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Compactification of arithmetic quotients 
of bounded symmetric domains 

By W. L. BAILY, JR. and A. BOREL 
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Introduction 

This paper is chiefly concerned with a bounded symmetric domain X and an 
arithmetically defined discontinuous group I of automorphisms of X. Its main 
goals are to construct a compactification V* of the quotient space V= X/P, in 
which V is open and everywhere dense, to show that V* may be endowed with 
a structure of normal analytic space which extends the natural one on V, and 
to establish, using automorphic forms, an isomorphism of V* onto a normally 
projective variety, which maps V onto a Zariski-open subset of the latter. 

We now proceed to a synopsis of the contents and methods of this paper, 
making, for convenience in this introduction, the following assumptions, which 
are no essential loss in generality: X K\GR is the quotient by a maximal 
compact subgroup K of the group GR of real points of a connected algebraic 
matric group defined over Q, simple over Q, and 1 is an arithmetic subgroup 
of G (i.e., P is commensurable with the group Gz of integral matrices in G, 

* Partial support by N.S.F. grants GP-91 and GP-3903 for the first-named author, 
by N.S.F. grant GP-2403 for the second-named author. 
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see 3.1). Our program may be roughly divided into three parts: 
I. Construction and properties of the compactification V* of V as a to- 

pological space. 
II. Study of certain automorphic forms, and of their behavior under a 

4I-operator. 
III. Analytic structure on V*, projective embedding. 
Part I is covered in ?? 1-4. The first paragraph deals with the natural 

compactification of X; i.e., the closure D of the Harish-Chandra realization 
of X as a bounded domain D [22]. We recall that D - D is the union of locally 
closed analytic subsets of the ambient vector space, which are themselves 
(equivalent to) bounded symmetric domains in a smaller number of dimensions, 
called the boundary components of D. The normalizer N(F) ={g G GI I Few g= F} 
of the boundary component F is a maximal parabolic subgroup of the topological 
identity component GR of GR, and conversely. It contains as a normal subgroup 
the centralizer Z(F) ={g e GI I x * g = x(x e F)} of F. To F there is associated 
a(n essentially) canonical unbounded realization SF of X, and a complex analytic 
mapping arF of X onto F, whose fibres are affine subspaces of the ambient vector 
space, and are the orbits of Z(F)0. These results, due to Pyateckii-Shapiro for 
the classical domains [30], were extended to the general case by Koranyi-Wolf 
[27]. In ? 1 we review those facts which are needed later, establish some prop- 
erties of functional determinants, and some technical lemmas for later use. 

Our case of interest is when X/I' is not compact. This implies that G has 
a non-trivial maximal Q-split torus, and a non-trivial system Q(D of Q-roots 
(see 2.1). Section 2 is mainly devoted to the study of the natural restriction 
map from R-roots to Q-roots. This will show notably that Q4' is of one of the two 
types occurring for the systems of R-roots of irreducible bounded symmetric 
domains (2. 9). 

Section 3 introduces the notion of rational boundary component F by means 
of two conditions: 

(i) U(F)/( U(F) n F) is compact, if U(F) is the unipotent radical of N(F), 
(ii) 1(F) = (N(F) n 17)/(Z(F) n 17) is discontinuous on F. 
The condition (i) is equivalent to N(F)c being defined over Q. The main 

result of ? 3 shows that, in our case, this in fact implies (ii), or rather more 
precisely implies that 1(F) is of arithmetic type. The map F > N(F)c induces 
then a bijection of the set of rational boundary components onto the set of 
proper maximal parabolic Q-groups (3.7). If X is not the unit disc, then 
dimc F ? dimc X - 2, (3.15). 

Section 4 is devoted to the construction of V*, following the pattern of 
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Satake's paper [33]: the union X* of X and its rational boundary components is 
endowed with a topology, defined by means of a suitable fundamental set in 
X, such that each g e GQ n G1 operates continuously on X* and such that X*/l, 
supplied with the quotient topology, is a compact Hausdorff space. This is the 
sought-for compactification V* of V. It is the union of V and of the quotients 
FjF1(Fi) = Vi, where Fi runs through a set of representatives of the different 
F-orbits of rational boundary components (4.9, 4.11). It is shown that every 
x e V* has a basis of open neighborhoods { Us} such that each Ua n V is con- 
nected (4.15). 

Sections 5-8 are devoted to automorphic forms, and in particular to those 
which are called here Poincare-Eisenstein series (P-E series for short); they 
generalize simultaneously Poincare series and Eisenstein series. They are first 
introduced in ? 6 in a general setting, suggested by results of Harish-Chandra 
and Godement on Poincare series and Eisenstein series, proved or stated in 
??5, 6. In ?7 we turn to the more special P-E series which play a central role in 
our paper. (On the generalized upper half-plane, they are different from, 
although related to, the series introduced by Maass [28], under the name of 
Poincare series.) They are defined as follows: let F be a rational boundary 
component and arF be the canonical projection of X onto F (see supra). A P-E 

series adapted to F, of weight m, is a series of the form 

E(x) = E,/,0 (((x7))J(x,7) 

where p is a polynomial on F, (in the coordinates of the canonical bounded 
realization of F), J the functional determinant in the unbounded realization 
of X associated to F, and F. a suitable subgroup of 1. The convergence of 
these series follows from the results of ? 6. Their behavior at rational boundary 
components is studied in ?? 7, 8, where an operator similar to the 1D-operator 
of Maass is developed, at least for P-E series. The main idea is to prove the 
existence of normal (absolute) majorants of the above series in certain suf- 
ficiently big sets, which are parts of Siegel domains, so that it becomes possible 
to deal with such series termwise in such sets. This majorant is constructed 
by means of a suitable rational representation of G, and to discuss the behavior 
of an individual term, we use mainly the Bruhat decomposition of GQ and some 
properties of weights of representations (7.6, 7.8). Our main result is that a 
P-E series (adapted to F) has, in a suitable sense, a holomorphic limit 'l E as 
we approach any rational boundary component F'; the image of E under 4 is 
by definition the collection of the limits q4y E; if dim F' ? dimF and F' X! Fe 1, 
then 'IF'E- 0; moreover, the image of (DF contains the module of all Poincare 
series of F with respect to P(F) for infinitely many weights (8.5). 



COMPACTIFICATION 445 

Part III consists of ?? 9, 10. In the latter, we endow V* with the sheaf 
CC of germs of continuous functions whose restrictions to the Vi's are analytic. 
Section 9 proves a prolongation theorem of analytic structure, similar in spirit 
to those of [2, 18, 35], which, combined with the results of ? 8 on P-E series, and 
known facts on Poincare series [19], allows us to prove that (V*, d) is an irre- 
ducible normal analytic space (10.4). The existence of a projective embedding 
of V* by means of automorphic forms, whose image is projectively normal, 
follows then in the usual manner (10.11). 

Let dim G > 3. Then we have dimc (V* - V) ? dimc V - 2. Standard 
facts about normal spaces imply therefore that every 1-automorphic function, 
i.e., every meromorphic function on V, extends to a meromorphic function on 
V*; hence the field of F-automorphic functions is an algebraic function field, 
each element of which is the quotient of two automorphic forms of the same 
weight (10.12). Also, an extension theorem of Serre [36] shows then that every 
automorphic form of the classical type extends to a holomorphic cross section 
of an algebraic coherent sheaf on V* (10.14); this generalizes Koecher's 
principle. 

Finally, an appendix (? 11) contains some remarks on the full groups of 
isometries and of automorphisms of X. 

The main results of this paper were announced in [7], and are also described 
in [5]. Similar theorems have been stated independently, with sketches of 
some proofs, by Pyateckii-Shapiro [31]. Earlier special cases may be found 
notably in [2, 3, 30, 35]. These are mostly connected with families of abelian 
varieties, and the construction of the compactification gives a concrete realiza- 
tion, in many cases, of the variety of moduli of such varieties. In this paper, 
we leave untouched the question of the minimal field of definition for a pro- 
jective model of V*, and of the possible connection of V* with moduli of 
algebraic structures. For the known results in that direction, we refer to [37] 
where other references to related work are also given. 

0. Notation and conventions 

In this paragraph, we collect some notation to be used frequently in this 
paper without further reference. 

0.1. As is usual, Z, Q. R, and C denote respectively the ring of integers, 
and the fields of rational, real, and complex numbers. If A is a commutative 
ring, GL (n, A) or GL,4A is the group of n x n matrices with coefficients in A 
whose determinant is a unit of A, and SL (n, A) or SLnA, the group of elements 
of determinant one in GLnA. The group of units of a ring B is denoted by B*. 

0.2. If G is a group, and Ma non-empty subset of G, then N(M) or NG(M) 
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(resp. Z(M) or ZG(M)) is the normalizer (resp. centralizer) of M in G. Thus 

N(M) = {g e G I GgM-g-1 = M}, 
Z(M) = {geGGIgm g-1= m(mCM)}= nfmeMN(m)X 

The inner automorphism h - g * h g-(h e G) is denoted Int g. Often, we write 
9M for Int g(M), and Mg for Int g-1(M). 

0.3. As regards algebraic groups, we follow in general the notation of 
[14]. However, our universal field is C, and so, in this paper algebraic group 
stands for complex linear algebraic group. An algebraic group here may 
always be (and will tacitly be whenever convenient) identified with an algebraic 
subgroup of GL(n, C). Algebraic group defined over k and k-group will be 
used synonymously. For a subring A of C, we put GA - G n GL(n, A). The 
algebraic group G will be identified with Gc. 

The Lie algebra of an algebraic group, or of a Lie group, G, H, ... will 
usually be denoted by the corresponding lower case German letter. If G is 
algebraic, defined over k, then g = gk 0 C, where gk is a uniquely determined 
Lie algebra over k. If k' is an overfield of k, then gk gk Ok k'. 

In both the algebraic and Lie group cases, Ad denotes the adjoint rep- 
resentation of G into a, where Ad g(g e G) is the differential of Int g at e. 
The restriction of Ad g to a subspace b is denoted Ad, g. 

0.4. Let G be a k-group. Unless otherwise said, a character of G is a 
rational character, i.e., a morphism of algebraic groups of G into GL(1, C). 
The characters of G form a finitely generated commutative group, denoted 
X(G), which is free if G is connected. The subgroup of elements of X(G) which 
are defined over k is denoted by X(G)k. 

The value of a e X(G) on g e G will be written a(g), or more often ga. In 
the latter case, it is implied that the group operation in X(G) is written addi- 
tively, and that usually no notational distinction is made between a and its 
differential, which is a linear form on g. In particular, we have, by convention, 
ga = exp a(X) (X e g, g = exp X). 

0.5. An algebraic group G is a torus if it is isomorphic to a product of 
groups C*; a torus splits over k, or is k-trivial, if it is moreover defined over k 
and isomorphic over k to a product of groups C*. 

Let G be a k-group. Its radical R(G) (resp. unipotent radical RU(G), 
resp. split radical) is the greatest connected normal solvable subgroup of G 
(resp. normal unipotent subgroup of G, resp. the normal subgroup generated 
by R.(G) and the k-split tori of R(G)). G is reductive (resp. semi-simple) if 
Ru(G) = {e} (resp. R(G) = {e}). G is simple over k (resp. almost simple 
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over k) if it has no (resp. connected) proper normal k-subgroup. G is an almost 
direct product of normal subgroups G, if it is the quotient by a finite group 
of the product of the Ge's. 

0.6. The identity component of a topological group H is denoted by H'. 
We recall that if G is algebraic, then Gc is connected as a topological group if 
and only if it is connected as an algebraic group (i.e. the underlying algebraic 
variety is irreducible). However, if G is connected, defined over R, the group 
GR, viewed as a real Lie group may have more than one connected component, 
but will always have only finitely many connected components. 

0.7. Let A be a set. A function on A, with values in a locally compact 
space, is bounded if its range is relatively compact. A function with values 
in the space R+ of strictly positive real numbers is multiplicatively bounded 
if there are strictly positive constants c, c' such that c ? f(a) ? c'(a e A). 

Let u, v be functions on A with values in the set of positive real numbers. 
We write u -< v if there exists a strictly positive constant c such that 

u(a) ? c * v(a), (a e A) 

and u >- v (resp. u - v) if v -< u (resp. u -< v and v -< u). 

I. THE COMPACTIFICATION V* AS A TOPOLOGICAL SPACE 

1. Natural compactification and Cayley transforms 
of a bounded symmetric domain. 

1.1. The following notation will be used in this section. 
G is a connected reductive algebraic group defined over R which has no 

non-trivial character defined over R. Thus GI is a connected Lie group with 
reductive Lie algebra and compact center.' We denote by g the Lie algebra 
of GR. 

K is a maximal compact subgroup of GI. The symmetric space X K\GI 
is assumed to carry an invariant complex structure. It is then equivalent to 
a bounded symmetric domain [22, 24], and is hermitian symmetric. 

p is the orthogonal complement of the Lie algebra f of K in g with respect 
to the Killing form, hence g = f + p is a Cartan decomposition of g. Since X 
is hermitian symmetric, we have the direct sum decomposition 

9c = fc (D P+ (D P- (P+ffl= ( PPc), 

where p' is a commutative subalgebra normalized by fc. 
1 Essentially, it would suffice to consider the case where G is semi-simple, without 

compact factors. However, it is more convenient for future references in this paper to 
start from a slightly more general assumption. 



448 BAILY AND BOREL 

b denotes a Cartan subalgebra of f , and therefore also of g, in view of our 
assumption on X, and ? = 1'(tbc, gc) is the set of roots of gc with respect to 
kc. We let E,(y e I ) be root vectors, and H, be elements of tc verifying 

[El., E _ ,] = Hy, 9 v(Hv) = 2(vq pc) * (pc, It)` (tc, v C D), 

where (, ) is the restriction of the Killing form to bc, and such that the 
complex conjugation of gc with respect to g permutes E, and E__ whenever 
E, C pt. Let wi = ice J I E C p+}. The elements E,(y eC w) form a basis of 
pi, and the elements 

Xv, = Ev, + K_ IY, Yv, = i(Ev,- RS) (ti 7 r+ 

form a basis (over R) of p. 
Two independent roots y, v are said to be strongly orthogonal if neither 

4a + v nor y - v are roots. We fix once for all a maximal set (4a1, *.., , p) of 
strongly orthogonal roots in w+, as in [24], and write Hi, E, E_i_ Xi_ Yi for 
Hsiq Eyi,q &1,9 Xsi,q YAsi 

1.2. The system of R-roots. We let a be the subalgebra of p spanned by 
X1, .. Xt, and R(D = R(I(a, g), the set of roots of g with respect to a, to be 
called the R-roots of g. The algebra a is a maximal commutative subalgebra 
of p, and is maximal among the subalgebras of g which can be diagonalized in 
the adjoint representation. g is the direct sum of the centralizer 3(a) of a and 
of the root spaces 

.- {Xe g I [a, x] - a(a).x, ae a} (ae RI) e 

Assume X to be irreducible. Then R(' is known to be of one of two types, 
to be denoted by Ct and BCt. If (vni) are coordinates with respect to the basis 
((1/2)Xi), then Ct consists of the roots ?Q(v?+a)/2, (1 ? i <j? t), ?'y(1 ? i ? t) 
and BCt is the union of Ct and of the set of elements ?vi/2 (1 ? X i t). In 
both cases we always take as ordering the lexicographic ordering defined by 
the basis (Xi). The set RA of simple R-roots consists then of 

ti = (-hi - Ji+,)/2 (I<(1 i < t), 
and of at = 'Yt (resp. art y -t/2) if R4:) is of type Ct (resp. BCt). 

The numbering of the simple R-roots thus defined will be referred to as 
the canonical numbering. 

1.3. Maximal parabolic subgroups. A parabolic subgroup of G' is the 
intersection of G' with an algebraic subgroup P of G which is parabolic, (i.e., 
such that G/P is a projective variety) and defined over R. The description of 
the parabolic subgroups of an algebraic group is recalled, in a more general 
setting, in 2.2. Here we introduce the minimal ones and the maximal ones, 
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which will play a fundamental role in this paper. 
Let u be the sum of the ga (a > 0), and A = exp a, N exp v. These 

are closed subgroups, with N unipotent, normalized by A, and A. N is maxi- 
mal among the connected subgroups of G? which can be put in triangular 
form over R. The normalizer P of N is equal to the semi-direct product P 
Z(A) * N and Z(A) = M x A with M = Z(A) n K. The group P is generated 
by P0 and a commutative subgroup of type (2, 2, ..., 2) of M, which can be 
described as K n exp i da, as follows from [14, 14.4]. Every minimal parabolic 
subgroup of GI is conjugate to P. 

Assume, for convenience, X to be irreducible. We let ab (1 ? b ? t) be 
the one-dimensional subspace on which all simple R-roots but ab are zero, and 
Ab= expab. The space Cb is spanned by X1 + * * * + Xb. We let Pb be the 
subgroup generated by Z(Ab) and N, and Vb be its unipotent radical. The 
group Pb is the semi-direct product of Vb by Z(Ab). The Lie algebra bob is the 
sum of the root spaces ga where a is >0 and not zero on ab. Therefore, a runs 
through the roots 

(-7i +- -zj)/29 (1I<i b < j t), i + yj) /2 , (I :!: i :!- j :~ b), 
and the roots ati/2 (1 ? i ? b) in the case BCt. Let lb (resp. f') be the sum of 
the subspaces ga + [ga, ga], where a runs through the R-roots which are linear 
combinations of ab+l, . . , at (resp. a1, ... , ab-l). These are two simple ideals 
of 3(ab), clearly normalized by the Lie algebra m of M, and 3(ab) is the direct 
sum of fb, lb, ab and of an ideal Mb of nm. The group Z(Ab) is generated by the 
analytic groups Lb, Lb, Ab, with Lie algebras fb, fb, Cb, and by M. Let 3b- 

MbED ab e eb (Db. It is an ideal of Pb such that Pb l lb + 3b. Denote by Zb the 
analytic subgroup of GR with Lie algebra 3b. We let Zb be the inverse image 
in Pb of the centralizer of (Pb/Zb)0 in Pb/Zb. It is a closed normal subgroup of 
Pb, with Lie algebra Jb, whose intersection with Lb is the center of Lb. It 
contains every normal subgroup of Pb with Lie algebra b: in fact, the image 
in Pb/Z? of such a subgroup is a finite normal subgroup, and therefore cen- 
tralizes (Pb/Zb)0. In particular, Zb contains (Zb)c n GI, whence 
( 1 ) Zb - (Zb)c n GIR i 

where (Zb)c and (Zb)c denote the smallest algebraic subgroups of G containing 
Zb and Z' respectively. 

By the general conjugacy theorems on parabolic groups (2.2 below), every 
maximal proper parabolic subgroup of GI is conjugate to one and only one of 
the groups Pb. It will sometimes be convenient to extend the definition of Pb 
to b 0, O by putting P, = LO = GI, I' - 0; then j, = b, = 0 and Z, is the center 
of GI. 
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1.4. The natural compactification. Let P+ = exp p+ and Kc be the ana- 
lytic subgroup of Gc with Lie algebra tc. These are closed subgroups, and the 
semi-direct product Kc * P+ is a parabolic subgroup of Gc. The map (x, k, y) > 
e k ey is a biregular map of p- x Kc x p+ onto a Zariski-open subset ? = 
P-KcP+ of Gc, which contains GI [24]. An element g e 12 will often be 
written 

g = 9 _ go, 9+ (go g Kc; g e Pi), 
and the map g H-+ log g+ of n onto p+ will be denoted C. It is known [22], [24] 
that C induces an isomorphism of X K\GO onto 4(G) = D, and that D is 
a bounded domain in p+. This is the Harish-Chandra realization of X as a 
bounded domain. Its closure D is therefore compact, and will be called the 
natural compactification of X. The action of GI on D is defined by right 
translations; i.e., by 

(1) ~~~~~p-g= - 
(ellg) (peD9 g eGOR) 

and is known to extend to a continuous action on D. Then (1) is true with p C D. 

1.5. Boundary components (see [27], [29], [30]). (i) Assume first X to be 
irreducible. We use the notation of 1.3. We have the direct sum decompo- 
sition 

fb,C = fb,C (1 b+ (D Pb (Pb = b,c n P ), 

the space Xb Kb\Lb is hermitian symmetric, and the restriction of C to Lb 

yields the Harish-Chandra realization Db of Xb as a bounded domain. 
Letob = -(E1 + + Eb) (1 b t), and put oO = o. Then 

D = UO:b:t Ob GR 

Moreover, if g e Lb, then0b ?b =0b + 4(g). Therefore, the orbit Fb of Ob under 
Lb is just Ob + Db, and is contained in an affine subspace of p+. The transforms 
of the Fb's by elements of G are the boundary components of D. We allow 
here b to be equal to zero, and view D itself as a boundary component (some- 
times called the improper boundary component of D). 

If X is not irreducible, then it is a product of irreducible hermitian sym- 
metric spaces Xi corresponding to the different semi-simple, simple, non- 
compact ideals of g, D is the product of the Harish-Chandra realizations Di 
of the Xi, and D the product of the Di. A boundary component is a product 
of boundary components of the different factors. The Fb's or, if X is not 
irreducible, the products of components Fb's corresponding to the different 
irreducible factors of X, are the standard boundary components. 

