, le., ae@,, and let N be a neighborhood of f(u). If N is chosen small
enough, then aof~" is continuous in NNV and analytic on f(V,) N N (viewed as
a subset of Y), except possibly at the image points of the singularities of
V,. Hence [1, 44.42, p. 420], ao f~" is analytic on all of f(V,) N N. By 9.6,
(AU") — AU’ N V)N N is a proper analytic subset of ¥ N N. Hence, aof*
is analytic on ¥ N N, so that, finally, f* is an isomorphism of &, onto @,.



COMPACTIFICATION 519

By 9.5, each point v € V has a neighborhood U’ as in 9.6. Therefore,
the first assertion of the theorem follows from 9.7. The assertion about V
follows at once from the induction procedure indicated in 9.6.

9.8. COROLLARY. Let U be an open subset of V, and f a continuous func-
tion on U which ts analytic on Vo, N U. Then f is an @-function.

This follows from the theorem and the Riemann extension theorem.

10. Analytic structure and projective embeddings
of the compactification

10.1. We now revert to the set up of 3.3 (i). In particular, G is a con-
nected semi-simple Q-group, with center reduced to {¢}, whose symmetric space
X = K\Gy of non-compact type is a bounded domain and H(X) is the group of
all holomorphic automorphisms of X, in which G% is of finite index. Moreover,
X * is the union of the rational boundary components of X, endowed with the
Satake topology (4.8), I an arithmetic group of automorphisms of X, V* =
X*/T" the compactification of V = X/I" introduced in §4, and 7: X* — V* the
canonical projection. There are finitely many rational boundary components
F;(0=¢t=<m,F,=X) such that V* is the disjoint union of the quotients
V.= F,/I(F;). Since V,; = V;if i + j, we have F; & F;-T'(x # 7).

10.2. The group I'(F;) acts in a properly discontinuous fashion on F;
hence, V; is canonically endowed with the structure of an irreducible normal
analytic space [17]. We are thus in the situation of 9.1 and introduce the
sheaf @ of germs of @-functions on V*, An @-function on an open subset U
of V'* is a continuous complex-valued function whose restriction to V; N U is
analytic (0 < 7 < m).

Let xe€ X* and v = w(x). Let U be a good neighborhood of z in X*
(8.1). Then U’ = n(U) may be identified with U/T',, hence V; N U’ with
(F,;nU)/(T', N N(F;)). The definitions of the analytic structure on V; and of
@ imply that f: U’ — C is an @-function if and only if fox is a continuous
function on U, which is invariant under I',, and whose restriction to F N U
is analytic for every rational boundary component F., In particular, the
quotient w/w’ of two integral automorphic forms w, @’ for I', on U, of the
same weight, where @’ does not take the value zero in U, may be identified
with an @-function of U’.

10.3. Let ¢ be the index such that v € V,, The canonical projection
0;: X — F; (1.7, remark) induces an analytic map o; of (X NU)/, =V NU’
onto a neighborhood of v in V; N U’ = (U N F;)/T,. Let j be such that v ¢ V,,
and let w € V; N U’. There exists ye I' such that F;-vyN U # @ and F;-y > x.
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The canonical projection Or,.r,v induces a holomorphic map of
m(Fy N U) = (Fpy N U)/(N(F;-v) N L)
onto a neighborhood of v in V;. We have the factorization (1.7, remark)
Op, = Op,pyO0p .y
Let now f be a holomorphic function around » on V;. The above remarks
imply that foo%, extends by continuity to an @-function near » in V, whose

restriction to V; around v is equal to f, and whose restriction to V; near w,
lifted to F';-v, is equal to

foﬂanl-,Ff‘y .
10.4. THEOREM. We keep the assumptions and motation of 10.1, 10.2,

Then (V*, @) ts an irreducible normal analytic space, in which each V, s
embedded as a locally closed analytic space.

To prove the theorem, it is enough to check that the conditions (i) to (iv)
of 9.2, with V and V| replaced by V* and V respectively, hold true in the
present situation.

Conditions (i), (ii) and (iii) are consequences of 4.11, 4.15 and 10.3,
respectively.