The above construction is hereditary: if F is a boundary component then 
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its closure F in D may be identified with the natural compactification of F, and 
its boundary components are also boundary components of X. More specifically, 
if X is irreducible and F = Fb, then Fb= Db + 0b and the standard boundary 
components of Db may be identified with the F,'s (b < c ! t); in fact F, would 
have c - b as index in the canonical numbering for Xb. The groups L, and 
P, f Lb are in the same relationship to Lb as Lb and Pb are to GI. This is clear 
from the construction. 

We refer to [30] for various more geometric definitions of the boundary 
components in the natural compactification and to [29] for a proof of their 
equivalence. 

For every boundary component F, we put 

N(F) {geGo Fg -F}, 
Z(F) = {geG f I gf(feF)}, 
G(F) = N(F)/Z(F), 

and let U(F) be the unipotent radical of N(F). The group N(F) is the nor- 
malizer, and Z(F) the centralizer, of F. If X is irreducible, we have, in the 
notation of 1.3, 

( 1 ) N(Fb) - Pb, U(Fb) = Vb. 

Moreover 

(2) Z(Fb) = Zb. 

In fact, Z(Fb) is a normal subgroup of Pb with Lie algebra 3b, hence Z(Fb) C( Zb 

by 1.3; on the other hand, the image in G(Fb) of an element z e Zb centralizes 
the image L"' of Lb, and therefore the maximal compact subgroups of L'', 
hence it acts trivially on Fb, and Zb ci Z(Fb). 

Returning to the general case, we see, by applying 1.3 (1) and 1.5 (2) to 
each irreducible factor of X, that Z(F) is the intersection of GR with an R- 
subgroup of G. Furthermore, by 11.2, each element of N(F) induces a com- 
plex analytic homeomorphism of F, hence (11.6), G(F) is connected, with 
center reduced to {e}; equivalently, if X is irreducible, we have N(Fb)= 
Lb * Zb- 

(ii) If F and F' are two boundary components such that F' ci F, then 
there exists g e G' such that F. g and F'. g are both standard boundary com- 
ponents. To see this, we may assume X to be irreducible. Let then b, c be 
the indices such that F ci Fb . GI F' ci F, . GI and let u e G' be such that 
F.u Fb. Then F'. u and F, are both boundary components of Fb, of the 
same dimension. Consequently, there exists v e L(Fb) such that F' . u v is 
standard. F'. u * v is then equal to F,; hence, g =u v verifies our condition. 
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(iii) If X is irreducible, and dimc X > 2, then dimc X ? dimc F + 2 for 
every proper boundary component F of X. 

To see this, we may assume that F= Fb (1 b t). If b-t, Fb is a 
point, and there is nothing to prove. So assume b $ t. Then t > 2, and n 
contains at least three root spaces ga, whose sum intersects u nf Tb only at the 
origin, namely those corresponding to a = (Yib ? ?t)/2, Yb, hence, 

dim u - dim (Tb n u) _ 3. 
On the other hand dimR X -dim a + dim ui, dimR Fb dim (a n Tb) + dim (Ib f u), 
and dim a - dim (a n Tb) 1, whence our assertion. 

1.6. The Cayley transforms of X. The space X also admits certain un- 
bounded realizations, introduced by Pyateckii-Shapiro [40] in the classical 
cases under the name of Siegel domains of type I, II or III, and discussed in 
general by Koranyi and Wolf [27]. In this and the next section, we summarize 
only the results which are used in the sequel. We assume again X to be irre- 
ducible. 

The Cayley transform Cb is, by definition, 

Cb = H1,iib exp (z/4) * (K-i - E), (1 b t); cO e . 
It verifies 

( 1 ) Ad Cb(Hi) = Xi, Ad Cb (Xi) = -Hi, (I :!: i < b) 

(2) Adcb(Hi) = Hi, Ad Cb(Xi) = Xi X (b < i < t) 

and is transformed into its inverse by the complex conjugation of Gc with 
respect to GR. Moreover 

(3) Cb *g _gCb, (9 lb) 

( 4) G cb CP -KcP+ . 

We put then Sb = C(G Cb), and let G act on Sb by 

( 5) C (e-g . Cb 1. 9 .Cb) 

The map g H-> g Cb induces then an isomorphism b of X onto Sb; by definition 
so = D, and So is just the bounded realization. Often, we shall denote also 
by o the fixed point of K in Sb. 

In the next proposition, we denote by qb the subspace of p+ spanned by 
the vectors E,t,(a e r+, a(Hi) # 0 for at least one i ! b). Thus p+ P+ e qb- 

1.7. PROPOSITION. We keep the preceding notation. We have Cb Zb * C 

Kc*P+, and the action of Zb (resp. Vb) on Sb extends to an action of Zb on 
lPI by means of affine transformations (resp. affine transformations with 
unipotent linear homogeneous parts) which leave qb stable and induce the 
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identity on p+/q,. The projection ab of p+ onto p+ with kernel qb maps Sb 
onto Db, and its fibres in Sb are the orbits of Zb? (O _ b < t). Its restriction 
to Sb commutes with N(Fb). 

This is contained in the more precise results of [27, ? 7]. Let z C Zb. We 
have then z' = cb *z*cb = ZooZ'+ (z, e Kc, z4 e P+). The action of z on Sb or p+ 
is therefore given by 
( 1 ) s *z = Ad z1(s) + log Z4 (sep+). 
Since p+ is commutative, we can replace z4 by z', whence 
( 1') s * z = Ad Cb * z * cb(s) + log (Cb *z*Cb)+ , (s C P , Z C Zb) - 

If g e Lb, then it commutes with Cb, therefore 1.6 (5) becomes 

(2) S*g = C(es. g) (s C Sb, g e Lb) - 

In particular 
(3) s g = Ad g 1(s) (S CSb, g e Kb) . 

REMARK. Let F be a boundary component, and ge Go be such that 
Fag = Fb. Then x X-> ab(xg).g- is a holomorphic map of X onto F. If g' is 
such that Fu g' = Fb, then g' = g*n (n e N(Fb)); since translation by n com- 
mutes with 6b, we get ab(xg).g- = ab(xg')g'-1 (x C X). We have thus de- 
fined a canonical holomorphic projection of X onto F, equivariant with respect 
to N(F), to be denoted a,. If F' ci F, then we have a factorization 

UF' = UF'F ? aF Y 

where aFF is the canonical projection of F on its boundary component F'. In 
fact, there exists by 1.5 an element g e Go such that Fag Fb and F'.g = F, 
(b _ c), and it is clear from Proposition 1.7 that ac, c,b 0 b where 6c,b is the 
canonical projection of Fb onto the standard boundary component Fc. 

The remark extends obviously to non-irreducible bounded symmetric 
domains. 

1.8. Automorphy factors, functional determinants. Let M be a com- 
plex manifold, H a group of automorphisms of M, and Q a complex Lie group. 
We recall that a (holomorphic) automorphy factor for H on M, with values in 
Q, is a map A: M x H- Q which, for fixed h e H, is holomorphic in x e M, 
and which verifies the identity 
(1) ,5(x, huh') = ,5(x, h).4a(x h, h') (x e M; h, h e H), 

to be referred to as the cocycle formula; it implies 

(2) a(x, h.h'.h") = a(x, h).*a(x.h, h').*a(x*h*h', h") 
(x e M; h, h', h" C H). 
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It follows immediately from (1) that the set R of elements h e H for which 
a(x, h) = p(h) is independent of x is a subgroup, and that 

(3) ,5(x, he-r) = ,5(x, h) p(r) (Xe M; he H re R). 

If M is a domain in Cn, then the jacobian Jac (x, h) which associates to 
h e H and x e M the differential of h at x, is an automorphy factor with 
values in GL(n, C), and J(x, h) = det Jac (x, h) is an automorphy factor with 
values in C*. 

Let M X be an irreducible bounded symmetric domain. We shall denote 
by Jacb (x, g) the jacobian of g e G' at x e Sb, in the unbounded realization as- 
sociated to Fb, by Jb(x, g) its determinant, and by jb(X, g) the functional de- 
terminant of g E Pb at x e Db (0 < b < t). Our next aim is to obtain some 
information on Jb(x, g) when g e Pb, which will be used in studying Poincare- 
Eisenstein series. 

It is immediate that pb(X, g) = (excbg c-1)0 (x e Sb, g e GR) is a holomor- 

phic automorphy factor, with values in Kc. It is called the canonical auto- 
morphy factor for the unbounded realization Sb. The automorphy factors 
usually considered in the theory of holomorphic automorphic forms are of the 
form p(ab(X, g)) where p: Kc H- GL(m, C) is a holomorphic representation. The 
following lemma asserts that Jacb is of this type. It is well-known for the 
bounded realization; the proof is essentially the same in the general case, and 
is included for the sake of completeness. 

1.9. LEMMA. We keep the notation of 1.8, and identify the tangent 
space to a point x C p+ with p+ by translation. Then 

Jacb (x, g) = Ad? ho (x E Sb, g E GR; h -(ex Cb * g * C)) 

Let Xe P+. Then x + X goes under the differential dg of the automor- 
phism of Sb defined by g onto an element Y + x f g; we have to prove that 

(1) Y=Adho1(X). 

Write g' forCb c g*c-'. By definition 

(2) xfg= C(ex g') = log(exg')+= logh+, 
and 

Y + x g d= <d{(etx. ex.g) |J* 
Clearly 

etx* ex.*g = ho.et*ho*.h? (U = Ad h-'(X)) 

But the bracket relations 
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imply readily that if p e p- and X e p+ , then Ad exp p(X) X, modulo c E . 
We may therefore write U = X + Z (Ze fc (D p-), whence 

etx X h = hho- et(x'+z') h+ (X' = Ad ho1(X), Z' = Ad ho1(Z)) 
We have then 

d (etx - h) =h.ho.(X' + Z').h+. 
dt t=O 

Since Z' also belongs to fc + p-, the image of the right-hand side under d; is 
X' + log h?, which, in view of (2), proves our contention. 

1.10. LEMMA. Let fb (0 ? b ? t) be the sum of roots p e w+ such that 
E, e pj. Then mb -/b(Hi) is a strictly positive integer independent of i 
(b < i _ t), and mb> m, if 0 _ b < c ? t. 

In view of the "hereditary" character of the natural compactification (1.5), 
it is enough to prove this when b = 0, G = Lb. 

Let at = Ad cT-1(ac). It is the subalgebra of t spanned by the vectors 
Hi (1 <i < t). We denote the coordinates with respect to the basis (Hi/2) 
also by vi. We choose an ordering on 1? verifying the following conditions: 

The elements of w+ are positive, the restrictions to at of the elements of 
w+ are the linear forms (yi + y j)/2 (1 < i _ j _ t), and also the forms rY/2 in 
the case BCt; the positive roots of fc restrict to the differences (Y - yj)/2 
(1 ? i < j _ t), and also to vyj2 in the case BCt. 

This is always possible [22, ? 6]. Let A = {Iv, ..., 9 } be the corresponding 
set of simple roots. It is known that we may assume 0 {=1, * .., v-4 to be 
the set of simple roots of fc, and that the elements of w+ are the roots which 
are congruent to v, modulo a linear combination of elements in 0, [22]. More- 
over, since fc normalizes p+, its Weyl group permutes the elements of w+ and 
leaves ,80 invariant. In particular, ,80 is left fixed by the fundamental reflec- 
tions r, (v e 0), whence 

( 1 ) (bow9 Vi) = 0 (1 _ i < 1) . 

The sum of two elements in w+ is never a root, hence 

(2) (4,) _ O (,e 7E+) . 

We have therefore 

(3u) oH M) = (80) (yl, i (aie for) > ? (M E a+) 
But >(Hi) -= 2(vq vij) (vi, -yi)-l is an integer for every v C AD, and each i; therefore, 
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The relative Weyl group of Ad ct (g) with respect to Ad ct1(a) contains the 
permutations of the yi. But every such transformation is induced by an ele- 
ment of the Weyl group of gc with respect to tic (see e.g. [14, 5.5]). It follows 
then that (yi, yi) is independent of i, whence our first assertion. 

The difference m0 - m, (c > 1) is the sum of the numbers a(Ht) where , 
runs through the elements of w+ such that E~, X p+; these numbers are all > 0 by 
the above. But there is at least one such pa, for instance one which restricts to 
(O1 + yt)/2, for which 4a(Ht) # 0, which ends the proof. 

1.11. PROPOSITION. Let X be irreducible. Let Jb be the functional de- 
terminant function for GO acting on Sb, and jb the functional determinant 
function for Lb acting on Db. Then 

(i) The function Jb(x, g) is constant along the fibres of the projection 
Ub: Sb - Db of 1.7 if g C Pb, is independent of x if g C Zb, and is equal to one 
if g is a unipotent element of Zb. The restriction 72b of Jb to Zb is a rational 
character. 

(ii) If g e Lb, we have Jb(X, g)mb = ib(Ub(X), g)mo, with MO, mb as in 1.10. 
PROOF OF (i). If g e Zb (resp. g e Zb and is unipotent), then g acts on Sb 

by means of an affine transformation (resp. with unipotent linear part) in P+; 
therefore, Jb(X, g) = b(g) is independent of x (resp. is equal to one); then 72b 

is a rational character by 1.7 (1'). 
Write g = l *u (l C Lb, u C Zb), and let z e ZO. Using the cocycle formula, 

we have 

Jb(x.z, l u) = Jb(X*Z, l).*b(U) = Jb(X, Z*1)*Jb(X, Z) 1* b(U) , 

Jb(X *Z. 1 ZU) = Jb(X, 0') *b(Z') * )b(Z) 1(7b(U) 

where z' = -1 . z. 1. But Zbo is the semi-direct product of Vb by a reductive 
group which centralizes Lb (see 1.3); therefore, 72b(Z) = 7b(z) and 

Jb(X * Z, 1 U) = Jb(x, 1 U) - 

Since the fibres of Ub are the orbits of ZO, this ends the proof of (i). 
PROOF OF (ii). For every element g e Kb,c, let us put 

T(g) = det (Ad,+ g-1) ijA(g) = det (Adp+ g-1). 

We want to prove 

(4) T(g)mb = *(g)mO (g e Kbc) 

Assume first that g = exp (Xb+lHb+l + *** + XtHt). In this case, T(g) (resp. 
A(g)) is the product of the numbers exp ,(- log g) where , runs through the 
roots , such that E,, c P+ (resp. E,, cfi p+). Using 1.10, we get 

(5) T(g) = llb<it exp -Xi*mo, A(g) = <ib<!g texp -Xi*mb 
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-which proves our contention in this case. It is also clear from (5) that P and 
* are not identically equal to one on the subgroup just considered. The group 
Kb,c is generated by its derived group, on which both P and i are equal to 
one, and by its one-dimensional center. It is therefore also generated by its 
derived group and the group of elements considered in (5), which proves (4). 

Any element g e Lb commutes with the Cayley transform cb; therefore, 
we have by 1.9, applied to Lb operating on Sb and on Db: 

(6 ) Jb(X g) = T(g) , ib(Y g) = A(g) , (x Sb; y e Db; g e Kb) 

(7) Jb(o, g) = T(g0) , ib(Ob, g) = *(g0) , (g e Lb) 

Given x C Sb, there exists 1 e Lb such that ab(X) = Ob 1 l. The points x and 
Ob l belong to the same fibre of Ub, hence Jb(x, g)= Jb(ob l, g) by (i), and the 
latter functional determinant has to be compared with ib(Ob 1, g). The desired 
relationship then follows from the cocycle formula and what has already been 
proved. 

1.12. PROPOSITION. Let a = exp (X1Xl + * + XX,) be an element of A. 
Then 

Jb(o, a) =I1i b e liblilt (cosh Xi)-m?o 
Write a - umv (u = exp (X1Xl+ * * * +XbXb); v = exp (Xb+1Xb+l.+ * * tXt)). 

We have then u e Zb, V C Lb, and therefore, by 1.11, 

Jb(o, a) = Jb(o, u) Jb(o, v) . 

Since Cb Th'Cb = u' = exp (X1Hl + * + XbHb) e Kc, the action of u on Sb is 
given by 

s * u = Ad u'(s), (s e Sb) 

hence 

L( 1 ) Jb(X, U) = T(Cb-*'*Cb) l1=1<i!b exi mo 

On the other hand, a standard computation on the three-dimensional simple 
group (see e.g. [24, p. 316]) shows that the Kc-component v0 of v is 

v0 = lij-t exp log cosh Xi -Hi. 

and our assertion now follows from 1.11 (5), (6). 

1.13. COROLLARY. Let hJ(X) = exp X(X1 + * + XJ) (1 < c _t X e R). 
Then Jc(o, he(X)) = Jb(o, hc(X)) if c _ b, and Jb(o, hJ(X)) Jc(o h,(X))-l tends 
monotonically to zero as X ->- if c > b. 

By 1.11, we have 

Jc(o, h,(X)) = exp -X X mo0 c, 
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and 

Jb(o, h,(X)) = exp -X.m,.c , (c _ b), 
Jb (o, h,(X)) = exp -X * m * b(cosh X)-mo(C-b) (c > b) 

whence our assertion. 

1.14. Remark on the Bergman kernel function. Let Kb(z, w) be the 
Bergman kernel function in Sb. We have therefore 

Kb(z g, w g) = Kb(Z, w) I Jb(Z, g) HJb(W, g) , (z, We Sb; ge G) 
Kb(z.k, w*k) = Kb(z, w) (z, We Sb; k e K) . 

Since G = K. A. K and o is fixed under K, this shows that Kb(z, z) is completely 
determined by Kb(o-a, o-a), (a e A), which is given by 

Kb(o a, o a) = Kb(o, o) * I Jb(o, a) I2 . 

We may then insert the expression of Jb(o, a) given by 1.12; the formula thus 
obtained in the two extreme cases b = 0, Sb = D, and b = t have been given, 
in a slightly different form, and with the value of the constant Kb(o, o), by 
Bott-Koranyi [27, 5.7] and Koranyi [27, 5.5] respectively. 

Our next aim is to relate Jb(X, g) to the determinant of Ad g in bb (cf. 1.3) 
when g e Zb. For this, we need the following lemma: 

1.15. LEMMA. Let X be irreducible. Let u (resp. v) be the multiplicity 
of the R-roots (Yi + yj)/2 (i j) (resp. yi/2 in the case BCJ). Let Vb be the 
restriction of ab to ab (1 ? b ? t). Then the weights of ab in g, for the 
adjoint representation are 0, Vb, and possibly +2*.Vb. Let Pb (resp. qb) be 
the multiplicity of Vb (resp. 2.Vb): 

(i ) if RT? iS of type C, and b = t, then Pb = 
t u ()qb = o. 

(ii) if R is of type Ct and b # t, thenPb = 2*u*b*(t - b), qb= b + u (2). 
(iii) ifR(i is of type BCt, then Pb =v.b + 2.u.b.(t-b), qb = b + 
The R-roots are linear combinations of the simple ones with coefficients 

0, +1, ?2. Since ab annihilates all the simple R-roots except ab, this proves 
the first assertion. 

We have 2b = jt in the case (i), and 2b = Yb/2 in the other cases. In the 
case (i), Pb is the sum of the multiplicities of the R-roots -y (i < t), which are 
all equal to one, and of the R-roots (yi + yj)/2 (1 < i < j ? t), while qb = 0. 
In cases (ii) and (iii), qb is the sum of the multiplicities of the R-roots -y (i ? b) 
and (yi + yj)/2 (1 < i < j _ b). In case (ii), Pb iS the sum of the multiplicities 
of the roots (yi ? yj)/2 (1 < i ? b < j ? t), and in case (iii), we have to add 
also the multiplicities of the roots yi/2 (1 < i _ b), whence the lemma. 

In the next proposition, the important point is not the explicit value of 
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nbS but rather the fact that it is >0 and completely determined by Pb 

and qb. This will play an important role in our discussion of Eisenstein 
series. 

1.16. PROPOSITION. Let 72b be the restriction to Zb of the functional de- 
terminant Jb, and let Xb(g) = det Ad'b g (g e Pb). Then 7)b(g) = X,(g)-nb if 
g e Abe Vb, and ] b(g) I = I Xb(g) -lnb if g e Zb, where nb =1 in case (i) of 1.15, 
and nb (p, + 4qb).(2pb + 4qb)-1 in the cases (ii), (iii) of 1.15. 

By 1.7 (1'), we have 

Jb (X, 9 ) = lb (9) 

= det (Ads+ Cb g *Cb) Tb(Cb *g*Cb) (X C Sb; g C Zb) 

Both Xb and 72b are rational characters of Zb. They are therefore equal to 
one on Vb and on the derived group of Zb. On the compact subgroup K n Zb 

they are both of modulus one. Since Zb is generated by its intersection with 
K, a semi-simple subgroup Lb, its unipotent radical Vb, and Ab (see 1.3), it 
remains to check 1.16 on Ab. 

The group Ab belongs to the center of the maximal reductive subgroup 
Z(Ab) of the parabolic subgroup Pb; hence, the weights of Ab in bb are the 
restrictions of the positive R-roots which are not equal to one on Ab and 
therefore 

(2) Xb(g) = det Ad'b g = Vb(g)Pb+2qb (g e Ab) 

We may write a e Ab in the form a = exp \(X1 + * * * + Xb). Therefore (1.6) 
we have c-1a cb = expX(H1 + * + Hb). Let v4 be the image of Vb under 
Int cb 1. Its value on cb- .a* Acb is again equal to the restriction of Yb in case (i), 
of Yb/2 in cases (ii), (iii), where vy are now coordinates in it with respect to 
the base (Hji2). By definition ?b(a-1) is equal to the product of the values on 
cb-1. a Cb of the roots , Ce 7+. Therefore 7)b(a-1) 

- 24(a)rb where the exponent 
rb is in case (i), 

the number of elements of 7w+, which is equal to Pb; 
in case (ii), 

the number of elements of 7w+ restricting to one of (yi + yj)/2, 
(1 ? i ? b < j _ t), plus twice the number of elements in 7w+ restricting to 
one of vy (1 _ i _ b), or of (yi + yj)/2 (1 _ i < j < c), which gives 
(3) rb-- Tub(t-b) + 2b + ub(b-1) = pb/2 + 2qb; 

in case (iii)Y 
it is the same as in case (ii) plus the number of , e 7w+ restricting to one 

of vy/2 (1 < i _ b). According to Lemma 14 in [22], this last number is half 
the multiplicity of the R-root vi/2, which gives 
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( 4) rb = u b(t-b) + 2b + u b(b-l) + vb/2 = pb/2 + 2qb, 

and our assertion follows from (2), (3) and (4). 

1.17. PROPOSITION. We keep the notation of 1.11, 1.16, and let q, 
mO/mb. Then 

I Jb(X, g) i |ib(b(X), g) | iXb(g) -' , (x e Sb; g e N(Fb)) 

In view of 1.3, we may write g = lIz (1 e L(Fb), z e Z(Fb)). By the cocycle 
formula 

Jb(X, g) = Jb(x, l)*Jb(X l, z) 

Since z acts trivially on Fb, we have 

Mb~Y, l) = Mb~Y, l z) , (ty e Fb). 

The proposition follows then from 1.11, 1.16. 

1.18. PROPOSITION. Let 1? b < d ? t and Lbd = Vd ? 1: Sb -Sd, where 

Vb: X Sb is as in 1.6. Then 
(i) Jb(X ,g = Jd(Vb,d(X), g), (g e Z(Fb)0; x e Sb). 

(ii) the functional determinant A(x, bd) of V2b,d is constant along the 

fibres of the canonical projection ab. b ) Fb. 

The group Z(Fb)? is the semi-direct product of a reductive group Rb with 
Lie algebra mb + ab + I', in the notation of 1.3, by the unipotent radical Vb of 
Pb= N(Fb), and it is contained in Z(Fd). Both Jb(x, ) and Jd(x, ) are equal 
to one if z e Vb by 1.11. Therefore, it suffices to prove (i) when g e Rb. By 
the definition of the Cayley transform, C_1*cd C LbC; therefore, cb 1cd centra- 
lizes Rb, and (i) follows from 1.7 (1'). 

By the composition rule for functional determinants, we have 

(x, Vzb, d) * Jd(Vb, d(x), g) = Jb(X, g) * j(x g9, Vb d) (x G Sb, g e GI); 
therefore, (ii) follows from (i) and from the transitivity of Z(Fb)? on the fibres 
of ab, (1.7). 

We end this section with a result which will be used in discussing 
rational boundary components. The following lemma will be needed. 

1.19. LEMMA. Let X be irreducible. Then 

(i) [X, g('yi.Y)/2] # {O} (X e -(Y{i}Y)/2 {0}; 1 < i < j t) 

(ii) if R(D is of type BCE, [X, gli/21 + {O} (x C -1{/2O{0}; 1-i < t). 

PROOF OF (i). By Lemmas 13, 15 of [22], the roots , e 4) restricting on tx 
to (- yj + 'j)/2 (i # j) are compact, those restricting to ('yj + 'j)/2 are in wu, 
and , v , + 'yj is a bijective map of the first set Cij onto the second one P3j. 
Let ci (resp. pij) be the C-subspace of gc spanned by the vectors E,, (,a Cij, 
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resp. , C Pij). With ct being as in 1.6, we have 

( 1 ) Ad ct(cij) n g =,(Yj-Yi)12 , Ad ct(pii) n g = ('Y+Yj)/2 

Furthermore, giwc is one-dimensional and spanned by Ad ct(Ey.). From the 
result just quoted, and the standard fact [E,, EJ # 0 if " + v is a root, we 
get then 

( 2 ) [get, 9(-YiYj)12] = 9('Y Yj)/2 

in particular, we may write 

x = [y, u] (Y C g( yYi?,Y2, uf C G-y.) 

It is well-known that, given v C g, (a C 1go), there exists v' C g-, such that 
[v, v'] is a non-zero multiple of the element h, e a such that 8(ha) = (S,. a) 
(a C R?). (One may take, for instance, for v' the transform of v under a suit- 
able Cartan involution.) There exists therefore z C g(y +y,)/2 such that [z, y] 

c-h(-y,,)I2 (c # 0). We have then 

[[z, y], u] = c- 0(h(yt=y?)/2)'U # . 

Since [z, u] = 0, because 3?/2 + -j/2 is not an R-root, the Jacobi identity 
shows that [x, z] -[[y, u], z] # 0, which proves (i). 

PROOF OF (ii). Let C' (resp. Pi) be the set of compact (resp. non-compact) 
roots which restrict on at to 'yi/2 and c' (resp. pi) the space spanned by the 
vectors E,, (e C C', resp. b e C Pi). We have 

Ad ct(c' + pi) n g = -Y/2, 

therefore (ii) is equivalent to 

(3) i(e' + pi) n (c, + pi) 
By Lemma 14 of [22], the map a v-- a + yt is a bijection of Ci =-C' onto 

Pi. Hence, given b e C' (resp. bce C Pi), there exists v C Pi (resp. v C C') such that 
b + v =ye. Then [E,, EJ # 0. Since the left hand side of (3), being stable 
under tc, is spanned by root vectors, this proves (3). 

1.20. PROPOSITION. Let X be irreducible. Let Wb be the center of Vb 

(1 ? b ? t), and C be the connected centralizer of Wb in Pb. Then c is the 
direct sum of 1b + fb, which is an ideal of c, and of its intersection with m= 

i(a) n f. In particular, C/(Lb. Vb) is compact. 

The ideal bb is the sum of the root spaces ge where a runs through the R- 
roots of the form 

(t + -j)12 (1 _r i < b < j i t), (yi + b j)/2 (1 ) i < j < b) 
7i (1 _ i < b) I 
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together with 7t/2 (1 < i < b) in the case BC,. We want to prove that t'b is 

the sum of the root spaces g,, where a runs through the roots 

(-mi + Jj)/2 , (1 i j < b). 
The relation [ga, go] c &+O, and the structure of Rap, show that Vob contains the 
root spaces just listed. Of course Bo is stable under a, hence is the sum of 
its intersections with the g,. In order to prove our assertion, it is therefore 
enough to show that 

1b 
ng(',+',)/2= 

( ib < j t), 

and that 

I~b ngsYi/2 
= 

{0} i (1 < i 5(1i b), 
if R4) is of type BCE, but this follows from 1.19. 

The Lie algebra c is also stable under a. It is obvious that it contains the 
ga C tb and that c fl a fl fb 0 . Lemma 1.19 shows moreover that, if ga. C Qb 

then g, n C c 0. The proposition follows then from the facts about Pb and fb 

recalled in 1.3. 

REMARK. Proposition 1.20 was suggested by a statement in [31, ? 3.3] 
which becomes essentially equivalent to 1.20, if the word normalizer there is 
replaced by centralizer. 

2. Relative root systems 

For most of the facts recalled below, we refer to [14]. As was already 
pointed out in 0.3, the ground fields may be assumed to be contained in C, 
which is then our universal field, although the results of 2.1, 2.2 are valid 
in greater generality. 

2.1. Relative roots. Let G be a connected reductive k-group. Its maximal 
k-split tori are conjugate over k and their common dimension is the k-rank 
rkk (G) of G. Let S be a maximal k-split torus of G. The k-roots, or roots 
relative to k, or restricted roots are the non-trivial characters of S in the 
adjoint representation of G, and the relative Weyl group k W = k W(G) is the 
quotient N(S)/Z(S). We denote by kA or kP(G) the set <>(S, G) of k-roots. It 
is a root system in X*(T) 0 R V. This means in particular that, with 
respect to a scalar product ( , ) on V invariant under k W, the group k W is 
generated by the reflections in the hyperplanes orthogonal to the k-roots, 
leaves kA stable, and that 2(a, 8) . (p3, 6)I3 C Z for all a, ,JG kG . For every 
a C kA we put 

ga= {x C g I Ad s(x) = Sa.X(S C S)} 
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Then g is the direct sum of the gal (a e ke ) and of the Lie algebra s(S) of the 
centralizer of S. 

Given an ordering in X*(S), we denote by kA the set of simple k-roots. 
A subset of kA is connected if it is not the union of two non-empty disjoint 
subsets which are mutually orthogonal. 

2.2. Parabolic k-subgroups. An algebraic subgroup P of G is parabolic 
if the quotient space GIP is a projective variety. P is then connected, equal to 
its normalizer, and is the normalizer of its unipotent radical. 

Let U be the subgroup normalized by S whose Lie algebra u is the sum 
of the ga, where a runs through the positive k-roots (for some fixed ordering). 
Then U is a unipotent k-subgroup, normalized by Z(S). 

For every subset 8 of kA, let So = (naeo ker a)'. We let kPo be the sub- 
group generated by Z(S6) and U; it is the semi-direct product of Z(S6) and of 
its unipotent radical U6 c U. The split radical (0.5) of kPO is the semi-direct 
product So - U6. Every parabolic k-subgroup of G is conjugate over k to one 
and only one kPO. Moreover, two parabolic k-subgroups are conjugate in G 
if and only if they are conjugate over k. The groups kP6 are the standard 
parabolic k-subgroups (for a given choice of S and U). If 8 = 0, then kPO = 

kP = Z(S) * U is the minimal standard parabolic k-subgroup. We can write 
uniquely 

Z(S) = M. S (M normal k-subgroup, M n S finite), 

and M is anisotropic over k, i.e., rkk (M) = 0. 
For 8 c kA, we let [8] be the set of k-roots which are linear combinations 

of elements in 0, and let kLo be the smallest connected k-subgroup normalized 
by Z(S) whose Lie algebra ktO contains the subspaces g, (a e [1]). It is easily 
seen that [81 = kD(kLG), that S n kLo is a maximal k-split torus of kLo, and 
that kLo is semi-simple with Lie algebra 

JO = 
EaE[6] ga + [gal ga] 

Moreover, we have kPO = M6O kLo * So * U6, where MO is the identity component of 
M n Z(kLo). If 8 is connected, then kLo is almost k-simple, since otherwise, 
by [14, 5.11, 8.5] kLo would be the almost direct product of a k-group without 
k-rational unipotent elements # e, and of a k-group containing all unipotent 
elements rational over k of kLo, and kLo could not be generated by unipotent 
k-subgroups. 

We shall sometimes denote by k T a maximal k-split torus and by k U the 
unipotent radical of a minimal parabolic k-subgroup. 

We recall finally the Bruhat decomposition Gk = Pk-N(S)k-Pk [14, 5.15]. 
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More precisely, let nw, be a representative in N(S), of w c , W. Then G, is the 
disjoint union of the double classes 

Pk-n.wPk - Ukn.Z(S)k- Uk - 

If G is connected, but not reductive, it is the semi-direct product of its uni- 
potent radical R.(G) by a reductive k-subgroup (we are in characteristic zero), 
and R.(G) is contained in every parabolic subgroup. Since N(S) nf R(G)- 
z(s) n R.(G), it follows that the above decomposition is still valid, with P a 
minimal parabolic k-subgroup, and N(S) being the normalizer of S either in 
G or in a maximal reductive k-subgroup containing S. 

2.3. Fundamental highest weights relative to k. There is a basis of 
X(S) 0& Q over Q consisting of elements d, e X(P)(a e k4) such that (da, 3) = 
Caeaa3(a , G 3 ki) where Ca are positive integers. The restriction to So of the 
elements da(a e 0' = QA0-) form a basis of X(S6) 0 Q. Let d e X(S) be a 
linear combination of elements da(a e 0') with strictly positive integral coef- 
ficients. Then there exists an absolutely irreducible representation p: G 
GL( V) defined over k, and a unique one-dimensional subspace V' c V stable 
under P6 and on which g C Po acts via multiplication by d(g) [14, 12.2, 12.13]. 
The characters da(a C 0') will be called fundamental highest weights for Po. 
Let 

Xo(p) = det (Ad., p) (p C Po) 
We have then 

Xo = eEO eada (ea C Q; ea > 0) 
In fact, by definition, X0 is the sum of the weights of S in uO. These are 

the positive roots which involve at least one of the elements of 0', each root 
being of course counted with its multiplicity. X0 is stable under N(S) n Fo, 
hence under the fundamental symmetries s,,( C 0); therefore it is orthogonal 
to 0, and is a linear combination of the elements da(a e 0'). The coefficient ea 
of d, is equal to (Xo, a) * c'1. Let X1 be the sum of the positive elements in [1]0, 
counted with their multiplicities, and X = X0 + X1. Then (X1, a) ? 0 for a e O' 
and, by a standard argument (X, a) > 0, (in fact it is equal to (c + 2d) (a, a), 
where c and d are the multiplicities of a and 2a), hence (x0, a) > 0 and ea > 0. 

2.4. Restriction of relative roots. Let K be an overfield of k, T a maxi- 
mal K-split torus of G containing S and r: X(T) - X(S) the restriction homo- 
morphism. Two orderings of X(T) and X(S) are compatible if a > 0, r(a) # 0 
imply r(a) > 0 (a e X(T)). 

The existence of an ordering on X(T) compatible with a given ordering 
on X(S) is immediate [14, 3.1]. Let ,A and kA be the sets of simple roots for 
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compatible orderings. Then we have 
( i ) kA C r(KA) C kA U {O}. 

(ii) Let 0 c 4, A* C KA and a eHK n r-'(0). If / is connected, then 
r(Q) n kA is connected. If 0 is connected, there exists a connected subset 0' 
of KA containing a such that 

0 c r(0') c 0 U {O} . 
For the proofs, see [14, 6.8, 6.15, 6.16]. A simple K-root will be said to 

be critical if it restricts onto a simple k-root. Thus a simple K-root either is 
critical or restricts to zero. 

(iii) Let 0 be a connected subset of A, and assume there exists a unique 
greatest connected subset *r of KA such that r() n kA- 8. Then kLo= KL+. 
In particular, KL' is defined over k. 

PROOF. Let f8 e k4'. Then the space go is the direct sum of the eigenspaces 
ga of T, where a runs through the K-roots whose restriction to S is equal to 
,8. It is a standard fact about root systems that, if a root a is expressed as 
linear combination of simple roots, then the set of simple roots which occur 
in a with a non-zero coefficient is connected. Therefore if ,3 e [0] and a e K?D 

restricts to 8, then a e [*]. This implies that kLoc- KLI. Moreover, Z(S) 
normalizes kLo, and it is clear from the definitions that KLYP C Z(S) * kLO. Con- 
sequently, kLo is a normal subgroup of KL/. However the latter is almost 
K-simple (2.2), whence our assertion. 

2.5. PROPOSITION. Let k be an algebraic number field, kv its completion 
with respect to an archimedean valuation v, and G a connected reductive k- 
group. Then every maximal torus defined over kv of G is conjugate over kv 
to a maximal torus defined over k. 

(i) We show first that, if L is a connected k-group, then Lk is dense in 
(Lkv)0 in the usual topology. By [32, p. 41], there exists a generically sur- 
jective rational map of an affine space into L which is defined over k. In 
other words, we may find a Zariski k-open subset U of an affine space, and 
a k-morphism f: U ? L whose image contains a non-empty Zariski k-open 
subset V of L. Since we are in characteristic zero, f is separable, and there 
exists a non-empty Zariski k-open subset U' of U such that f: Ukv Lkv is 

open. Of course f(Uk) c Lk and Uk is dense in Ukv. Thus, Lk is dense in a 
non-empty open subset of Lkv, hence in (Lkv)0. 

(ii) If kv = C, then all maximal tori of GkV are conjugate, and 2.5 amounts 
to the existence of a maximal torus defined over k, which is known [32, p. 45]. 
Assume now that k = R. Let T be a maximal torus of G defined over R and 
H' the set of regular elements of (TR)'. It is well known that the set C of 
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conjugates of elements of H' by elements of (GR)Y is an open subset of (GR)0. 
By (i), it contains an element x rational over k. Then Z(x)0 is the desired 
maximal torus. 

2.6. COROLLARY. Let k be a subfield of R. Then G has a maximal torus 
defined over k which contains a maximal R-split torus of G. 

2.7. REMARKS. (1) Proposition 2.5 is also valid for an arbitrary connect- 
ed k-group G. In fact, let U be the unipotent radical of G and iu: G G' = 

G/ U the canonical projection. Let T be a maximal torus defined over kV of G. 
Then wz(T) is a maximal torus of G' [9, ? 22], obviously defined over kv. By 2.5, 
it is conjugate over kv to a maximal torus T' defined over k of G'. Since U is 
unipotent, and k is perfect, the map Gk G'-G is surjective by Rosenlicht's cross- 
section theorem, whence the existence of x e GkV such that x Tc 7r-'( T') = Q. The 
group Q is a connected solvable k-group, hence its maximal tori defined over kv, 
are conjugate over kV and one of them is defined over k (see e.g. [14, 11.4]; or, 
in characteristic zero, Borel-Mostow, Annals of Math. 61 (1955), 389-405). 

Proposition 2.5 is then of course also true if maximal tori are replaced 
by Cartan subgroups, since the latter are the centralizers of the former. 

( 2 ) Although this will not be needed in this paper, we point out that, 
if G is a connected k-group, Gk is dense in Gkq,, not only in (Gkv)0, as was shown 
in (i). If kV = C, then GkV is connected, and there is nothing new to prove. If 
kV = R, there remains to show that Gk meets every connected component of 
GR. By 2.6, applied to a maximal connected reductive k-subgroup of G, (or 
by remark (1) above), there exists a maximal torus T of G defined over k and 
containing a maximal R-split torus of G. By [14, 14.4], each connected com- 
ponent of GR contains one of TR, so that we are reduced to the case of a 
torus, where our assertion follows from a result of Serre quoted in [25, 5.1]. 

In the terminology of [25], this means essentially that G has the weak 
approximation property for archimedean valuations. As a matter of fact, it 
has been checked here only for one such valuation, but the case of several is 
easily reduced to that of one by considering the group RkQG. 

2.8. Let k be a subfield of R and G a connected semi-simple and absolutely 
simple k-group. Let RT be a maximal R-split torus of G containing a maximal 
k-split torus kT. We let r: X(R T) X(k T) be the restriction map, endow 
X(RT) and X(kT) with compatible orderings, and denote by A, RA the cor- 
responding sets of simple relative roots. 

We assume further that the riemannian symmetric space K\GR, where 
K is a maximal compact subgroup of GR, is a bounded symmetric domain, 
necessarily irreducible since GR is simple. Then R(D is either of type C, or of 
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type BC, (1.2). In fact, the following proposition, and its proof are valid 
under that last assumption. On R'= {a1, . ., aj, we use the canonical num- 
bering of 1.2. For each /8 e 4, let m(hS) be the greatest value of the index 
i such that r(ai) = /. We number the elements /89, , /9. of A in such a 
way that i < j if and only if m(,Si) < m(/9j), and then write m(j) for m(/9j). 

2.9. PROPOSITION. We keep the notation and assumptions of 2.8. We 
assume that dim kT > 0. Then 

(a) kq) is of type BC8 if either R(D is of type BCt or R s 1 of type Ct 
and r(at)- 0, and is of type C8 otherwise. The numbering of kA defined in 
2.8 is the canonical one. 

(b) Each /9C kA is the restriction of one and only one simple R-root. 
By our choice of the numberings, any final segment (/9t, **i,,/9) in kA 

(possibly with zero added), is the restriction of a final segment of RA, hence 
is connected (2.4). Conversely, any connected subset 0 of kA containing 9a, /9b 

(a < b) contains /i for every i between a and b. In fact, there exists by 2.4 
(ii) a connected subset 0' of RA containing arm(b) such that 0 c r(O') c 0 U {O}. 
The set 0' contains then at least one simple R-root a, with c < m(a). In view 
of the structure of RA, the set 0' must then contain all simple R-roots with 
index i between c and m(b), hence in particular all R-roots aCm(j) (a < j < b), 
whence our contention. 

This shows that the graph of kA is a chain (no branch point). kA is there- 
fore of one of the types A8, B8, C8, G2, F4, BC8, where the first five symbols 
refer to the standard Cartan-Killing classification. We now distinguish some 
cases. 