It remains to check the separation of points by (@-functions. Let v € V;
and x ¢ F; be such that z(x) = v. By 8.8, 8.9 there exists an integral auto-
morphic form E, of some weight [, such that ®, E(x) # 0. Let U be a good
neighborhood of x in X*, on which the extension of E does not take the
value zero, and let U’ = n(U). Let »’,q’ € U’ and 7, k be the indices such
that p' € V;,q' e V,. Let pe F; N 77 (p’),qe F, N7 (¢"). Assume dim F; =
dim F,. Since, by construction we have either j =k, or F;Z F,-TI", there
exists (8.8, 8.9) a multiple I’ = l-m of [, and an integral automorphic form
E'’ of weight I’ for I, such that

O, E'(p) %0, @, E(q)=0.

The quotient E’'/E™ is then an @-function on U’ which separates p’ from ¢’.
Thus 9.2 (iv) also holds true in V'*,

10.5. COROLLARY. Assume that G has mo normal Q-subgroup of di-
menston 3. Let U be open in V*. Then every meromorphic function on
UNYV s the restriction of a meromorphic function on U, In particular,
the restriction to V yields an isomorphism of the field of meromorphic
functions on V* onto the field of meromorphic functions on V.

The assumption on G implies, by 3.15, that dim (V* — V) < dim V* — 2,
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Therefore 10.5 follows from 10.4 and a well-known extension theorem on
normal analytic spaces.

We recall the map f+ wof identifies the meromorphic functions on V
with the I'-invariant meromorphic functions on X, i.e., with the automorphic
functions for I'.

10.6. LEMMA. We keep the notation of 10.1, 10.2, There exist a weight
1l and finitely many integral automorphic forms K, ---, Ey of weight 1
such that the forms P -E; are nowhere simultaneously zero (0 = i =< m).

Given x € F;, there exists a weight [,, and an integral automorphic form
E, of weight [ such that @, E.(x) + 0, (8.8, 8.9). There is then a good neigh-
borhood N(x) of x such that the extension of E to N(x) is nowhere zero. By
compactness, V is covered by the images of finitely many such neighborhoods
N(x;). The lemma follows then by taking for [ the l.c.m. of the l,, and for
E;’s suitable powers of the E, .

10.7. Let E; (0 = j = N) be as in 10.6. If we trivialize the bundle &,
the forms ®; E; are identified with holomorphic functions which are nowhere
simultaneously zero; their values at x € F'; are the coordinates of a point in
C¥*t — 0. If we change the trivialization, these coordinates are all multiplied
by the same non-zero constant, hence define the same point in the associated
projective space P(N, C). Thus, to x € F there is associated a well-defined
point in P(N, C), whose homogeneous coordinates will be denoted by ®, E;(x).
Since the E; are automorphic forms of the same weight, two points 2 and
z-v(v € T") will have the same image in P(N, C), whence a map f: V* — P(N, C)
defined by

f(?f(x)) = ((pFiEO(x)’ ) ®F1EN(x)) (.’E € Fir 1= 09 Y m) .

Since the quotient of two integral automorphic forms is an @-function outside
the set of zeros of the denominator, f is a holomorphic mapping.

10.8. LEMMA. We keep the notation of 10.1, 10.2. There exist a weight
l and finitely many integral automorphic forms K, ---, Ey of weight | for
T, satisfying 10.5, such that the map f: V* — P(N, C) associated to the E;’s
18 a homeomorphism of V* onto f(V*).

The proof is essentially the same as in the symplectic case [2], and will
be described briefly. It is enough to show that for suitable E;’s the map f is
injective.

Let D and A be the diagonals in V* x V* and P(XN, C) X P(N, C) respec-
tively, and S = (f X f)™(A). Then S is an analytic subset of V* x V*
containing D, which is equal to D if and only if f is injective. Since, in
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a compact analytic space, a decreasing sequence of analytic subsets is sta-
tionary, it is enough to show that if S = D, then there exists a similar map
f. V¥ —>P(N’, C) associated to integral automorphic forms of some weight
" for which S’ = (f" x f)™(A) & S.

Let xe F;, ye F; (dim F; = dim F,), o’ = n(x), ¥y’ = 7(y), be such that
(«',y)eS—D. Then x¢y-I'; by 8.8, 8.9 there exists a multiple I’ of [ and an
integral automorphic form £ of weight ! such that ®, E(x) + 0, ©, jE(y) =0.
We then take as E}’s all the monomials of degree I'/l in the E,’s, and E. We
have S’ S, and (x, y) ¢ S’, hence S’ = S.

10.9. Let A(I') be the graded ring of automorphic forms of positive
weight for I' on X, It may be identified with the set of invariants of " in
aring B = Eigo B; of holomorphic functions, on which H(X) operates by

(fog™(@) = J(x, 9)'-f(x-g) (feBjxe X),
where J is the functional determinant in some realization of X as a domain
in euclidean space. Since X is connected, it follows that @(I') is integrally
closed [35, Exp. 17, No. 5]. We claim that the subring @'(T") of integral auto-
morphic forms is also integrally closed. Since Q(I) is, this amounts to show-
ing that, if & is an automorphic form of weight [ which verifies an integral
dependence relation
(1) h* + 3 iz, @) h*F =0,
where a; is an integral automorphic form of weight [-¢, then & is integral.
Let xe€ X* and U be a good neighborhood of x. We may identify & and the
a;’s with holomorphic functions on X N U. Moreover the a;’s extend by con-
tinuity to continuous functions whose restrictions to /' N U are holomorphic
for any rational boundary component F. The relation (1) and the condition
9.2 (ii) imply again, as in 9.4, that h extends by continuity to a continuous
function on U, If follows then from 9.3 that % is analytic on F N U for
every F'. Thus & is integral.

10.10. Let (E)),<;<y be a set of integral automorphic forms verifying
10.8, A be the subring of A’(I') generated by the E;’s, and A its integral
closure. The latter is a finitely generated algebra over C [15, Ch. 5, § 3, No. 2]
and is contained in A’(I") by 10.9. It is elementary that there exists an integer
d such that the subring A® of elements in A whose degree is a multiple of d
is generated by 4, [15, Ch. 3, §1, No. 3, Prop. 3]. Moreover, A is also in-
tegrally closed [15, Ch. 5, §1, No. 8, Cor. 3]. Therefore A is a normally
projective algebra over C, in the sense of [35, Exp. 17]. Let E; (0=t =< M) be
a basis of 4,. Then A% = C[T,, -+, Ty]/I, where I is the ideal of the rela-
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tions between the E;. The projective variety V(A®) c P(M, C) defined by I
is then normally projective. The map f: V* — P(M, C) associated to the E;’s
is well-defined, injective; its image is an analytic, hence algebraic, variety,
contained in V(A%), It is in fact equal to V(A?) since otherwise there would
exist a polynomial Pe C[T,, - - -, T, not contained in I, such that P(E,, - - -, E)
would be identically zero on X, in contradiction with the definition of I, Thus
£ is a bijective holomorphic map of V* onto V(A®@). Since both V* and V(A®@)
are normal analytic spaces, f is an isomorphism of analytic spaces. Thus we
have proved the following:

10.11. THEOREM. We keep the notation of 10.1, 10.2. There exist a
wetght 1 and finitely many integral automorphic forms E; of weight 1
whose extensions to X* are mowhere simultaneously zero, such that the
associated map f: V* — P(N, C) is an isomorphism of V* onto a normally
projective subvariety of P(N, C).

10.12. COROLLARY. Assume that G has mo mormal Q-subgroup of di-
mension 3. Then the field of automorphic functions for I is canonically
isomorphic with the field of rational functions on f(V*). In particular, it
1s an algebraic function field of tramscendence degree equal to dimc X.
Every automorphic function is the quotient of two integral automorphic
forms of the same weight.

This follows from 10.5, and from the fact that a meromorphic function
on a projective variety is rational by Chow’s theorem,

10.13. Let p: K°— GL(E) be a finite dimensional unitary representation
of K°. It defines on X a complex vector bundle &, the bundle associated by
0 to G%, viewed as principal K°-bundle by left translations. The total space
is therefore the quotient G} X o of Gy X E by the equivalence relation

(9,v) ~ (k-g, p(k)-v) (ke K', ge Gy, ve E).

It can also be written as P~ K2-Gg X p-. K%E, where p is extended in the
obvious fashion to a representation of P~-K¢ which is trivial on P~; hence,
it is a holomorphic vector bundle. An automorphic form of type &, is a I'-
invariant, holomorphic cross-section of &,. These forms correspond in a ca-
nonical fashion to the holomorphic V-valued functions on X which satisfy the
relation

A@-v) = polx, )7 f(@) (xe X,vel),
where /¢, is the automorphy factor introduced in 5.6, We let (I, be the sheaf

of germs of automorphic functions of type &,, for I' on X/I'. It is reflexive,
torsionless, and is known to be an analytic coherent sheaf [34, Exp. XX].
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REMARK. We have tacitly assumed that I' operates on &,. This is cer-
tainly the case if I' © G§. Otherwise we assume that p extends to a subgroup
K’ of finite index of K N H(X) such that I'c K’-G}. Replacing K° and K¢
by K’ and K/ respectively in the above construction, we see easily that the
action of G}, extends to one of K'G}.