( i ) R" is of type BCt. In this case, the set of a C RA whose double is a 
root spans X(R T) 0 R, hence contains at least one element a whose restric- 
tion is not zero. Thus r(-) and 2 r(-y) are k-roots, and kA is of type BC8. 
Moreover, the highest root in RA is -y1 2(a1 + * + at); therefore, if /9C kA 

is the restriction of at least two simple R-roots, then ,8 has a coefficient > 4 in 
the highest k-root, which is impossible in type BC,. Also, am(s) + * + at = 

Ym(s)/2 and its double are roots, hence /9s and 2/89 are k-roots; and, by the 
above, the connected subsets of kA containing /9, are the final segments. This 
shows that our numbering is the canonical one, and ends the proof of the prop- 
osition in this case. 

From now on, RA is of type Ct. Its highest root is then 

2(al + * a + at-,) + at a 

Let ct denote the number of simple R-root restricting onto ,8/. 
(ii) Assume that r(at) # 0. Then the highest k-root is 
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a = 2c1.Sl1 + *. + 2 c-.1S-1 + (2(c.-1) + 1),s8 

If c >_ 2 for some i < s, then there is a coefficient > 4 in 6, and k(ID is of 
type F4. There is in this case in a a coefficient 3, which must then be the 
coefficient of f,3. However, in F4 the simple root with coefficient 3 in the 
highest root is not an end point of the graph. Therefore ct = 1 for i < s. 

Assume now that /,5 = r(a) = r(aj) for some j < t. (There is at most 
one such j since no simple root has a coefficient > 5 in a in the systems under 
consideration here). Then /,3 has a coefficient > 3 and all other simple k-roots 
have coefficient 2. This occurs only in G2. If m(1) < j, then 

3q92 = r(2(a3j + ... + at-,) + at) 

is a k-root, which is absurd. If j < m(1), then 

r(i(Ym(l) + 1j) 2(/91 + I2) 

is a k-root, which is absurd because 81 + I2 is a k-root, and G2 has no root 
whose double is a root. This proves that ct = 1 (1 < i _ s), hence that 

8=-2(X81 + * -+ +SS-l) + 's 

Therefore kAI) is of type Ct, and the numbering is the canonical one. 
(iii) Assume that r(at) = 0. In this case the highest k-root is 

a = 2.cl,91 + .. + 2.c./S, . 

By the classification of root systems, this implies that k'I is of type BC, and 
that ct = 1 (1 ? i ? s). Furthermore, 2,/9 = r(Ym(s)) is a k-root, so that again 
the numbering is the canonical one. This completes the proof of the prop- 
osition. 

2.10. COROLLARY. (a) The proper maximal parabolic k-subgroups of G 
are also proper maximal among parabolic R-subgroups. 

(b) Let * be an initial (resp. a final) segment of RA consisting of all 
roots which come before (resp. after) a critical root and 0 = r(*) n 4. 
Then RL3Z= kLo and is defined over k. 

PROOF OF (a). Let P be a proper maximal parabolic k-subgroup of G. It 
follows from 2.2 that there exists a simple k-root ,8 such that P is conjugate 
over k to the group kPo (O = kA- {/E?}). Let a be the unique critical simple 
R-root which restricts onto ,8 and * = RA {-a}. Then To = So by 2.9. Fur- 
thermore, since the given orderings are compatible, we have RU C Z(k T) * k U, 
and therefore RP* c kPO. Since RP* is a proper maximal parabolic R-group, 
we have RP* = kPo, which proves (a). 

PROOF OF (b). By 2.9, 0 is an initial or final segment of k4, and * is the 
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greatest connected subset of KA such that 0 4 A n r(*). Therefore (b) fol- 
lows from 2.4 (iii). 

3. Rational boundary components 

3.1. Let G be an algebraic group defined over Q. A subgroup F of GQ 
is arithmetic if for one (and hence for every [13, 6.3]) faithful Q-morphism 
p: G GLm, the group p(F) is commensurable with p(G)z. 

We recall that, if f: G - G' is a surjective Q-morphism of G onto a Q- 
group G', and F is an arithmetic subgroup of G, then f(F) is also arithmetic. 
(See [13, 6.11] for isogenies, [11, Th. 6] for the generalization to surjective 
morphisms.) Since we are interested in automorphism groups of symmetric 
spaces, we may, without restricting generality, limit ourselves to centerless 
groups whenever convenient. Moreover, it follows from [13, 6.11] that, if G 
is an almost direct (or a semi-direct) product of two Q-subgroups G1, G2 and F 
is an arithmetic subgroup of G, then (F n Gi) is an arithmetic subgroup of 
G. (i = 1, 2) and (F f G1)* (F fl G2) is commensurable with F. 

Let G be simple over Q. Then there exists an algebraic number field k 
and an absolutely simple k-group G' such that G = RkIQG' [14, 6.21 (ii)], where 
RkIQ is the functor of restriction of the ground field [38, Ch. I], from k to Q. 

3.2. LEMMA. Let k be an algebraic number field. G' a connected semi- 
simple and absolutely simple k-group, and G = RkIQG'. Let K be a maximal 
compact subgroup of GR, X= K\GR, and r be an arithmetic subgroup of G. 

( a) If K has the same rank as G, in particular if X is a bounded 
domain, then k is totally real. 

(b) If X/P is not compact, then G' has no compact factor f{e}, and 
rkk (G') # 0. 

Let V be the set of normalized archimedean valuations of k, and kV the 
completion of k with respect to v e V. Then 

GR lvev GV [38, 1.3.2] 
hence 

X = Hve Z Xv ~(XV = (K nG v)\G' V) 

and K(v) K n G' is a maximal compact subgroup of G'V. If kV = C, then G' 
is a complex Lie group, viewed as real Lie group, and its rank as such is 
twice the rank of K(v), whence (a). 

The groups G' are the simple factors of GR. If one of them is compact, 
then G' - GQ consists of semi-simple elements, hence GR/F is compact [13, 
11.6], which proves (b), and G has no proper Q-parabolic subgroup. 
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3.3. (i) Let X be a bounded symmetric domain, H(X) its group of holo- 
morphic automorphisms and Is (X) its group of isometries with respect to the 
underlying riemannian structure. Let f be the Lie algebra of H(X). It is 
known that Ad tj H(X)0 c Is X = Aut t. Thus H(X) is identified with a 
group of finite index in the group of real points of an algebraic R-group, 
namely Aut t5c. Assume that we have put on Aut 15c a structure of Q-group 
subordinated to its natural R-structure. This is equivalent to putting a Q- 
structure on f; i.e., fixing a Lie subalgebra JQ over Q of f such that k = 
dQ 0 QR. An arithmetic subgroup F of H(X) is then an arithmetic subgroup 
of Aut 1c, viewed as a Q-group. More correctly, one should say that F is 
arithmetically definable, since this definition presupposes the determination 
of a Q-structure, for which there is usually a wide choice. However, we shall 
just say arithmetic for the sake of brevity. It is then understood that Ad fjc has 
been identified with a semi-simple Q-group G which has no center; i.e., with 
Ad gc, and H(X) with a subgroup of Aut R. The space X is then the quotient 
of AutgR, or H(X), or Ad gR, by a maximal compact subgroup. 

The group G is the direct product of its normal simple Q-groups Gi 
(1 ? i ? m), and X the product of the symmetric spaces (K n GiR)\GiR, which 
are then also bounded symmetric domains. Let Fi= r n GR (1 < i ? m) and 
F' be the subgroup generated by the Fi. It is arithmetic, normal, of finite 
index, in F. 

Our problem is the compactification of X/P. It turns out that the 
passage from X/F' to X/F offers no difficulty (cf. 8.9). Since X/F' is the 
product of the Xi/Fi, the essential case to consider is when G is simple over 
Q, and FcGOR 

(ii) We introduce some notation pertaining to our main case of interest. 
We keep the assumption of (i), and assume moreover G to be simple over Q, 
and I c GO. Then G -Rk,QG', where G' is an absolutely simple k-group, and 
k a totally real number field. Let E be the set of distinct isomorphisms of k 
into R. There is a 1-1 correspondence between elements of X and normalized 
archimedean valuations of k given by I a [ = a(a) I (a e k), and we have GkV 

(-G')R, [38, Ch. I]. We may then also write 

x L= I~oe Xq, (XI = K(o)\GGR Ka\ GR) 

where X, is an irreducible symmetric bounded domain. For simplicity, we 
shall also write GO for 9GOR 

We assume further that if F is an arithmetic subgroup of G, then X/F is 
not compact. This implies (3.2) that no X, is reduced to a point and that G' 
has a non-trivial maximal k-split torus, say S'. Then 9S' is a maximal a(k)- 
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split torus of 6G'; there is a canonical isomorphism (pa: S' I~S which induces 
an isomorphism of kid onto a(k4)(G') =kga. Furthermore the maximal Q-split 
subtorus S of RkQS' is a maximal Q-split torus of G. It is canonically isomor- 
phic to S' and is diagonally embedded in RkIQS'. This means more precisely 
that the projection prq of S into 6G' is the composition of the canonical iso- 
morphisms up: S o S' and (Pa: S' - 6S'. The isomorphism also induces an iso- 
morphism of QiP(G) onto k4D(G'). We shall identify k(D(G), a(k)(D(6G'), and Q@b(G) 
by means of these isomorphisms. 

In each group 6G', we choose a maximal R-split torus To DISf , contained 
in a maximal torus defined over a(k) (apply 2.6 to Z(7S')). We fix an ordering 
on X(S'), hence, using up and qi, also an ordering on X(IS') and X(S). For 
each a, choose an ordering on X( To) compatible with the given one on 
X(IS'), and let r: X( To) X(aS') X(S) be the restriction homomorphism. 
By 2.9, the canonical numbering on the set RAo of simple R-roots of G with 
respect to To is compatible by restriction with the canonical numbering of 
QA. 

Let kZA {iJ51 **1 , *38}. For i between 1 and s, we let c(i, a) be the index 
of the critical simple R-root of IG restricting on Si. Then, the remark just 
made shows that i < j implies c(i, a) < c(j, a) for all a e `. 

A sequence of elements indexed by X will often be denoted in boldface 
and used as a multi-index or a multi-exponent. In particular, let b be be- 
tween 1 and s. Then 

Fb Il T1e Fc(ba) 

is the product of the standard boundary components FC(b,O) of XI, where 
standard refers to the choice of To and RAI. It is also understood that the 
Lie algebra of K(a) is orthogonal to that of To. Since c(j, a) is an increasing 
function of j, for each a, we have Fj c F1 (1 ? i < j _ s). 

Let F = II, Fi(,) be a product of standard boundary components. We let 
SF= II Si(,) be the product of the unbounded realizations associated to the 
Fi(a), (1.6), JF be the functional determinant in SF, and iF be the functional 
determinant in the Harish-Chandra bounded realization of F. If F= Fb we 
also write Sb, JA, Ah for SF, JF and jF In the notation of 1.8, we have there- 
fore 

JF(X, g) = flo Ji(0)(XI, go) (X = (x,), g = (go); XI e Xa, g, e G,), 
jF(X, g) = oii(0)(XI, go) (X = (x,), g = (g,); XI e Fi(,), go s L(F0)) . 

By 1.11, applied to each irreducible factor of X, the functional deter- 
minant JF(x, g), (g e N(F)), is constant along the fibres of the canonical pro- 
jection aF of X onto F, (defined in 1.7, remark). 
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The natural compactification X of X is the product of the natural com- 
pactifications X, of the X,. We shall also write Ob for the point with com- 
ponents 0c(b,o) E X,, in the notation of 1.5. Thus 

Fb = Ob*N(Fb) = Ob *L(Fb) = Ob hG(Fb) , (1 ? b _ s) 
We recall that G(Fb) = N(Fb)/Z(Fb). We shall denote by tUb the natural pro- 
jection of N(Fb) onto G(Fb). Applying 1.3 and 1.5 to each irreducible factor 
of X, we see that G(Fb) is connected, that N(Fb) = L(Fb) . Z(Fb), and that 
Z(Fb) is the greatest normal subgroup of N(Fb) with identity component 
Z(Fb) . 

3.4. It will be sometimes convenient to use the following variation on 
the notion of arithmetic group. 

Let H be a connected real Lie group. A subgroup P is of arithmetic 
type, or arithmetically definable, if there exists a connected Q-group G, a 
continuous surjective homomorphism f: G' - H with compact kernel N and 
an arithmetic subgroup iF of G such that f(P') = P. Since N is compact, the 
group P is then obviously discrete. 

Let H be semi-simple. It is easily seen that, without restricting gener- 
ality, G may be assumed to be semi-simple, and to be almost simple over Q if 
H is simple. If G is simple over Q, and dim N > 0, then H/r is compact. In 
fact, we have in this case G = Rk/QG', where k is an algebraic number field, 
and G' an absolutely simple k-group. The group GR is the product of the 
groups G' where k, runs through the archimedean completions of k, and 
these are the simple normal subgroups of GR. Therefore N contains at least 
one of them, G' consists of semi-simple elements, and GR/P' is compact [13, 
11.6]. This implies of course the compactness of H/P and of K\H/P, where 
K is a compact subgroup of H. 

3.5. Rational boundary components. Let G be a connected semi-simple 
Q-group, whose symmetric space of non-compact type, X= K\GR, where K 
is a maximal compact subgroup of GR, is a bounded symmetric domain. For a 
discrete subgroup P of GR and a boundary component F of X, (1.2), we let 
P(F) be the image of rP n N(F) in G(F) = N(F)/Z(F) by the natural projec- 
tion. The component F is said to be P-rational if 

(i) the quotient U(F)/(U(F) n r) is compact, 
(ii) the group 1(F) is discrete. 
Clearly a P-rational component is P'-rational for any group F' commensu- 

rable with F. In particular, if F is P-rational for one arithmetic group P, it 
is so for all arithmetic groups; in that case, we shall drop the prefix P- and 
speak of rational boundary components. 
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Let now F be arithmetic. We remark first that (i) is equivalent to 
(i)' N(F)c is defined over Q. 
The implication (i)' - (i) follows from the standard fact that, if U is a 

unipotent Q-group and P an arithmetic subgroup of U, then UR/F is compact. 
Assume now (i) to hold. Let V be the smallest algebraic subgroup of U(F)c 
containing U(F) n F. It is invariant under all automorphisms of C, since 
F cm GQ, hence it is defined over Q. Since U(F)/F is compact, the quotient 
UR/VR is compact, too. But UR and VR are homeomorphic to euclidean 
spaces, hence U(F)c= V, which shows that U(F)c is defined over Q. The 
group N(F)c, being equal to the normalizer of its unipotent radical, is then 
also defined over Q. 

It will turn out that (i)' (ii) in our case; however we have preferred to 
start from a definition which makes sense for any symmetric space and any 
Satake compactification. 

3.6. Clearly, (ii) is implied by 
(ii)' the group F(F) is of arithmetic type. 
Assuming (i), we now prove that (ii)' is implied by either of the two 

following equivalent conditions: 
(iii) There exists a normal connected Q-subgroup C of N(F)c containing 

U(F)c and L(F)c and such that CR/L(F). U(F) is compact. 
(iv) There exists a connected normal Q-subgroup B of N(F)c, contained 

in Z(F) , containing U(F)c, such that Z(F)/(BR n G') is compact.2 
We show, to begin with, that (iii) and (iv) are equivalent. First assume 

(iii). Let H be a maximal connected reductive Q-subgroup of C, and L a 
maximal connected reductive Q-subgroup of N(F)c containing H. We may 
write L = H.H', with H' normal, defined over Q, and H n H' finite. Then 
D = H'. U(F)c is a normal Q-subgroup such that Z(F)/DI is compact. More- 
over, DRnG' cm Z(F) by (1) of 1.3, whence (iv). The other implication is 
proved in the same way. 

Assume (iv) holds. The projection N(F) G(F) is then the composition of 
the restriction to N(F) of the Q-morphism N(F)c > N(F)c/B with the pro- 
jection of N(F)/(BR n G?) onto G(F), which has a compact kernel, whence (ii)'. 

We note finally that if G = G1 x ... x Gm is a direct product of normal 
Q-subgroups, then a boundary component F = F1 x ... x Fm of X is rational 
if and only if Fi is a rational boundary component of Xi = (K n Gi)\GiR for 
all i. This follows immediately from the two following facts: the parabolic 
subgroups of G are the products of the parabolic subgroups of the Gi; the 

2 These conditions are of course fulfilled if Z(F)c is defined over Q. In fact, this is 
the requirement made in [10]; however, it has turned out to be too restrictive. 
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group F is commensurable with the product of the groups r n Gi, which are 
arithmetic (3.1). 

3.7. THEOREM. We keep the assumption of 3.3 (i). A boundary com- 

ponent F of X is rational if and only if N(F)c is defined over Q. If F is 
rational, 17(F) is of arithmetic type. The map F v-- N(F)c defines a bijec- 
tion of the set of proper rational boundary components onto the set of proper 
maximal parabolic Q-subgroups of Gc. 

By the last remark of 3.6, we may assume G to be simple over Q. If X/P 
is compact, where F is an arithmetic group, then rkQ(G) = 0 [13, 11.4, 11.6], 
G has no proper parabolic Q-subgroup [14, 8.3-5], and there is no proper ra- 
tional boundary component. 

Assume now X/F to be non-compact. In the notation of 3.3 (ii), we have 
G = RkIQG' with G' absolutely simple and k totally real. Let F be a boundary 
component of X. If F is rational, then N(F)c is a Q-subgroup by 3.5 (i)'. 
Assume conversely that N(F)c is defined over Q. We have then N(F)c 
RkIQP, where P is a parabolic k-subgroup of G', [14, 6.19], hence 

Ff= lz F0, Y N(F)= fN(F0) , 

(N(F0) = (7P)R n G0, a YE) 

where FJ is a boundary component of X,. Let V0' be the center of the uni- 
potent radical V' = Ru(P) of P, and C' the connected centralizer of V"' in P. 
The groups V', V0 and C' are clearly defined over k. It follows immediately 
from the properties of the functor RkIQ that C = RkIQC' is the centralizer in 

N(F)c of the center V0 = Rk/QVJ of the unipotent radical of N(F)c, and that 
Co =- II, CO, where CO is the connected centralizer in N(Fo) of the center of 
U(F0). By 1.20, CO contains L(Fo). U(Fo) and the quotient Co/L(Fo). U(Fo) is 
compact. Therefore condition (iii) of 3.6 is fulfilled; since, together with (i), 
it implies (ii), (ii)', by 3.6, our first two assertions are proved. 

Let F be rational. Then N(F)c = II, N(F0)c and N(Fo)c is a proper 
maximal parabolic R-subgroup of ?G', hence N(F)c is a proper maximal para- 
bolic Q-subgroup of G. 

Conversely, let P be a proper maximal parabolic Q-subgroup of G. We 
have P= RkIQP', where P' is a proper maximal parabolic k-subgroup of G', 
and therefore P= II, "P, and "P' is a proper maximal parabolic a(k)-sub- 
group of ?G'. By 2.10, "P' is also a proper maximal parabolic R-subgroup of 

?G'; consequently (1.5), ?PR n GO = N(Fo) where Fo is a boundary component 
of X, and PR n G = N(F), (F fI Fo). The boundary component F is then 
rational by the first part of the theorem. Since two boundary components 
with the same normalizer are identical, the proof of the theorem is complete. 
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3.8. THEOREM. We keep the notation and conventions of 3.3 (ii). Let3 
0(b) = {1,b+l, * 1}, Lb = kLo(b) (cf. 2.2) and Lb = RkIQLf, (1 _j _ s). If b # s, 
then (Lb,R)= L(Fb). In particular L(Fb)c is defined over Q, almost Q-simple, 
and its Q-rank is equal to s - b. For any arithmetic subgroup F of G, the 
quotient Fs/F(Fs) is compact. Given a rational boundary component F, there 
exist one and only one index b (1 < b ? s) and an element x e GQ such that 
F= Fb x. 

By 2.10 (b), we have Lb = L(F,(b,O))c 
for all a6 e . Since Lb = HLb, 

this proves the first assertion. The set 0(b) being connected, Lb is almost k- 
simple, (2.2), hence Lb is almost Q-simple [14, 6.21 (ii)]. 

For each a, the index c(s, a) is the last critical index, therefore (1.3, 1.5) 
Z(FS) contains S'. Let C be the connected centralizer in N(FS)c of the center 
of the unipotent radical of N(FS)c. By 1.20, the intersection of G' ln c with 
0S' is finite for every a e 1. In particular, S normalizes C and S c c is finite. 
This implies that the Q-rank of C is zero, for otherwise there would exist a 
maximal Q-split subtorus T of N(F)c with dim (Tn c) # 0, and it could not 
be conjugate to S (since C is normal), contradicting the conjugacy theorem 
for maximal split tori. It follows then from [14, 8.5] that the unipotent ele- 
ments of CQ all belong to the unipotent radical of C, and that X(C)Q= 0. 
The quotient CR/(f n c) is then compact [13, 11.8]. Since the projection 
N(FS) G(FS) maps CR onto G(FS) and F f CR into F(FS), we see that 
G(Fs)/F(Fs) is compact, whence our second assertion. 

Let F be a rational boundary component. Then N(F)c is a proper max- 
imal parabolic Q-subgroup of G. On the other hand, the group N(Fb)c is, in 
the notation of 2.2, the standard parabolic group QP34(b), (+(b) = QA-{f b}; 

b = 1, . . ., s). The groups QP34(j) (j = 1, *.. , s) are all the proper standard 
maximal parabolic Q-subgroups (2.2); there exists therefore one and only one 
b for which we may find x e GQ such that x N(F)c x- = N(Fb)c. We have 
then F= Fb.x, which ends the proof. 