10.14. THEOREM. Assume that G has no normal Q-subgroup of dimen-
ston 3, and let (@, be as tn 10.13. Then the direct image 1,Qa, in V* of the
sheaf of germs of automorphic forms of type &, is an algebraic coherent
sheaf. In particular, if U is an open subset of V*, every holomorphic
section of (4, over U NV extends to a holomorphic section over U. The space
of automorphic forms of type &, is canonically isomorphic to the space of
holomorphic cross-sections of 1,Q, over V*, and is finite dimensional. The
ring of automorphic forms of positive weight is finitely generated.

We identify V* with its image under the map of 10.11. Then the restric-
tion to V of the line bundle O of P(N, C) attached to the divisor of a hyper-
plane is the sheaf @, of germs of automorphic forms of weight d. We know
(5.11) that if m is large enough, the product J¢ ™., is an automorphy factor
which satisfies the condition allowing one to construct Poincaré series. There-
fore, Theorem 3 of [19] applies. It shows that given x € X/I', there exist
finitely many analytic cross-sections of the sheaf @, ® O* which generate the
fibre of (1, at . Since V* — V has codimension = 2 (3.15), Serre’s extension
theorem [36] applies, and yields the theorem, except for the last assertion.
We now know that A(I') = A’(I'). Let ! and E; be as in 10.11. The automor-
phic forms of weight m-l (m a positive integer) may be identified with the
holomorphic cross-sections of O™, They are therefore the polynomials of
degree m in the E.s. This means that the algebra A(I') is generated by
the E;’s. Each space A(T'); is finite dimensional. Therefore, in order to
establish the second assertion, it suffices to show the existence of an integer
n, such that
(1) AT) - AD)pin = AD)pinsr (n=mn,p=mn).
Since the sheaves involved extend to algebraic coherent sheaves on a projec-
tive variety, the proof of (1) given by Serre [34, XX, nos. 9, 10] when X/I" is
compact applies without change to our case.

A PPENDIX

11. Connected components of automorphism groups

In this section, we collect some partly known remarks on connected
components, whose use in the preceding sections has allowed for some slight
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technical simplification. X is a bounded symmetric domain, H(X) the group
of complex analytic homeomorphisms (i.e., of automorphisms) of X, and Is(X)
the group of isometries of X with respect to the riemannian structure defined
by the Bergman metric.

11.1. As is well-known, Is(X) and H(X) are semi-simple Lie groups,
with finitely many connected components, X is the quotient of Is(X) by a
maximal compact subgroup K, and Is(X)’ = H(X)° is a non-compact semi-
simple Lie group with center reduced to {¢}. Thus Is(X)’ = Adg where g is
the Lie algebra of Is(X). Furthermore, it is known that Is(X) = Autg.

Assume now X to be irreducible. Then its isometries are either holo-
morphic or anti-holomorphic, and H(X) has index two in Is(X). In fact,
let g =t + p be the Cartan decomposition of g associated to the Lie algebra f
of K. Then Is(X)=K-P (P=-exp)p) and H(X)= (KN H(X))-P. The
identity component S of the center of the identity component of K is one-
dimensional, and an automorphism Intk (k € K) is either the identity or the
inversion s+ s~' on S. On the other hand, the multiplication by /" —1 in the
tangent space X, of X at K is induced by Ads, where s, is an element of
order 4 in S. Therefore Int k(s,) is equal either to s, or to s;*. The trans-
formation k£ is holomorphic in the first case, anti-holomorphic in the second
one. In particular

(1) H(X)N K= Z8S),

and H(X) has index < 2 in Is (X). On the other hand, there is clearly a linear
orthogonal transformation A on X, which carries the given complex structure
onto its conjugate. By standard facts on simply connected riemannian sym-
metric spaces, A extends to an isometry of X, which is then anti-holomorphic,
hence Is (X) = H(X).

If X is the product of r irreducible components, it is clear that Is(X)
(resp. H(X)) is generated by products of isometries (resp. automorphisms) of
the different factors, and permutations of isomorphic factors.

These remarks have already been made by E. Cartan, who has also given
the structure of H(X) in all irreducible cases; it is connected, except in the
cases mentioned in 11.4, where H(X)® has index two in H(X), [16, p. 152].

11.2. PROPOSITION, Let D be the natural compactification of X (1.4).
The action of H(X) on X extends by continuity to a continuous action on D,
and the restriction of he H(X) to any boundary component is holomorphic.

It suffices to prove this for K N H(X) since H(X) is generated by this
group and by H(X)'. But, if ke KN H(X), then &k commutes with the ele-
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ment s, considered in 11.1, and the extension to p. of Ad,k leaves the two
subspaces p*, p~ stable; hence, the action of & on X extends to a linear trans-
formation of p*. Therefore k operates continuously on D. Furthermore, the
boundary components are open subsets of complex affine subspaces of p*; hence,
the restriction of & to such a component is holomorphic.

11.3. PROPOSITION. Let G be a connected simple algebraic group defined
over R such that the symmetric space of non-compact type X of Gr is a
bounded symmetric domain. Then H(X) N Gp = Gk. The group Ggi has
either one or two connected components.

Since G is simple, X is irreducible, and we may identify Gy with a sub-
group of Aut gg, namely Ad g, N Aut gz. We keep the notation of 11.1; in par-
ticular, K N Gy is a maximal compact subgroup of Gy, and G = (K N Gg)- P.

The second assertion follows from the first one and 11.1; in view of
11.1 (1), the first assertion is equivalent to: Gg N Z(S) is connected, which
we now prove,

Being the centralizer of a torus in G, the group Z(S). is connected, since
G is (cf. [9, §18]). It is defined over R, and its Lie algebra is f.. Therefore f
is a compact real form of ., and K° is the identity component of a maximal
compact subgroup L of Z(S).. Since Z(S), is connected, so must be L, whence
Z(S)N K= K",

11.4. REMARK. In the type IV, (IV refers to Siegel’s notation; it is III
in [16]) of bounded symmetric domains, G = PSO(n + 2, C) is the quotient of
the special orthogonal group in » + 2 variables by its center, G = PSO(n, 2),
and K N Gy is the group of elements of determinant one in O(n) x 0(2)
(divided by {1} if n is even). From this we see readily that

(@) if »is odd, G; = Is (X), G = H(X), and

(b) if n is even, Is(X)/Is(X)’ = Z, + Z,, G,/G} = Z,, HX)/H(X)" = Z,.
The situation (b) also occurs for type I,,, (n = 2).

11.5. LEMMA. Let G be a connected semi-stmple group defined over R,
Assume that G% has a center reduced to {e}, and has the same rank as its
maximal compact subgroups. Then the center of G is reduced to {e}.

Let t be a Cartan subalgebra of a maximal compact subgroup K of Gg.
The assumption implies that t; is a Cartan subalgebra of g. It is the Lie
algebra of a maximal torus T of G, which is defined over R, and whose sub-
group of real points is compact. The latter is then necessarily a maximal
compact subgroup of T, and is connected and equal to expt. Let now z be
in the center of G¢. It belongs to T¢ and is of finite order; hence, z and expt
generate a compact subgroup of Tc. Thus zeexptn G§, and z = e.
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REMARK. If we drop the assumption on the rank of K, the lemma be-
comes false as is shown by the case where Gy = SO(p, q), (p, q odd).

11.6. We now revert to the notation of 1.3, 1.5, and prove that G(F) is
connected, as asserted in 1.5. An obvious reduction shows that it suffices to
do this when X is irreducible. In view of 1.5 (1), (2) this amounts to proving
that the group P,/Z, of 1.3 is connected.

The group Q¢ = Pc/Z, ¢ is almost simple, connected, defined over R, and

% = Adl,. On the other hand, the symmetric space F, of non-compact type
of L, is a bounded symmetric domain; hence, L, has the same rank as its
maximal compact subgroups. By 11.5, we have then Q¢ = Ad qc, which im-
plies that Qg is a subgroup of Is (F),). By 11.4, all elements of P, induce com-
plex analytic homeomorphisms of F',; therefore (11.3), the image of P, in Qp
is connected, equal to Adl,. The kernel of the homomorphism P, — Qg is
P, N Z, . This is a normal subgroup of P,, with Lie algebra 3,, which contains
Z,. It is therefore equal to Z, (see 1.3), whence the result.
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