3.9. COROLLARY. Let F, F' be rational boundary components of X such 
that F' c F. Let b, c be the integers such that F c FbhGQ and F' c FC.GQ. 
Then there exists g e GQ such that F. g = Fb, F'.g = F,. 

There is nothing to prove unless b # c; in particular, we may assume 
b # s. Therefore (3.8), L(Fb)c is defined over Q, almost Q-simple, and we 
may apply 3.8 to X= Fb. The proof of 3.9 is then the same as that of the 

3We hope the reader will not be unduly confused by the occasionally similar (or, by 
chance, even coinciding) notation used for real Lie groups in ? 1, and for their complex 
forms in ?? 2, 3. Also, Lb has a different meaning here than in ? 1.3. 
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similar remark made in 1.5, using 3.8 to insure that u, v may be taken in GQ 
and L(Fb)Q respectively. 

3.10. REMARKS. (1) The group G(Fb) is the quotient of L(Fb) by its 
center, which is finite; it may be identified with the adjoint group of L(Fb). 
Thus, if b # s, the group G(Fb)c may be viewed in a canonical way as a group 
defined over Q, in such a way that Cb induces a Q-morphism of N(Fb)c onto 
G(Fb)c, and that J(Fb) is arithmetic. The images of P n L(Fb)c and S n L(Fb)c 
under Cb are a minimal parabolic Q-subgroup and a maximal Q-split torus 
respectively. 

( 2 ) Theorem 3.8 shows, independently of 3.7, that F is rational if N(F)c 
is defined over Q and conjugate to one of the groups N(Fb)c with b # s. Our 
original proof of 3.7 consisted of 3.8 and of a separate discussion of the case 
b = s. The proof of 3.7 given here, which is based on 1.20, was suggested 
by [31]. 

3.11. PROPOSITION. We keep the notation and assumptions of 3.3 (ii). 
Let Xb(g) =det Ad,, g (g e N(Fb)), where u = u(Fb) is the Lie algebra of U(Fb), 
and let 7b be the restriction to Z(Fb) of the functional determinant Jb. Then 
there exists a rational number nb > 0 such that 

)7b(g) = Xb(g)-"" (g e Ab* U(Fb)) 

1)7b(g) I = I Xb(g) j-'b (g e Z(Fh)) 

Using the notation of 1.16, we may write 

Xb(g) =laeoedet Adv, g, 
( )-1e Xc(b,a)(ga) (g = (g0), Ha = U(FC(b, ))) 

and similarly 

(2) )2b(g) T ?7 c(b,0)(g0) 

By 1.16, there exists a rational number n,(bO) > 0 such that 

(3) 1)c(b,a)(g) I = I Xc(ba)(g) I|nc(ba) (g G Z(Fe (boa))) 

( 4 ) )c(ba)(g) = Xc(b0a)(g)-nc(ba) (g G Ac(bp,)) - 

Let g = (g,) e QA. We have already remarked that g, = qp o,(g), in the nota- 
tion of 3.3; by the properties of the functor Rk/q, this implies 

(5) det Ad,,g, = X,(bp,)(g0) (a e ; g e QA) . 

The proposition will then be a consequence of (1) to (5) once it is shown that 
nc(bo) is independent of a. By 2.9, k(J is of type C8 if and only if R4(DG') is of 
type C,, and c(s, a) = t, for every a e (. Thus if kD is of type C, and b = , 
we are in case (i) of 1.15 for every a, hence n(b, a) = 1 (a e G). If either 



COMPACTIFICATION 477 

b # s or ken is of type BC8, then, for every a e E, we are in one of the cases 
(ii), (iii) of 1.15. Then nc(b,a) is given by an expression which depends only on 
the multiplicities of the restrictions to AC(b,o) of a,,c(b,a) and 2Ca%,c(ba). In view 
of the different identifications made in 3.3, these are also the multiplicities of 
the restrictions of 18b and 2. *1b to Ab, and they are consequently independent 
of a. This proves our assertion; and, in view of 1.16, shows that 

(6) nb = 1 (keF of type CQ and b = s) 
(7) nb = (Pb + 4qb) *(2Pb + 4qb)1 otherwise, 

where Pb and qb are the multiplicities of the restrictions of lab and 2. Ib to the 
intersection QAb of the kernels of the simple Q-roots Si (i + b). 

3.12. The functional determinant on Fb. Let qb (qc(b,U)0XE where 
qc(b,C is the rational number > 1 attached by 1.17 to X2 and the boundary 
component FC(b,O). Put 

J F(9b(X), g) b 
-= tI [ g)c(bc)(1bc(ba) (Xo) ga) JqC(ba) (g = (g,) eA N(Fb)) 

If we apply 1.17 to each component Fc(b,,) and use 3.11, we see that 

( 1 ) 5 Jb(X, g) I I jF(Ub(X), g) b I Xb(g) I-nb , (X G Sb; g G N(Fb)) 

3.13. Let B be a normal connected Q-subgroup of N(Fb)c satisfying (iv) 
of 3.6. We may write B as a semi-direct product over Q of Sb. U(Fb)c by a 
reductive Q-group H. Write further H = H' *JDH as an almost direct product 
of its connected center H' by its derived group DH. We know that Z(Fb)/ U(Fb) 
is the almost direct product of BR! U(Fb) by a compact group. Furthermore, 
Z(Fb)/QAb U(Fb) modulo its derived group is compact. This follows from 1.3, 
1.5, applied to each factor N(FC(b,O)). It follows then that BR/U(Fb) modulo 
its derived group is compact, therefore HR' is compact. Since Jb and Xb are 
both characters on Z(Fb), they are equal to one on ?DH, whence the equality 

( 1 ) ~~~Xb(g) -nb - 
Jb(Xg g) (g G (9)H) * QAb * U(Fb)) - 

Let now F. be an arithmetic subgroup of N(Fb)c. The group J' n H is 
commensurable with (r7 D H') . (rF nD ?H), where both factors are arithmetic 
[13; 6.4, 6.11]. Since H' is compact, the group J' n H' is finite. Of course, 
Xb takes the values ? 1 on Po. It follows then that the image of Fo n B under 
Jb is a finite group (of roots of unity). This proves therefore the 

3.14. PROPOSITION. We keep the previous notation. Let F0 be an arith- 
metic subgroup of N(Fb)c. Then there exists a positive integer d such that 

Jb(X, g.y)d = Jb(X, g)d (x E X, g E N(Fb), 7 E ro n B) 

3.15. PROPOSITION. Let G be as in 3.3 (i). Assume that G has no normal 
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Q-subgroup of dimension 3. Then every proper rational boundary component 
has complex codimension > 2. 

It suffices to prove this when G is simple over Q. If it is absolutely 
simple, then our assertion follows from 1.5 (iii). Let now G be not absolutely 
simple. Then the set E of 3.3 (ii) has at least two elements. By 3.7, a rational 
boundary component F is a product ]l, Fo, where F, is a proper boundary 
component of XO. We have then dimc X, - dimc F, > 1 for each a; since 
card X _ 2, we are done. 

4. Fundamental sets and compactification 

4.1. Let G be a connected semi-simple Q-group, and P a minimal parabolic 
Q-subgroup. We write P = M. S. U as in 2.2 and let QA be the set of simple 
Q-roots for the ordering associated to U. Since M centralizes S, we also have 
P = S. V where V = M. U is the semi-direct product of M and U. 

We shall often write QA for S1. For t > 0, let 

(1) QA, = {aeQAI al < t(S eQA)} A 

A fundamental property of this subset is given by the: 

LEMMA. Let oi be a compact subset of (Ma U)R. Then the union of the 
sets a * Ad a-', (a E QAt) is relatively compact. 

Since S centralizes M and normalizes U, it is enough to prove this when 
v C UR. But then QA, is a bounded set of operators on UR by a F-> Ad a, in 
view of the very definition of QAt. Since the exponential is a homeomorphism 
of UR onto UR, our assertion follows (see [13, Prop. 4.2]). 

4.2. Let K be a maximal compact subgroup of GR whose Lie algebra is 
orthogonal to that of SR, with respect to the Killing form, 11 the natural 
projection of GR onto X= K\GR, and o = z(K). A Siegel domain @5" = @"t 
in GR (with respect to K, S, and U) is a set of the form 

e tff = (f = K. QA, * oi (oI compact in VR). 

In this paper, we shall in fact be more concerned with the intersection 
Af = (K n P) . QA, * oi of (2" with PR, to be called a Siegel domain in P, and 
with 

e = et,@= 0O25 = 0o25Y 

to be called a Siegel domain in X. If we replace the sign ? by < in 4.1 (1), 
and cv by an open relatively compact subset of VR, then we get open Siegel 
domains in GR, PR and X. We note that QA centralizes M and that K n Pci M, 
so that we may also write @2' = QA, * a' with c' = (K n P) * Ai. 
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The Q-roots are, in a natural way, positive-valued functions on PR which 
are equal to one on VR. Thus we also have 

Spa<t (s G (2t; a QA) . 

4.3. Let F be an arithmetic subgroup of G. It is known that there exists 
a Siegel domain @2 and a finite subset C c GQ such that a7 = @2 * C is a funda- 
mental set for F in X; i.e., verifies 

(Fl) 2. F = X, and 
(F2) given x E GQ, the set of y E F for which &2x n go $ 0 is finite (the 

Siegel property). 
(See [20]. The result is stated there for &2' w 7u-'(&2) in GR, but this is clearly 
equivalent.) 

If S = {e}, then X/F is compact, and conversely [13, 11.6, 11.4]. Of course 
any compact set has the Siegel property (for any discontinuous group F, and 
any x E GR in fact), so that in this case, any compact set verifying (Fl) is a 
fundamental set. Also, in this case, a(n open) Siegel domain is just a(n open 
relatively) compact set. 

REMARK. In considering later arithmetic subgroups of H(X), we shall 
implicitly use a slight extension of these results to non-connected semi-simple 
groups, which is not stated in the literature, but reduces readily to the con- 
nected case. Namely, if G' is a Q-group whose connected component is G, we 
replace P and K by their normalizers in G' and G' respectively. Let r be an 
arithmetic subgroup of G'. The only non-obvious point is to see that a Siegel 
domain has the Siegel property in G'. To see this, one uses the corresponding 
result in G and the following facts: 

(i) G'Q is generated by GQ and N(P)Q, which follows from [14, ? 4.13]; 
(ii) if h E N(P)R, then 2 . h is contained in a Siegel domain (with respect 

to K, SY P). 

4.4. We now assume that G is simple over Q, X is a bounded symmetric 
domain, F c G' and X/I is not compact. We take the notation and conven- 
tions of 3.3 (ii). In each group GO, we shall use the notation of ? 1. Putting 

we may write, 

(2) 7G = (y i+- y,$)/2, (1 < i _ to) 

(3) a,,,t, = 'to 9 (R"u of type Ct,), 

a,, tg = t'g /2 . (ReDo of type BCt,) a 

In the product of the groups TSR, the torus QA is contained in the identity 
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component of the intersections of the kernels of the roots cay, (a, G RAE, 

1 < i < t_ i not critical). An element a (a,) E QA satisfies therefore the 
relations 
(4) ya ,(log a,) = y., +1(log a,) (a e , 1 < i < to, i not critical) 

with the convention that y7 t = 0 if i > to. Moreover, SR being diagonally 
imbedded in GR (see 3.3), we have 

(5 )ate 
= aaa^i (i= c Uj)y i= 1, . . Y ;ff5 a 

Therefore, a E QAt if and only if it verifies (4), (5), and 

(6) y,,o(log a,) - y,,?1(log a,) ? 2 log t (i c(j, a)) 

if c(j, a) # to, and 

7o t,(log a,) _ log t (resp. 7, t,(log a,) < 2 log t), 
if to is critical; i.e., if to = c(s, a), and if R'D, is of type C (resp. BC). 

The subset QAt 0c' = @2' n P is contained in every standard parabolic sub- 
group, in particular in the groups N(Fb). From 3.8 and the construction of 
the groups L(Fb), we deduce immediately the following assertion: For b # X, 

et n L(Fb) is a Siegel domain of L(Fb) with respect to K n L(Fb), S n L(Fb), 
and U n L(Fb); its image under -tr'b is a Siegel domain of G(Fb); and 

Ob * Dt b n N(Fb)) = Ob b 

is a Siegel domain of Fb. 

If b = s, then Fb/F(Fb) is compact, and Ob t nbQ" D N(Fb)) is compact. 

4.5. LEMMA. We keep the assumptions and notation of 4.4. The closure 

@ of a Siegel domain '2, in the natural compactification of X, is contained 

in the union of the standard rational boundary components Fb (O _ b _ s). 

The intersection Fbn e is equal to Ob -bQ') and is a Siegel domain in Fb 

(O ? b ? s); moreover, any Siegel domain in Fb is contained in a Siegel 

domain obtained in this way by taking @5 itself sufficiently large. 

Let a, and vp (2 1, 2, ...) be sequences of elements in QAt and o re- 
spectively. We may assume that vp - v and that lim ad - dj exists for every 
j _ s. If all the dj are > 0, then ox a, v, tends to a point of 25 itself. Other- 
wise let b be the greatest index such that db = 0. It follows from 4.4 that 

( 1 ) y,,o(log a,,, )- DOc (i < c(b, a), a El,) 

and that 'y/,,(log a,,,) has finite limits if i > c(b, a). We have then 

limosa,s obka, 

where a is the element of L(Fb) n e such that at - dj (j > b) if b :z s, and 
is the identity if b = s. This implies 
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limp c. o-a, -v, = ob~a-v E ?b' TLb(QA, -))* 

Conversely, given x G 0b* b(QA* a), it is clear that we can find a sequence a, * vp 
as above such that x r lim o * a,* v,. Taking into account the next to last para- 
graph of 4.4, this proves the lemma. 

The following lemma is the analogue, in the present context, of Lemma 1 
in [33]. 

4.6. LEMMA. We keep the assumptions of 4.4. Let @2 be a Siegel domain 
in X, C a finite subset of GQ, and &2 = SAC. Then &2 is contained in the 
union of finitely many rational boundary components. There exist finitely 
many elements A e r (1 < i < q) having the following property: for every 
- E F such that f2y n Li # 0, there exists yj verifying the condition a way - 

a y for every ac C 7-' n Q. 

By 4.5, &2 is contained in the union of the boundary components Fb. c(c E C) 
which are all rational. Moreover, if we put 2b = e n Fb, then we may write 
Q = UX ZA\ CA where X runs through a finite set A, CA E C, and ZA = Zb(X) for a 
suitable b(X). Thus ZA is a Siegel domain of Fb(x) and has the Siegel property 
(4.4, 4.5). 

For each pair X, 4a E A for which there exists y E 1 verifying 

( 1 ) tCX7 n zD.c CIL 0, 
choose one element 7YA{ E F fulfilling that condition and let dx(. = C .7 . C-z'. 
We have b(X) = b(4a), A, = . C F (A), and dx(b e N(Fb(X))Q. Let y be an element 
of F satisfying (1). We define ex, (y) = C, .7'* 7A Co'. We have ex (y) G N(Fb(x))Q. 
Condition (1) implies 

(2) -Z *t3'b(d I) .fb(eX (e)) I n. z 0 o 
If b s, then Ox is relatively compact, and has trivially the Siegel property 
for any discontinuous group. If b # s, then t-b is canonically a Q-morphism 
(3.10 (1)). Since c,*F c i' is arithmetic [13, ? 6.4] and Z, is a Siegel domain 
(4.4), the Siegel property obtains. In both cases, it shows that there are 
only finitely many possibilities for tb(eA(7)) when y varies through the ele- 
ments of F verifying (1). We have thus shown the existence of a finite subset 
D. of c-'(N(Fb(x))Q)c,, such that (1) implies the existence of z(y) C DA verifying 

x.zT(7) - Xy, (X C SACA). 

This means that, if &i2 .y n a 0, there are only finitely many possibilities 
for the action of ' on Do D- n a, whence the lemma. 

4.7. LEMMA. We keep the assumptions of 4.4. Let X* be the union of 
the rational boundary components of X. Then there exists a fundamental 
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set & = SAC for P such that X* = E2P =f2-GQ. 
By 4.6, we have f2 c X*, and hence Q2. GQ c X*, for every fundamental 

set of the type considered in 4.2. 
By 4.2, 4.3, and 4.5, there exists a fundamental set fl such that 

Qf n Fb is a fundamental set for F(Fb) (O _ b _ s). For this set we have then 
FbcL( fl n N(Fb)). Let now F be a rational boundary component. There 
exists Ce GQ and b such that F= Fb c (3.8). Let ye N(Fb) nI. By the 
Siegel property, there exists a finite subset D of 1 (depending on y), such 
that 

f 2.y-. cczLD . 
This implies 

i2 C.c C2 D cz 2.J '; 
therefore, 

F= Fb.c cz& f2 

and X* c war.1, which completes the proof. 

4.8. We now turn to the general case and let F be an arithmetic sub- 
group of H(X) as in 3.3 (i). We take the notation of 3.3 (i). The union X* 
of the rational boundary components of X is the product of the similarly 
defined spaces Xi* corresponding to the different simple Q-factors GM of G. 
The group H(X) operates continuously on the natural compactification of X 
(11.2), and hence H(X)Q operates on X*. Furthermore, (11.2), the restriction 
of each element h e H(X) to each boundary component is holomorphic. By 
4.7, applied to X* and Pi = 1 D GqR, and 4.3, there exists then a fundamental 
setfnfor inXsuchthat F2.rP=X*. ForxCX*, we letP =I7={yc,x 7z=x}. 
The space X* will be endowed with the topology 5(fl, F) in which a funda- 
mental set of neighborhoods of x C X* is the set of all subsets U of X* con- 
taining x and having the following properties: Us y = U if y C Fx and Usy Dn f 
is a neighborhood of x .y in Q, in the natural topology of &2 whenever x .y E . 
This topology was introduced, in a similar setting, in [33], and will be called 
the Satake topology for X*. 

4.9. THEOREM. We keep the assumptions of 4.8. The Satake topology 
is the unique topology on X* having the following properties: 

( i ) It induces the natural topology on X and on the closure of any 
fundamental set U for any arithmetic group 1 c H(X). 

(ii) The elements of the group H(X)Q operate continuously on X*. 
(iii) If x and x' are not equivalent with respect to F, then there exist 

neighborhoods U of x and U' of x' such that u.r n uf U 0. 
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(iv) For each x E X*, there exists a fundamental set of neighborhoods 
{U} of x such that USA = U if y E Gx, and USA n U = 0 if 7 X~ P. 

PROOF. We wish to appeal to Theorem 1' of [33]. We first consider a 
fundamental set as in 4.8, used to define the topology. As was remarked in 
4.8, every element of H(X)Q operates continuously on X*, viewed as a sub- 
space of X in the natural topology, and this implies condition (2) of Theorem 
1', loc. cit. As to the condition (3), it is just Lemma 4.6. Thus, Theorem 1' 
applies. Also, by [33, Remark 2, p. 563], the topology induced by s(aq, F) on 
X is the natural one. This proves 4.9, with H(X)Q replaced by P in (ii). 

Let now c C H(X)Q, and let &2 be a fundamental set for c P. c-l n P. It is 
also one for P and c P c-' in view of the Siegel property. It follows directly 
from the definitions, and from the fact that c acts continuously on X, that c 
carries S(c * P c-1, &2) onto S(I, &2. c). However, as pointed out in [33, Remark 
3, p. 563], these two topologies of X* are identical, whence (ii). 

In the sequel we shall also write S for S(f2, P). 

4.10. PROPOSITION. Let F be a rational boundary component of X, and 
x C F. Then x has a neighborhood U in X* verifying 4.9 (iv), and such that 
a rational boundary component F' intersects U if and only if F c F'. The 
closure of F in X* is the union of the rational boundary components con- 
tained in the closure of F in the natural compactification X of X. 

We let S and 2 denote respectively the Satake topology of X* and the 
topology of the natural compactification X. Let Li be as in 4.8. Then S and 
Tf coincide on Q2. We may (and shall) assume that x -P contains an interior 
point of f2 n F. It follows from 4.6 that we may find finitely many elements 

,. . .,m P P such that Q n rP = xo.n, ... , xcym}. Let Ui (1 ? i _ m) be 
a subset of X * such that Us .7n is a neighborhood of x . yt in Q2. Then U = 

ui UsurI7 is a neighborhood of x, which satisfies 4.9 (iv) if the Ui are suf- 
ficiently small, and we get in this way a fundamental system of neighbor- 
hoods of x in S [33, p. 562]. By 4.6, f2 is the union of its intersections with 
finitely many rational boundary components. We may therefore assume UJ 
to be such that if the rational boundary component F' intersects Us .7 r, then 
x 'yt belongs to the closure of F' n Qi. 

Let now F' n u $ 0. There exist then y E FX and an index i such that 
F' n ui U7 y 0 , whence F' .7-1 *i n Ut y7 t 0; by the condition just imposed 

onUi, this implies that x*yt belongs to the closure of F'.y'1 .* rt K?Q either in 
3; or T since both coincide on Qi. 

Consequently x belongs to the closure of F' .ye, and hence to that of F', 
in both S and 2. This proves our first assertion and shows that if x belongs 
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to the closure of F' in 5, then it does so in if, too. To prove the converse, 
we may assume G to be Q-simple, and F = Fb to be standard. Then F, (c ? b) 
belongs to the closure of Fb in both the 5 and the iF topologies. 

Let F' be a rational boundary component contained in the 1f-closure of 
F. There exist c ? b and g c N(F)Q such that F'.g = F, (3.8, 3.9). Since 
g defines a homeomorphism in the 3-topology (4.9 (ii)), it follows that F' is 
also in the s-closure of F. 

4.11. COROLLARY. The quotient V* X X*/F, endowed with the quotient 
topology, is a compact Hausdorff space. V= X/V is an open everywhere 
dense subset. V* is the finite union of subspaces Vi = Fi/F(Fi), where Fi 
runs through a set of representatives of equivalence classes modulo F of 
rational boundary components. The closure of Vi is the union of Vi and of 
subspaces Vj of strictly smaller dimension. 

The first three assertions are obvious consequences of 4.9 and 4.10, once 
it is shown that, when G is Q-simple, Fb.H(X)Q/F is covered by the images 
of finitely many rational boundary components. Let 2 = . C be the funda- 
mental set of 4.7, where (25 is a Siegel domain and C a finite subset of GQ. 
Let F be a rational boundary component of type Fb. There exist c e C and 
/ e F such that B c .k n F # 0. But the intersection of e with the orbit 
of Fb under G' is contained in Fb by 4.5; therefore, Fbhc .7 n F # 0, and 
Fbhc . = F, so that Fbh H(X)Q/F is a quotient of Fbh C. 

The last assertion of the corollary follows from 4.10, because in X, the 
closure of a boundary component F is the union of F and of boundary com- 
ponents of strictly smaller dimension (1.5). 

REMARK. The proper rational boundary components correspond to the 
proper maximal parabolic Q-subgroups (3.7). Since parabolic Q-subgroups are 
conjugate if and only if they are conjugate by an element of GQ (2.2), the 
Vi's of the corollary are in one-to-one correspondence with the orbits of F in 
GQ/PQ, where P runs through the standard maximal parabolic Q-subgroups. 

Let G be the quotient of the symplectic group Sp(2n, C) by its center, 
and F = Sp(2n, Z) be Siegel's modular group. The proper maximal parabolic 
Q-subgroups are the stability groups of the rational isotropic subspaces. It is 
elementary that two rational isotropic subspaces of the same dimension q are 
transforms of each other by an element of F, so that we have GQ = F * PQ for 
every maximal parabolic Q-subgroup. The boundary component correspond- 
ing to such a subspace is isomorphic to Siegel's upper half-plane of degree q, 
and thus V * =flo~q Vq, where Vq is the quotient of the Siegel upper half 
plane of degree q by the corresponding modular group. We get therefore 
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again the compactification introduced by Satake and later considered in [35]. 

4.12. Truncated Siegel domains. In order to give a more precise de- 
scription of a fundamental set of neighborhoods of a point in V*, we need to 
introduce certain subsets of a Siegel domain. To define them, we assume 
again, for convenience, that G is simple over Q. 

Let Y' = QAt * GO be a Siegel domain in PR and e = on Y' the corresponding 
Siegel domain in X (4.2). Fix an index b ! s. For a positive number u and a 
subset E C Fb, we let 

( 1 ) eb(u, E) { E 6 5 gSb =< , Ob'Se El 

and 

( 2) (2b(u, E) = of e(25(, E) . 

The sets described by (1), (2) will be called Fb-adapted truncated Siegel 
domains. The subscript b will sometimes be omitted, if it is clear from the 
context, or replaced by F. 

An element $ e (' can be written uniquely in the form 

(3 ) al*hb a2.w (a, e 9Z(Fb) n QA, a2, L(Fb) n QA, hb X QAb, W X o) 
where QAb is the kernel of all simple Q-roots Si (i # b). Of course, all ele- 
ments on the right hand side depend (continuously) on s. However, for sim- 
plicity, we shall not make this explicit in the notation as long as no confusion 
arises. We collect a few remarks about this decomposition. 

( i ) The element hb annihilates all simple Q-roots except Aib, and a, 
(resp. a2) annihilates hi for i > b + 1 (resp. i < b); hence, 

84) sjki - alsi (i <b-1 

85)~~~~~~~~- i a'i, (i >b +l) 

If the roots fi (i > b + 1) are multiplicatively bounded on a2, then a2 is 
bounded; hence, there exists t' such that the set of products h al is contained 
in QA,'. In view of 4.5, it is clear that the fi's (i > b + 1) are multiplicatively 
bounded if E is relatively compact, as will be the case unless the contrary is 
stated. If so, the discussion of 4.5 implies 

((6) fl>05'(u, E) o= h.b (uo, E) (some us > 0) 
(ii) The group QAb centralizes K' =K K PR, and is contained in the iso- 

tropy group of 0b. Since 25' K'* QAt, (o ci VR), we have then 

( 7 ) hb.2(u, E) Ci ((v, E), (v = uhIb, he QAb) 

and hence also 
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Ob 0 = Ob h5(u, Fh) (u > 0) 

Ob.Y'(u, E)= Ob.2'(V, E) (u, v > 0). 
(iii) Let (Xi) be the basis of QQ with respect to which the simple Q-roots 

are written as in 1.2. Then the Lie algebra of QA n gZ(Fb) (resp. QA n L(Fb), 
resp. QAb) is generated by Xi - Xi,, (i = 1, ,b-1) (resp. Xi (i = b+ 1,* s), 
resp. Xi + ... + Xb). 

4.13. LEMMA. We keep the assumptions of 4.4. Let x e Fb, and let x* 
be the image of x in V*. Let 2 = 5.C be a fundamental set verifying 4.7, 
where e is an open Siegel domain whose closure contains x. Then there 
exist finitely many elements ei e N(Fb)Q with the following property: the 
image U in V* of U' = Ui c2(u, Ei) ei, where Et is a relatively compact 
neighborhood of x-e-1 in Fb, is a neighborhood of x*; the set U (resp. 
U'. * F) describes a fundamental set of neighborhoods of x* in V* (resp. 
x e X*) if u - 0 and, independently, Ei runs through a fundamental set 
of neighborhoods of xe, 1 in Fb. Furthermore, we get an equivalent set of 
neighborhoods of x* if we replace @N by any open Siegel domain @Y D ( 5. 

It is clear from 4.5 that b(u, E) contains an open neighborhood of x in 
(b, and 4.12 shows that we get in this way a fundamental set of neighborhoods 
of x in 5. We let D be the finite set of elements c e C such that x ?e 25 c. 
If d e D, then we get similarly a fundamental set of neighborhoods of x in 
@5d by taking subsets 2b(u, E)-d, where E is a neighborhood of xd-' in Fb. 
Since Qi is the finite union of the closed subsets C , (c e C), it follows that x 
has a fundamental set of neighborhoods in Q2 of the form Ud (b(u, Ed) d, 
where d runs over D and Ed is a neighborhood of x *d-1. 

By 4.6, x F r n Q2 is finite. Let yj (1 < j ? q) be elements of r such that 
x.1 n Q2 - {x*Yi, . . *, Xq}, and put x 1j xj. Let J' be the isotropy group 
of x in r. From 4.10, it follows that if Uj3.j is a neighborhood of xj in Q, 
then Uj Uj31,, is a neighborhood of x in X *, and that we get in this way a 
fundamental set of neighborhoods. For Uj, we may by the above take a finite 
union of sets 5b(u, E) * c, where c e C is such that xj e * C, and E is a neigh- 
borhood of xj * c-1 in Fb. From this, our first assertion follows, with ei running 
over the set of products c * j-1 for which x .j c-1 c . Such elements are ra- 
tional over Q, and they belong to N(Fb), since they transform x into a point 
of Fb. 

As for the second assertion, the images of the sets Uj Uj, which are con- 
structed simply by replacing (25 by (0' while allowing c and yj to run over the 
same sets of objects as in the definition of Uj, are relatively compact neigh- 
borhoods of x*, and for u - 0 and Ejs, decreasing through a basis of compact 
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neighborhoods of xj c-1 for each j and c, we obtain a decreasing family of 
compact neighborhoods of x*; it follows from 4.12 (6) that the intersection 
of all these is just x*. Since V* is compact and Hausdorff, and since all the 
spaces we consider are second countable, it follows that these neighborhoods 
also give a basis of neighborhoods of x* in V*, which proves the last assertion. 

REMARK. Let En (n = 1, * * *) be a decreasing sequence of neighborhoods 
of x in Fb, whose intersection is x, and let us be a sequence of real numbers 
tending to 0. Then the images in V* of the sets Us - Ui 2(u, En ej ) et 
form a fundamental set of neighborhoods of x*. 

4.14. LEMMA. Let b (1 ? b ? s) and a Siegel domain @5' in PR be given. 
Then there exists a Siegel domain ' D @5 in PR such that (b(u, E) = 
o.2'(u, E) is connected for every u > 0 and every connected open subset E 
of Ob * h 

We choose an Iwasawa decomposition PR= K'. A. N of PR where 

K' KnfP, A=(MfnA)xQA, N-(MnN).UR. 

We may assume as before that QT C RT c T, and choose compatible orderings 
on the root systems. The groups Z(Fb) n A.N and L(Fb) n A. N are con- 
nected (for otherwise they would have infinitely many components, which 
is impossible since Z(Fb)c, (A.N)c, and L(Fb)c are algebraic); they are also 
contractible, and the product mapping yields a homeomorphism of 

(L(Fb) n A.N) x (Z(Fb) n A.N) 
onto A.N. Furthermore (L(Fb) n A) and (L(Fb) n N) are the A and N part 
of an Iwasawa decomposition of L(Fb). It follows that (a, n) - ov al n and 
(a, n) -+ 0b* a * n yield homeomorphisms of A x N onto X and of 

(L(Fb) n A) x (L(Fb) n N) 
onto Fb. We also have (a meaning homeomorphism) 

L(Fb) n A.N (QA n L(Fb)) x (L(Fb) n VR n A.N), 
Z(Fb) n A.N (QA n Z(Fb)) x (Z(Fb) n VR n A.N), 

where the homeomorphisms are given by the product mapping. 
Let us write 8' = K'*QAto*WO, (booc VR). We take t > to, and choose 

(02, ol open, relatively compact, and connected in L(Fb) n VR n A-N and 
Z(Fb) n VR n A-N such that K'*01w(2 D K'-*0o, (note that K' meets every 
connected component of PR). We claim that c2' = e',., ((w = K' * 01 O (02), verifies 
our conditions. Since K' is contained in the isotropy group of Ob in PR, and 
is the isotropy group of o in PR, an elementary argument shows that it 
suffices to prove that K'\S'(u, x) is connected for every u > 0 and every 
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X G Ob 25%. We may write 

x = ob-a*aUw (a e L(Fb) n QA, Uw E ?o) 

An arbitrary element s E 2' can be written as a product 

s k'.al*hb*a2,*w-w2, 

where a,, hb, a2 are as in 4.12, and k' e K', wi e oi (i = 1, 2). The remarks 
made above imply that Ob*S x if and only if a2 = a', w2 w'. Thus w1 runs 
through coN, which is connected by assumption, k' through K', and a,- hb runs 
through the elements y e Z(Fb) n QA satisfying the conditions 

Yei < t (i < b), y1 < U. t, 

which define clearly a connected set; whence our contention. 

4.15. PROPOSITION. We keep the notation of 4.11. Every point v* G V* 
has a fundamental set of open neighborhoods U such that U i v is connected. 

Let F' be a normal subgroup of finite index of F. Then V* -V*(F) = 
X*/F is the quotient of X*/F' by F/F'. Let Gi (1 < i < m) be the simple Q- 
factors of G and, as in 3.3 (i), let F' be the group generated by the F - GR n r. 
Then X*/F' fi. X*/Fi. It suffices therefore to consider the case where G is 
simple over Q and F c G'. We may furthermore assume x E Fb. We use the 
notation of 4.13, 4.14, take 80 with C5 verifying 4.7, and 2, containing x. 
We choose the elements ej E N(Fb)Q as in the proof of 4.13; in particular, 
x eT'l E o 25' Moreover, we may so arrange things that each xei' is con- 
tained in the (relative) interior of Fbn fl ; this is an easy consequence of the 
two following facts: the fixed set C of 4.13 is finite, and the number of ele- 
ments in the intersection of any orbit of I in X* with the closure of any 
Siegel domain (constructed with respect to the given torus, ordering, etc.) is 
finite. 

Let E be a connected open neighborhood of x in F, small enough so that 
Ee7-1 cQ Ob ( for all i. Given u > 0, there exists g0 6 Ofb(U, E) such that 
x = obg0 (see 4.12 (ii)). By construction, ob-g90e7i E ?b(o; hence (loc. cit.), 

Ob E obey b(u, EeT-1); there exists therefore ui in the isotropy subgroup 
of Ob in N(Fb) such that Ui g90ei-' EOb(U, EneiT). 

The groups K n L(Fb) and K n Z(Fb) are maximal compact in L(Fb) and 
Z(Fb), and the first one is the isotropy group of Ob in L(Fb). Moreover, 

Z(Fb) - (K n Z(Fb)) * (P n z(Fb)) . 

Since N(Fb) = L(Fb) . Z(Fb) by 3.3, we may write (not uniquely): 

-i = kf.kf'si (kf e K n L(Fb); k1' e K n Z(Fb); si E Z(Fb) n P) 
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Let Y' be an open Siegel domain in PR satisfying 4.14 which contains 8' and 
the elements si.go. The images in V* of the sets U U- gb(u, E'.e- 1).e,, as 
u runs over all strictly positive numbers, and E' over a basis of connected 
open neighborhoods of x contained in E, form a fundamental set of neighbor- 
hoods of v*, and their interiors form a fundamental set of open neighbor- 
hoods. It is then enough to show that the interior of U n x is connected. 
This latter set is the union over i, of the open sets o-.2(u, Eves 1) * ei. We are 
therefore reduced (4.14) to proving that 
( 1 ) ?o. gtb(u, E' . et 1) . et fl ?o. (u, E') 0 , 

for all u > 0, all i, and all E' subject to our previous conditions. 
We let h be an element of QAb such that hVb ? t'1. U. 
By construction, Ob * Si * go 0 x and si * go e 2'; hence, si go e 25(t, E'), and 

therefore (4.12 (ii)): 

(2 h si go ( e 2(u, E') 

By 4.12 (ii), we have 

u i - go - e,1 E o * b(2(u, E'* et1) . 

But QAb centralizes L(Fb) and K n Z(Fb); therefore, 

o ~h~ui~g,.e-1 - o-h-k'-*k"'si.gey1 - o.h.si~.g0.e 

whence 

( 3 o oh Si go e (25'(u, E' *e- )-es, 

which, together with (2), proves (1). 

4.16. PROPOSITION. We keep the previous notation. Let J(x, g) be the 
functional determinant function in the unbounded realization associated to 
the rational boundary component F = Fb (3.3) and g X N(F)Q. Then J(x, g) 
is multiplicatively bounded on (F, where (F = 2b(U, E) (E compact in F) 
is an F-adapted truncated Siegel domain. 

We have (2F = o - )F and 

( 1 ) J(x, g) = J(o * S, g) =J(o, S) * J(o, S * g) (s F) 

We want to estimate both factors on the right hand side. We write as in 
4.12, 

(2) S = a1.h.a2.q (ale )Z(F) nQA, a2e L(F) nQA, h eQAb,qua) 

As pointed out in 4.12 (i), since s eF (, the element a2 is bounded on (F, and 
there exists t' ? t such that 

(3) h-a, e QA, 
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From (2), we get 

S = ahahqa(h-a1)lha, = ceheal (c = a2.h-a,.q((h-aj)-') 

hence, by 1.11, 

(4) J(o, s) = J(o, c)J(o, h). 

By 4.1, and the above remark on a2, the element c varies in a compact set 
when s e (; hence, 

(5) J(o , s) J(o , h) (S G (F) v 

The Bruhat decomposition gives 

g=u*t*w*V, (U V E UQ, t E Z(S)Q, W E N(F)(S)Q) 

whence 
s.g = d-f-v (d - c-h-a,.u.(h-a4)-1t-w;f = w-1h-aj-w). 

Since c varies in a compact set, 4.1 and (2) show that so does d. We may write 

V - V V (V' E L(F) n U, v"f E Z(F) n U) 
The element v' commutes with the subtorus Z(F) n S = SO (0 - {ib+l9 . . . f 8}). 
Since 0 is a connected component of the set QAZ- {fb} of simple Q-roots of 
N(F), the Weyl group relative to Q of N(F) also leaves S0 stable. Therefore 
v' commutes withf, we have s-g = dv'-f-v", and, by (1.11), 

(6) J(o, s g) -J(o, d - v') - J(o, f) J(o, v") . 

But v' and v" are fixed and d varies in a compact set. Consequently 

( 7) J(0, S g) - AO, f ) ( F) 

The restriction of J(o, g) to Z(F) is a character (1.8, 1.11), which is of course 
equal to one on the derived group. Furthermore, the relative Weyl group of 
N(F) is generated by the symmetries with respect to the hyperplanes annihi- 
lating the simple Q-roots Si # sub, and hence it acts trivially on QAb. We have 
therefore 

( 8) J(o, f) = J(o, h), 
and the proposition follows now from (1), (5), (7), and (8). 

II. AUTOMORPHIC FORMS 

5. Poincare series 

5.1. In this section, G is a complex connected reductive group defined 
over R, whose group of real points has a compact center, H, a subgroup of 
finite index of GR, K, a maximal compact subgroup of H, V, a finite dimen- 
sional complex Hilbert space, and p: K - GL( V) a unitary representation. 
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A function f: H V is of type p on the left (resp. right) if f(k -g)- 
p(k).f(g) (resp. f(g k) = p(k-1).f(g)) (g e H, k e K). It is of finite type, with 
respect to K, or K-finite, on the right (resp. left) if the set of right translates 
rkf (resp. left translates 1kf) of f by elements of K spans a finite dimensional 
vector space over C of V-valued functions. This is in particular the case if f 
is of type p, and the general case can be subsumed into that one, at the cost 
of changing V, as is easily seen. 

5.2. The universal enveloping algebra G1t(g) of g is identified in the cus- 
tomary manner with the algebra of right invariant differential operators on 
H. In particular, if X e g and f is a differentiable V-valued function, then 

Xf (g) - (dfeetfx.g)) 

The center 2(g) of 4t(g) is then identified with the algebra of left and right 
invariant differential operators on H. A smooth function (or a distribution) 
is called Z(g)-finite if it is annihilated by an ideal Gj{ of finite codimension of 
Z(g). If Gj{ has codimension one, such a function is an eigenfunction of Z(g), 
which is our main case of interest. It is known that if f is Z(g)-finite, and is 
K-finite on the right (resp. left), then it is annihilated by an elliptic right 
(resp. left) invariant, hence analytic, differential operator, and is consequent- 
ly necessarily analytic. However, since analyticity is obvious for the func- 
tions to be considered later, we omit the proof. The convergence proofs for 
the Poincare series could be based on that fact (and indeed are in [35, Exp. 
10]). Here, we shall use instead the following result (in which, in fact, the 
assumptions on H may be slightly relaxed) of Harish-Chandra [23, Th. 1]. 

5.3. LEMMA. Let U be a neighborhood of the identity in H. Let 
f: H a V be a C-'-function which is of finite type on the right (resp. left) 
with respect to K, and is Z(g)-finite. Then there exists a X Cc(U) such that 
a(k. g. k-1') = a(g) (g E H, k E K) and that f = f * a (resp. f = a *f). 

As is usual, Cc refers to C--functions with compact support, and * stands 
for the convolution. Thus in particular 

f * a(g) = |f(g * h-') * a(h)dh = f(h) * a(h- g)dh , 

where dh is a Haar measure on H, chosen once and for all. 

5.4. THEOREM. Let F be a discrete subgroup of H. Let f: Ha V be a 
function which belongs to L'(H) (0 V, is Z(g)-finite, and is of finite type on 
the right, with respect to K. Then the series 

pf (g) = Syerf (g * 7) , PAlf 1(g) = :yer f I f (g I) 
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are absolutely and uniformly convergent on compact subsets, and are bounded 
on H. 

It is enough to prove this for Plifll. Since F is discrete, we may find a 
symmetric compact neighborhood U of e such that U2 n Fp {e}. By 5.3, 
there exists a E Cc( U) such that 

f(g y) \f(g h-') .a(h)dh; (g E H, y E F) 
H 

this can also be written 

f(g ) = f(g h-')a(h * )dh. 

Let M be the maximum of I a I on H. Since a has its support in U = U-', we 
have then 

(1) IIf(g.y) AM.5 1f(g h-1) *Idh. 

But Us D n uri 0 if Y t a, hence 

Adze f(g a) I11 < M|f(g h-1) 11 dh < Me |f IIL1 

which proves that PlIfl, is bounded on H. 
Let now C be a compact subset of H. Given s > 0, there exists a compact 

subset D of H such that 

(2) X 1f(h) 1dh e. 
H1-D 

The inequality (1) can also be written 

(3) 1 f(g Y) IMI < M| f(h) 11 dh . 

Let * be the set of elements ye F for which C.Y. uD D # 0; it is finite. 
Given g E C, the translates g . -Y U(y E F, Y X *) are pairwise disjoint subsets 
of H - D, hence 

Eyer-+ If(g xY) || < 
M.5 1f(h) || dh < Mat (gC C), 

from which the uniform convergence of Plifl, on C follows. 

5.5. REMARKS. (1) The above proof is due to Harish-Chandra. Our 
original argument was longer, and was a variation on one of Godement's 
[35, Exp. 10]. 

( 2 ) If f is of finite type on the left, and satisfies the other assumptions 
of the theorem, then a similar argument, or the one of Godement, shows 
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readily that pf is absolutely and uniformly convergent on compact sets. How- 
ever, it does not seem necessarily true then that pf is bounded. 

5.6. The series pf, where f satisfies the assumptions of 5.4, will be called 
a Poincare series. Our next aim is to show that the usual Poincare series on 
bounded symmetric domains are associated in a simple way to Poincare series 
in the above sense. 

Up to the end of this section, we assume that X K\H is a bounded 
symmetric domain, let H = Go, and use the notation of ?1. Let, further, 

,cc(x, g) = (elx * g)o E KcI (g EH. x ED) 

be the canonical automorphy factor of the bounded realization D of X (1.8), 
and let 

( 1 ) ep(x, g) = p(P(x, g))I 

where p also denotes the natural extension to Kc of p. Since 1a(x, k) = k 
(k E K), we have in particular, 

( 2) fpp(o, k) = p(k) (k E K) . 
To a function F: D V, we associate f: H V by 

(3) f(g) = ,cj(o, g).F((g)) (g E H) . 
From (2), and the cocycle identity (1.8), it follows that 

( 4) f(k -g) = p(k) * f(g) (k EK, geGH) 

It is easily seen that F e f is in fact a bijection of the set of V-valued func- 
tions on D onto the set of V-valued functions on H which satisfy (4). 

5.7. LEMMA. We keep the notation of 5.6. Then 
(a) the function F on D is holomorphic if and only if Yef = 0 for all 

YE Ph-; 
(b) Let f: H V be a function which satisfies 5.6 (4) and Y-f = 0, 

(Ye E-). Then f is Z(g)-finite. 
The second assertion is proved in [35, Exp. 10, pp. 6-8]. As a matter of 

fact, it is only explicitly stated there that f is an eigenfunction of Z(g) if p is 
irreducible, but the proof also yields (b). 

Part (a) is also known, and mentioned in [35, Exp. 10, p. 6]. For the sake 
of completeness, we indicate a proof. If we view g as a Lie algebra of dif- 
ferential operators on D, via the action of Go, then the elements of pr are 
the linear combinations with constant coefficients of the partial derivatives 
a/aii, where the zi are coordinates in p+. Therefore it is enough to show 

( 1 Yf(g)A = "jo g) -e YF7{(Czg) (Ye2 p-; gy e2 
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Let first Ye gR. We may write 

(2) Y= Y_+ YO+ Y+ (Y+e?+; Yoefc) 

where, obviously 

(3) Y (+d (ety)o). 

We have 

Yf(e) = d (",(o, OF') -F(o e OF))| dtt= 

hence, using (3), and denoting by dp: gc -? gl(V) the differential of p, 

(4) Yf(e) = dp(Yo)*F(o) + Y-F(o). 
By linearity this formula extends to all Ye g. If Ye p-, then YO = 0, and (4) 
yields (1) for g = e. Now the correspondence 5.6 (3) associates to the right 
translate f ' = r, -.f(g e H) the function F' given by F'(x) = ,p(x, g) - F(x - g). 
Since ," is holomorphic in x, we have YF'(o) = "e(o, g)* YF(o . g); on the other 
hand Y(r, f )(e) = Yf(g), hence (4), applied to f ' and F', yields (1). 

5.8. LEMMA. Let J(x, g) be the functional determinant function in the 
bounded realization of X. Then g v- J(o, g)a is in L'(H) for every integer 
a > 2. 

We know that J(x, k) = det Adp+ k-' is a scalar independent of x, of 
modulus one (k e K). By the cocycle formula, g - I J(o, g) la is therefore left 
and right invariant under K, and in particular may be viewed as a function 
on D. We have 

|I J(o, g) la dg = I J(o, x) 1a dx , 
GR D 

where dx is a suitable invariant volume element. Up to a positive factor, 

dx =J(o, x) K ), 

where oj is the euclidean volume element in P+. The domain of integration 
being bounded, it is then enough to show that I J(o, x) I is bounded on D. Since 
GR = K-A-K, it suffices to check this on o-A, where it follows from 1.12. 

5.9. Let X = X1 x ... x Xq be the decomposition of X into irreducible 

bounded symmetric domains. The Xi's correspond canonically to the almost 
simple, non-compact, almost direct factors of the derived group of GR, and 
are therefore stable under GR. Each g e GO induces a complex analytic homeo- 
morphism gi of Xi such that 

(x1, * * *, xq) *g = (x1*g1, * * *, xqgq) (xi G Xi) 



COMPACTIFICATION 495 

Letting Ji be the functional determinant function in the canonical bounded 
realization Di of Xi, we have 

J(X' g) = Hi Ji(xi, gi). 

If a = (a1, *., aq) is a sequence of integers, define Ja by 

J(x, g)a = Ii Ji(xi, gi)ai 

Let F be a discrete subgroup of H. Let Ap: D V be a polynomial mapping. 
Put 

(1) Pq,(x) = P(x) = yer J(Xy )a-9(Xy). 

Up to the fact that (for later use) we allow a multi-exponent a, this is just a 
Poincare series in the usual sense. If it converges, it represents an automor- 
phic form of weight a, i.e., it verifies 

( 2) p(X) = J(X, _Y)a - p(Xwr)xEX; Er 

as follows from the cocycle formula. To p we associate, as in 5.6, the function 
f: H V defined by 

f(g) - J(o, g)a.9q)((g)) (g c H). 

Then by the cocycle formula, we have formally 

(3)f(g) P -Ee f(g ')= J(o, g)a.( p(g)) 
As before, let 

(4) Plif i(g) =yer IIf(g Y) I I 

5.10. THEOREM. Assume ai > 2 (i = 1, - * *, q). Then the series pf is a 
Poincare series in the sense of 5.6. Consequently P.,, pf and Pllfl, converge 
absolutely and uniformly on compact sets, and Pllfli is bounded on H. 

By 5.6 (4), f is of finite type on the left. Together with 5.7, this shows 
that f is Z(g)-finite. Since p is a polynomial mapping on D, it is bounded; 
hence, f is in L'(H) 0 V by 5.8. We have 

J(o, g-k) = J(o, g) l- (det Ad k-l)ai (k = (k1, * * kq), ki E Ki) 

On the other hand, since k acts on D by means of a linear transformation, 
namely Ad?+ k-1, it transforms p into a polynomial mapping of the same 
degree, hence the set of transforms of p under K is contained in a finite 
dimensional vector space. It follows then that f is K-finite on the right, too. 
It satisfies therefore all the assumptions of 5.4. 

5.11. We conclude this paragraph with some remarks to be used in ? 10, in 
the application of our main embedding theorem. Let v be the one-dimensional 
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representation k I det Ad,+ k-' of Kc. Then, in the notation of 5.6, the auto- 
morphy factor ," is just the functional determinant J in the bounded realiza- 
tion of X. Letting p(m) (m E Z) stand for the tensor product p 0 v-, we have 

( 1 ) ",e(.)(X, g) = J(X, g)- .,",e(X, g) , (x EX, g EH) . 

For a linear transformation A of a finite dimensional Hilbert space we let 
I A I2= Tr (A* .A), where A* is the adjoint of A. We claim that, given p, 
there exists m. such that the function S: g p fep(m)(0, g) belongs to L1(H) 
for all m > mi. 

PROOF. We have 

( 2) p(o, k~gk') = k-p(o, g).k' (g E H. kg k' E K nH) , 

so that 8 is right and left invariant under K. Clearly, fp(n) = Jn-ffip(m), 

(n, m E Z); therefore, as in 5.8, it is enough to show that S is bounded on A 
for m big enough. For a E A, we have 

(3 "(o, a) =ao 

()= IIexp (log cosh yi* Hi), (a = exp (y1X1 + * * * + ytXt)), 

as was recalled in 1.12. The transformations p(m)(ao) are simultaneously di- 
agonalizable, and their eigenvalues are of the form a', where a runs through 
the weights of p(m). These are the sums m. op + X, where X runs through the 
weights of p. From 1.10, applied to each irreducible factor of X, we see that 
>(Hi) < 0 for all i. Consequently, there exists mo such that &(Hi) < 0 for all 
i and all weights a of p(m) if m > mo By (3), S is then bounded on A. 

As in 5.10, it follows that if p: X - V is a polynomial mapping, the series 

ETer J(X, y)m UP(x, g) .9 q(x .a) , 

is a Poincare series for m > mo, and any discrete subgroup P of H, to which 
the conclusion of 5.10 applies. 

6. Poincare-Eisenstein series 

6.1. In this section, G is a connected semi-simple Q-group, H a subgroup 
of finite index of GR, K a maximal compact subgroup of H, V a finite dimen- 
sional complex Hilbert space, P a parabolic Q-subgroup of G, and X0: p F 

det Ad,, p (p E P) the determinant of Ad p in the Lie algebra of the unipotent 
radical U = R.(P) of P. 

Furthermore we assume P to be in the standard form (2.2). Thus P= QPo 
where 0 c QA. Let 0' = QA - 0. We have then (2.3): 

x0=ZJae,9 eada , (eaon Q, ea>0), 

where the da are fundamental highest weights for P. For every set s- 



COMPACTIFICATION 497 

(5)aeo' of complex numbers, we let A(p, s) be the complex valued function 
on PR defined by 

(1) A(p, s) ll I d.(p) I-s 
Let f: H - V be a continuous function which satisfies 

(2) f(g p) = f(g).A(p, s) (g e H p EP nH). 

Let F be an arithmetic subgroup of G, contained in H, and rho a subgroup of 
finite index ofr n P. The series 

(3 ) Ef(g)= elro-g7 (g eH) 

is called an Eisenstein series. It follows from a theorem of Godement 
(unpublished; for a sketch of the proof, see [12]) that this series converges 
absolutely and uniformly on compact sets if 

(4) Rsa>ea (aced'). 

We note that since a rational character, defined over Q, takes only the 
values + 1 on an arithmetic subgroup, (2) implies that f is right invariant 
under F O, so that the summation in (3) makes sense, and Ef is right invariant 
under F. We shall need the following generalization of this result. 

6.2. THEOREM. We keep the notation of 6.1. Let f': H - V be a con- 
tinuous function which is right invariant under Ji,,. and such that 

m(g) = supp I1 f'(g p) II . A(p, s) 1-' (P E P nH) 

is finite for every g E H, and is bounded on compact sets. If s verifies 6.1(4), 
then 

(1) EfZ = ye rv fr'(x f y)I 

converges absolutely and uniformly on compact sets. 
We only show how this reduces to the Godement theorem. Replacing f' 

by I i f ' f I we may assume the s, to be real, and f ' to be a real-valued positive 
function. Let f " be a strictly positive continuous function on H such that 

f"(g p) f"(g)-A(p, s) (g e H, p e PRnH) 

Such functions obviously exist; we may for instance simply put f"(k -p) = 
A(p, s). Since A is trivial on P n K, this is legitimate, and defines the re- 
quired function on H = K- (P nH). Writing g = kep (k X K, pE Pn H), we 
have 

y '(g) - ( f "(g))-' = f '(k . p) . A(p, s)-1.i 'k- 

f " has a strictly positive minimum on K, and f '(k- p)A(p, s)-1 remains bounded 
when k runs through K and p through P n H by assumption. There exists 
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therefore a strictly positive constant c such that 

f'(g) _3I c*f"(g) (g E H) 
whence the reduction to the case of 6.1. 

We now introduce a generalization of Eisenstein series and Poincare 
series, to be called Poincare-Eisenstein series. 

6.3. Let B be a normal connected Q-subgroup of P which contains the 
split radical S- U of P, and let C = P/B. This is a reductive connected Q- 
group which has no non-trivial rational character defined over Q. The natural 
projection maps H n P and PR onto subgroups of finite index of CR. Further- 
more, if f: H V verifies 

( 1 ) I If(h -c) I I = I If(h) -A(c, s) I I (h E H. c E BR nH) , 
then the restriction of I1 f A( , s)-1 I1 to H n P is right invariant under B n H, 
and may be identified with a function on the open subgroup (H n P)/(H n B) = 
C1 of CR. 

Let now P and Pm. be as in 6.1, and P, =P r. n B. We define the Poincare- 
Eisenstein series Ef by: 
(2) Ef(h) = eYerlrof(h -) (h E H) 

6.4. THEOREM. We keep the notation of 6.3, and assume that CR has a 
compact center. Let f: H V and f': C1 -> V be continuous functions which 
verify 

(i) II f(k h b) II = II f(h) I I A(bs) (k E K, h E H, b E B n H), where s = (sa) 
is real, and 

(ii) the function f' belongs to L'(C1) 0 V, is Z(c1)-finite (Cf. 5.1), is of 
finite type on the right with respect to some maximal compact subgroup, 
and is equal in norm to f.A(, s)-, . 

Then, if s satisfies 6.1 (4), the series 6.3 (2) converges absolutely and 
uniformly on compact sets. 

PROOF. Note first that 

(1) 11f(h.b.p) 11 = Ilf(h.p) II*A(b, s) (h E H. be BnB H, pEP nH) . 
In fact, we have be p = p - b' (b' p-'. b - p), hence 

lf(h.b.p) II - lf(h.p.b') II- Ilf(hip) I.A(b', s) . 

But A(b', s) = A(b, s) since P acts trivially by inner automorphisms on its 
character group, whence (1). The function A, being equal to one on P7, and 
P,, being normal in ],,, this implies in particular 
(2e) f(htzf) = f(h~u) (h E H. z- e E a 

Let 
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(3 pf(h) = ,oerS1Orof(h6a) 
plif 11(h) = Efer/FO I I e (h * a) (he H) 

Write h = k, P,, where kh E K and p, e P are determined up to an element of 
K P P. In view of (i), (ii), we have, wr denoting the projection H n Pa c1, 

(4) p1!f11(h p).A(p, s)'1 = A(Ph, 5).Pu1f'II(W(PhUP)) , 

where 

(5) P1!f'11(wf(q)) = EG~r"'/ro flf'(wr(q a)) 1l (q e P n H) 

By (ii) and 5.4, the series in (5) is uniformly bounded; therefore, the left hand 
side of (4) is bounded when p varies in P n H and Ph runs over a compact set. 
Moreover, (2) and (3) show that pf is right invariant under P.. We may write 

(6) Ef - 1ye:er pf(h.Y) , 

( 7 ) E yefl f = 57er/rF.p p1fII(h 7) 

so that the theorem now follows from 6.2. 

7. Poincare-Eisenstein series on bounded symmetric domains 

In this section, G is a simple, connected Q-group satisfying the assump- 
tions of 3.3 (ii); the notation of 3.3 is used. 

7.1. Let F= Fb (1 ? b ? s) be a standard rational boundary component, 
Ub: X-> F the canonical projection. The group N(F)c is defined over Q, and 
has a connected normal Q-subgroup B, containing the split radical Sb. Ub of 
N(F)c, such that BR c Z(F) and Z(F)/B' is compact (3.6, 3.7). 

Let JF or Jb, or simply J, be the functional determinant in the unbounded 
realization Sb associated to F, and p a polynomial on F, in the coordinates of 
the canonical bounded realization of F. Let P be an arithmetic subgroup of 
G, contained in GI, P. - N(F) n 1, and FO = Bo n fi; let 1 be a positive 
integer. We shall consider the series 

( t) E (x) = E,,n 1 JxZ) = E.Ye rro )(Ub(X ")) -J,(X, a) (X xE). 

For this to make good sense, each term of the right hand side should be 
right invariant under Fo. More generally, we wish to know that 

( 2 ) q(b(X g-x)) * Jp(Xgu q q(Ub(x g))*JF(x g) (g EGJXX EX, XE) 

Since BR c Z(F) acts trivially on F, the invariance of the first factor is 
clear. For the second one, it is enough that 1 be a multiple of the integer d 
of 3.14, as we shall assume. 
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In what follows, E may be supplied with a subscript consisting of any 
subset of {p, 1, P} sufficient to characterize it in a given context. It will be 
called a Poincare-Eisenstein series (P-E series for short) adapted to F. More 
generally, for any g e GQ, we shall also consider the transform Eo g of E by 
g, defined by 
(3) Eog(x) - J,(x, g--').E(x.g-') (X E X) 

By the cocycle identity: 

(4) E o g(x) = 5yer/ro p(b(x * g*)) JF(x, g .7)1 

We shall see shortly that this series converges absolutely for suitable 1. It 
represents then an automorphic form of weight 1 for the group 17 = g-17 Fg. 

7.2. THEOREM. There exists a positive integer lo such that, if 1 is a 
positive multiple of lO, then the series Esf o g converges absolutely and 
uniformly on compact sets. 

It suffices to prove this for E. 
The group N(F)c is the standard parabolic group QP, where 0 = QA -{8bb 

in the notation of 2.2. Therefore the set 0' QA - 0 reduces to {Jb}, and 
Xb(P) = det Ad,, p(p e N(F)c) may be taken as the fundamental highest weight 
relative to Q (2.3). By 3.12 (1), we have then 

( t) |J.F(X, 9) |= F(Ub(X)) |b-A(g, nb) , (g E N(F)) 
where A(g, nb) = Zb(g)-7b. 

We claim that 7.2 holds if we take for t, the smallest positive integer I 
verifying 7.1 (2) and: 

( 2) I1.nb C Z. I nb > 1; I qc(b a) >: 2 ( 

Let f be the complex valued function on GR defined by 

( 3) f(g) =q 9(Ub (C())) .JF (0, 9)l 1 

Since the maximal compact subgroup K leaves o fixed, and I JF(o, k) 1, if 
k e K, we have 

(4) If (k~g) I = I f(g) I (k KnG GR ge GO) . 
The cocycle formula and 3.11 imply 

( 5) |If (g gb) I I |f (g) I * A(by 1 * nb) g GRS BRn GR) . 
From (1), we get 

(6) If(g) I?A(g, lflb) =p(Ub 6hC(g)) I jF(oh, g) K' (g e N(F) n GR) 

Taking (4), (5) and 5.7, 5.8 into account, we see that all conditions of 6.4 
are fulfilled by If 1, if 1 is a positive multiple of l; therefore 
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(7) Ef(g) =yepYr0f(g 7) ' (g e GO) 
converges absolutely and uniformly on compact subsets. Since 

(8) EP,I(o?g) = J(o, g)- Ef(g), (g e GO) 

by the cocycle identity, the theorem is proved. 
As in 6.4, we may write E in the form 

( 9 ) E(o * g) - J(o, g)-' * Eyevrv pf (g * a) 

where 

(10) pf f/ 9 (gX ) Tp/p09(6b o (g X)) Jp(o g. ). 
The argument used in proving 6.4 shows that 

|f(g b p) I = If(g p) I A(b, IAnb) (g e GO, be Rn GR P E N(F)) 
therefore, if we put again 

(11) Plif ii = ExerO/rO I Pg -) I 

we have 

(12) pllf11(k* g, b) = pif 11(g) * A(b, I A nb) (g e Gl, be G, n B, k e K) 
As was proved in 6.4, pilf 1(gp)A(p, Inb)'1 is bounded when g varies in a com- 
pact set of GO and p in P n GRI 

We henceforth assume 1 to be divisible by the integer lo defined above. 

7.3. From the geometric point of view, an automorphic form co on X of 
weight 1 for 17 is a holomorphic cross section, invariant under P, of the com- 
plex line bundle (Anv)-1 (n = dimc X), where AMv is the nth exterior power of 
the tangent bundle z to X. If X is realized as a domain in C7, then z is 
canonically trivialized, and co is represented by a holomorphic function c! on 
X which verifies 

( 1 ) co(x) = j(x, y)1(bo'(x 7) , (X E X, 7 E 1) 

where j is the functional determinant in the coordinates of the ambient vector 
space. 

By a slight abuse of language, we shall say that c) is a P-E series adapted 
to Fb, if it is represented by such a series in the unbounded realization Sb as- 
sociated to F= Fb. Let F* Fb* be another standard rational boundary 
component. We let v = ipF * = 0 ?, where v,: D S, ( c < _s) is the 
canonical isomorphism (cf. ? 1). The P-E series E adapted to F is then re- 
presented on Sb* by the function E * given by 

(2) E*(X(x)) = j(x, i))1.E(x) (x E Sb) 
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where j(x, v) is the functional determinant of v at x. In studying E *, and 
more generally E * o g (g e GQ), we shall use the following notation, where 
J. J* stand for JF, JF*: 

( 3) a{(s) =7 J(O, s)1 

(4) a*(S) = J*(O, S)1 

(5) /3(s) xe 9(/ b po (C b(X))a(sX) , (se GI). 

Thus, /8 is the function pf of 7.2 (10), and we have, by 7.1 (4) and 7.2 (9): 

(6) (Eog)(o.s) - a(sY)1.e (s.g 1y) (s, g e GO) 
More generally 

(7) (E* o g)(o, s) 
=d-1 o*S-1. eS g-l1~ (8s g e GI; d = j(o, v)') 

In fact, the obvious equality 

( 8 ) j(x, +) J*(V(x), S) = J(x, s).j(x.s, V) , (s e GI, Xe Sb) 
shows that 

(9) d~a*(s) =: a(s)j(o-s, v)l 
On the other hand 

(E* og)(o.s) - J*(o.s, g-)l*.E*(o.s.g*-) 
- J*(o.s, g-')1*j(o*s.g-1, z)-1.E(o.s.g-1) 
- J*(o, s)-1.J*(o, s*g-1)1*j(o*s*g-1, 4)-1.E(o*s*g-1) . 

Together with (9), this gives 

(E* og)(o s) = a*(s)-1 d-1 a(s. g-1) E(o s g-1) 

so that (7) follows from (6), and from the definition 7.1 (3) of Eo g. 

7.4. LEMMA4. We keep the notation of 7.3, fix b, b*, 1, put A =flbZXb if 
b > 1, AN* =Inb*Xb* if b* > 1, and A= 0, A* = 0 otherwise. Let (b* = 2* be 
an Fb*-adapted truncated Siegel domain (4.12) in PR. For s e 2*, we write 
s = a(s).v(s) (a(s) e QA, v(s) e VR). Then 

( a )c*(s) _ac*(a(s)) _a(S)-A*, (S e 25*) 

( ii ) o*(a(s)) *a(8At (b* ~< b; s e 25*) 
a*ii o(a(s))-a lA-Ib<ilb* a(s)-liti (b < b*; 1, e Z. 1, > 0. (b < ib*) 

By 3.12 (1), we have 

I a*(s) I = I JF*(b*(O*), t'b*(S)) |qb Xb*(S) Iflb*l 

a* (a(s)) I =I jF*(Ob*(O*), 1Ob*(a(s)) | qb | Xb*(a(s)) 1nb* 
* l 

4In this proof, s occurs in two capacities: as the Q-rank of G and as an element of 
a truncated Siegel domain. We trust this will not cause any confusion. 
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By the definition of a truncated Siegel domain, ub*Q(*) is a set of elements in 
G(F*) which bring the origin into a compact set, and so is relatively compact. 
Since v(s) varies in a compact set, the set of elements -'b*(v(s)) is then also 
relatively compact. Thus the factors j,* in the two above equalities are 
multiplicatively bounded on 25. Since Xb*(S) = Xb*(a(s)) for any se N(F 
this proves the first assertion. 

If b* 0 , then 2* is compact, and the remaining assertions are obvious. 
So we assume b* > 1. 

As in 4.12, we may write, with reference to the index b, an element 
a E QA as a a1,ha2; the set of all a1 tresp. h, resp. a2) which occur in this 
way form a subgroup A1 (resp. H, resp. A2) of QA, we have 

H= QAb, A.H= Z(Fb) nQA, 
A2 =L(Fb) nQA, Al, -z(Fb) nQA, 

and the rational character A is trivial on A1.A2. We have i5(i - ij/29 
(1 i < s), and 8 - t8 (resp. f,8 - y8/2) in case CQ (resp. BC8). It is clear 
that any character X of QA trivial on A1, A2 is of the form X m n(Y1 + * * * + Yb) 

with some m e Q. In particular A= Mb(Yl + * + 'Yb), and ibn> 0, if b > 1, 
because the simple Q-roots appear with positive coefficients in det Ad,, XbZ 

where u is the Lie algebra of U(F). We want to prove that Mb is inde- 
pendent of b for b ? 1. We have 

(2) A = 2Mb(l + 2RR2 + * * * + b~b + + A-0 + v - b S 

where v = 1/2 (resp. 1) in case C8 (resp. BC8). There is an analogous formula 
for the restriction of A to each irreducible factor 0G' of G (notation of 3.3 (ii)). 
Moreover (3.3 (ii)) the first simple a(k)-root of 0G' is the restriction of only one 
simple R-root, with index c(1, a). Using the fact that QA is diagonally em- 
bedded in (Rk/QS')R and applying 1.12 to Go = (aG')O for each a, we see that 

mb = * L mO,,.c(1 v) 
) 

where mr,0 is the positive integer associated to Go by 1.10, and denoted by mO 
there. This expression is indeed independent of b > 1. From now on, we 
write m for mb. From (1), we get 

(3 ) aA - a2mPb)s.ll .I?<iba2migi llb<.<S a2mbfi (b > 1, m > O, a e QA) 

The roots A (i > b*) are multiplicatively bounded on a(s) (s e @5*). There- 
fore if X = cl,51 + * + cj38 (ci e Q) is a character on QA, we have 

(4) a(s)rticulartak a(i)ni (i (ng (e i 

In particular, taking (i) into account: 
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( 5) at* I8)-'l~;b (8-mt (1 f- b * < s), 
(6) a*(a(s)) a -2msvfs. a-2mii (s e *; b* = s) 
These relations and (3) yield (ii) and 

(7) a* (a(s))a()A Ib<i<b* a()2m(i b)i ,(s e (*; b < b* < s) 
(8) a*(a(s)).a(S)A a-;a2m(-8b)s.1Ib<is a(s)-2m(i-b)fi (b < b* = s) 

which proves (iii). 

7.5. Our main aim in this section is to study the behavior of P-E series 
near boundary components in X*. For this purpose, we need to construct a 
function that will help us to majorize these series in a certain way and to 
study them termwise. 

Let p: G - GL( V) be an irreducible representation defined over Q, with 
highest weight A = n bXb, where nb is as in 3.11, such that VQ contains an 
element eo 7 0 which spans a line stable under N(Fb)c, and on which the 
latter group acts via its one dimensional representation A. This always exists 
(2.3). We endow V with a hermitian structure such that K and S are repre- 
sented by unitary and self-adjoint operators respectively, and such that e, 
has norm one. The function we shall use is defined by 

(l1) c(g)= p(g)e I e l (g cGR) . 
Obviously 

(2) c(k.g.p) C(g)* pAl (p e N(F)) - 
It is also clear that if h varies in a compact set C and g e GR, then 
c(g) c(h . g). In particular, if A' is a Siegel domain in the minimal standard 
parabolic Q-group P, then, using 4.1, we see that 

( 3) c (a (s) g) I- -1c (s g) y (s e (2g Y g e GR) 

where, as in 7.4, a(s) denotes the component in QA of s. The main properties 
of interest to us of the function c are given by the following lemma: 

7.6. LEMMA. We keep the notation of 7.4, 7.5, choose t > 0, and let ao 
be the element of QA on which all simple Q-roots /3i take the value t. Then, 

(i) aA *c(a.h) j a A *c(ao * h) (he GR; a C QAt). 
(ii) limalb*.o aA c e(a. g) = 0 if b* > b and g X N(Fb*) * N(Fb), (g e GQ, a C QAt). 
We refer to the situation in 7.5. Since QA is represented by self-adjoint 

operators in V, the space V is the direct sum of the mutually orthogonal 
subspaces 

V, = {v C V, p(a) Tv = agv, (a C QA)}, 
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corresponding to the different Q-weights 4ce of p. The space VA being one- 
dimensional, spanned by the unit vector e,, we may write 

p(h).eo = d(h).e, + 7,Pf( a , (f.(h) e V,; d(h) eR; h e GR) 

whence 
c(h)-2 = d(h)2 + II fp(h) 112 

and 

p(a*h)*e, = aA*d(h)*eO Jr i a+*f,(h) , (a e QA, h e GR). 

It is known [14, ?12.14] that every Q-weight is of the form 
A - 1A -ElS mi(p) .,Si (M() e Z, mi(4) _ 0) 

hence 

(1) a-A .p(a h) .eo = d(h) - eo + ( a-mi(i)ii).fk(h) (a C QAh e GR) 

Using (1) and the definition (7.5) of c, we have 

(2 ) I c(a.h).aA -2 = d(h)2 + I (I a-2mi(',i) f I f(h) 112 
Since the mi(ji) are >_ 0, we have 

a-2m~~ > aO m(ii=t if 
for all 4ce and all i, whence (i). 

Let P - M. S. U be the minimal standard parabolic Q-group (2.2) which 
underlies the definition of the standard boundary components. As recalled in 
2.2, the element g e GQ may be written as 

(3) g = u-ng.u (u, u'f UQ; nge N(S)Q), 
where ng is uniquely determined by g. Let Wg be the image of ng in the rela- 
tive Weyl group Q W(G) = N(S )/Z(S). 

We have a * g aua-* ng.n1* a * ng* , and consequently 

c(a-g) = c(auma-lXng).(n-la-ng )-A 

But (4.1), a * u a-1 remains in a relatively compact set, since a E QA,, and so 
the first factor is multiplicatively bounded. Therefore, we are solely con- 
cerned with the behavior of 

aA. (nll . a .n g)-A aA. a-w(A) 

The transform v = Wg(A) of A by Wg is a weight of p, and therefore has the 
form 

- = A m(2-)I, (mi(V) > O. mi(2) e Z) 

Thus we are reduced to studying the product 
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Since a C QAt, each factor is bounded above. Let 0(2) = I,8j i mi(s) > 0}. It 
follows from [14, ? 12.16] that 0(2)) U A is connected; by construction, A is 
orthogonal to all simple Q-roots except 8b. Now, if g X N(Fb), then v ? A; 
therefore 8(2)) is non-empty, and we must have mb(2)) # 0. It follows that 

limagb~o JnJi ami<l) hi =0 (a X QAt) 

which proves (ii) if b = b. Let now b* > b, and assume that the limit is not 
zero. Then mb*(2)) = O, and 0(2)) is contained in the set QA - {/3b*} of Q-simple 
roots of N(Fb*)c/U(Fb*)c. Then, by [14, 12.17], there exist 

ni C N(S)Q n (Fb*) , n2 CN(S)Q nN(Fb) 

such that ng = n1*2. Consequently 

g = gr g2, g1 = usnd C N(Fb*)Q, g2 =2tUo C N(Fb)Q, 

which completes the proof of (ii). 

7.7. LEMMA. We keep the notation of 7.4, 7.5. Let g e GQ. 
( i ) There exists a convergent series of positive constant terms which 

majorizes termwise, in the truncated Siegel domain (5*, the series (see 
7.3 (7)): 

(E* og)(o s) = ay*F/F1 a*(s)-l.3(Sgl *y)g 

(ii) if b* < b and g X N(Fb*).N(Fb), then lim8,b*,0 a*(s)l. /(s g) - 0, 

(s *); 

(iii) if b < b*, then limsib*-o a*(s)-lfJ(s g) 0, (sC *) 

The function /3 is equal to pf, in the notation of 7.2(10), and is majorized 
by Pilf I. We have already remarked (7.2(12)) that 

pllfj1(h p) .A(p, nb X ) 1 = pjlf j(h .p) . I p-A I 

is bounded when h varies in a compact set of GR and p e P n GR. Since 
c(h p) = c(h)Ip-A I by 7.5 (2), it follows then, as in 6.2, that pllf11c-1 is 
bounded on GI. There exists then a constant a > 0 such that 

( 1 ) I F~~~~~(h) aI-a c(h), (h e GOR) 
and therefore such that 

(2) 6a5e7,s a**(s)-1c(s h. y), 

is a normal majorant of (E* o h)(s) for all s, h e GO, which converges in view 
of 6.1. 

We have c(s h) c(a(s) .h) for s in a Siegel domain and h C GI by 7.5 (3) 
and a*(a(s)) ca*(s) for s C A*, (s = a(s).v, a(s) C QA, v C VR) by 7.4. Together 
with (1), this yields 
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(3) a *(s) 1.,C(s .h) a*< .*(a(s))1.c(a(s).h) (s G A*, he GI)R 

Using 7.4, we get 

( 4) a*o (s) * ,S(s * h) | ab+1 a(8) iA) * (c(a(s) * h) * a(8) A), 

where the first factor on the right hand side stands for the constant one if 
b* < b and the li are strictly positive integers if b* > b. Let, as in 7.6, a, be 
the element of QA on which the simple Q-roots take the value t. Since the 
first factor on the right hand side of (4) is bounded on A*, Lemma 7.6 (i) and 
(1) imply the existence of a constant 8' > 0 such that 

C'(h) - a'. c(a. h) * aA >I (X*(s) -1.* (s * h) (s e 25*; he GI) 
As a consequence, E* o g is majorized in 5* by the series 

E C'(g-1 .ry) 
which converges, as was noted above (6.1 and 7.5 (2)), whence (i). 

In view of (1), (2) it suffices to prove the statements (ii), (iii) with 
a*(s)-'.,8(s g) replaced by 

(ll-b?1 aliii) * c(a * g) * aA (a C QAt) 
Let b* ? b and g X N(Fb*) N(Fb). Then the first factor is one, and the 

second one tends to zero as aib* 0 by 7.6 (ii), which proves (ii). 
Let b* > b. Then lb* > 0 by 7.4; hence, the first factor tends to zero. 

The second one remains bounded by 7.6 (i), whence (iii). 

7.8. THEOREM. Let E and E* be as in 7.1, 7.4. Let (F* be a truncated 
Siegel domain adapted to F*; let s > 0 and g e GQ be given. 

(i) Assume b < b*. Then there exists uo > 0 such that 

| E og(o . s) I < S (s G @f* a(S) b* < uo) 

(ii) Assume b > b*. Then there exists uo > 0 such that 

I E* og(o.s) - j(o, 0)1 1yeg.N(F*)N(F) nl r/f a*(s). *(s -gly) | < e 

for all s e 25F* satisfying a(s)$b* < Us. 

By 7.7 (i) the series E* o g has a constant majorant series in A*, so that 
we may investigate its behavior termwise; 7.7 (ii) and 7.7 (iii) allow us to do 
this, with the theorem as an immediate consequence. 

7.9. PROPOSITION. We keep the previous notation and assume b* < b. 
Then the series 

( 1 ) E* og(o.s) = a*(s)1. IEY(N(F*s(F)n r) roo 8( g .) (ge GQ) 

is an automorphic form on F*, for the group 

Fr(F*) = (Z(F*) n g1rg)\(N(F*) n g-rg), 
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lifted to X by means of the canonical projection aUb: X F*, of type 

J*(x, )1. 

Since b* < b we have a canonical factorization a = Ub = TU* where 
r: F* - F is a holomorphic map. In fact r may be identified with the ca- 
nonical projection of F* onto F, the latter being viewed as a standard 
rational boundary component of F*. 

We show first that E * o g is holomorphic, constant along the fibres of 0*. 
By definition 

E* og(o s) 
- a*(s)-l Eyer/rF, T6xer./ro p(6(o * s * gy l )) .J(o, s * g-1 *o*)1 

the range of y being as in (1). For fixed a, the product of the series on the 
right hand side by a(s g-.)1 is a Poincare series for p,,/rO on F, lifted to 
X by a. It is therefore a fortiori lifted from a holomorphic function on F*. 
In order to finish the proof of our assertion, it suffices to show that 

ax*(s)-l * a(s *u *v) , (u c N(F *), v e N(F)) 

is holomorphic, as a function of o * s e X, and constant along fibres of v*. The 
equality 7.3 (8) yields 

a* (s)-1 *a(s*u*v) = J*(o, s)- .J(o, s.u.v)l 

= j(o, VY )j(o -s', 22- J(O, s)-' -J(O, s-u -v)l 
= d 8j(o *s, v)-' *J(o *s, u 8v)l . 

The factors on the right hand side are of course holomorphic in ok s; by 3.3 (ii), 
j(o.s, v)Y is constant along the fibres of v*. By 1.7, Z(F*)o is transitive along 
the fibers of v*. In view of the cocycle identity, it suffices to prove 

(2) J(xu ) = J(xz, u) (z C Z(F*), u e N(F*)), 

(3) J(xu, v) = J(xzu, v) . 

We have zu = uz' (z' e Z(F*)). Since b* < b, Fc F, whence Z(F*) c Z(F), 

so that (2) and (3) follow from 3.3 (ii). 
Let now y0 e N(F*) n g-1 * ' * g. Thus y0 - g- *. g (Y' c F), and it is clear 

that the series on the right hand side of (1) remains unaltered if s is replaced 
by s * y0. Moreover 

a*(s.'yo)-l = J*(o, s09 )- = J*(o, s)-.J*(o.s, go)-i 

hence, 

E* og(o.s) = J*(o.s, yo) *E* og(o*s*.y) , 
which ends the proof of the proposition. 
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8. The operator 1D 

8.1. Up to 8.7, we keep the notation and assumptions of 3.3 (ii). As in 
4.8, X* denotes the union of the rational boundary components of X, endowed 
with the Satake topology. A good neighborhood of x C X* is one which verifies 
4.9 (iv) and 4.10. We let F denote a rational boundary component, and tifF be 
the canonical epimorphism of N(F) onto G(F). 

An automorphic form wo of weight 1, for the arithmetic group F, will be 
said to be a P-E series adapted to F if its transform w o g under some element 
g C GQ which carries F onto the rational boundary component Fb is a P-E 

series adapted to Fb for PI, (7.6). 

8.2. The functional determinant Jb(x, g) (g e N(Fb), x C X) is by 3.3 (ii) 
constant along the fibres of the projection Ub: X - Fb. It defines therefore 
an automorphy factor on Fb for N(Fb), hence an action of N(Fb) on the trivial 
line bundle Fb x C given by 

(x, c).n = (x.n, Jb(x, n) . c) (x e Fb, c e C, n N(Fb))X 

The N(Fb)-bundle thus defined will be denoted by db. If F = Fb g-1 is 
as above, the translation by g-l carries db over onto an N(F)-bundle denoted 
by eF. The isomorphism class of eF, viewed as an N(F)-bundle, depends only 
on F. 

Let A be a discrete subgroup of N(F) whose image A' under tZ?F is dis- 
crete, and I an integer. An automorphic form wo for A', of type it, is a A'- 
invariant holomorphic cross section of d. The transform o o g is then an 
automorphic form of type ib for Cb(A"). It is therefore represented in the 
canonical bounded realization of Fb by a function f which satisfies 

(1) f(x.X) = Jb(x, X)If(x) , (x C FbY, x Ag) 

where, by abuse of notation, we write Jb(x, g) for Jb(x', g) if x e Fb, x'C ae'(x), 
g e N(Fb). 

Let c < b and Vbc: Sc, Sb be the canonical isomorphism. We have 

(2) )bC(x), g) Jc(x, g).j(x g, pb c) (x e Sc, g e GI) 

Let g e N(Fc). Then, using 1.11, we see that Jb(x, g) is constant along the 
fibres of the projection oc: Sc - Fc, and hence defines an automorphy factor 
on Fc, and an action of N(Fc) on the trivial line bundle. However, (2) shows 
that the automorphy factors given by Jb and Jc are equivalent, and hence the 
N(Fc)-bundle just defined is isomorphic, as an N(Fc)-bundle, to ic. 

8.3. Let U be an open subset of X* which intersects F, and A a discrete 
subgroup of N(F) leaving U invariant. Let co be an automorphic form of 
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weight 1 for A in U. Let ge G Q be such that Fag - Fb for some b. We say 
that wt) extends to F n U if wt) o g is represented, in the unbounded realization 
Sb, by a function f which extends by continuity to a holomorphic function f ' 
on (U n F) * g. The extension f ' clearly represents an automorphic form a on 
(u nF) g of type fi, for Al, or rather for the image 'Vtb(A") of Al in G (Fb). 
Its transform co' under g-1 is then an automorphic form of type it for -trtF(A), 

to be called sometimes the extension of co. This form depends only on co and 
F. In fact if Fa g' -Fb(g' C Ga), then g' = g *n (n e N(Fb)Q); hence, GO o g' is re- 
presented by f *(x) = f(x, rn-1) .J(x, n-1) . The function f * extends by continuity 
to f*' = x - f'(x, n-) Jb(x, which represents a on. Its transform under 
g'-1 is then again co' (cf. Remark of 1.7). 

Let d _ b, and fd be the function which represents Go o g in the unbounded 
realisation Sd associated to Fd. Then co extends to F n U (where still F.g g 
Fb) if and only if fd extends by continuity to a holomorphic function fd on 
(U nF) . g. This follows from the equality fa= f J( ,Y d,b)l and the con- 
stancy of J( , Ld,b) along the fibres of Ub. Thus, in order to check that o 
extends to U n F, we may use any unbounded realization Sd (d _ b). Fur- 
thermore, the last remark of 8.2 implies easily that )' o g is represented by 
fdj in the trivialization of V which is given by Jd. 

8.4. Local integral automorphic forms. Let F be an arithmetic sub- 
group of G, and x C X*. We suppose x e F. An automorphic form Go of weight 
I for Fx on X n N(x), where N(x) is a good neighborhood of x, is integral if 
it extends to an automorphic form for z:F(N(F') n ir) on F' n N(x) for every 
rational boundary component F' which meets N(x). 

If yeN(x), then P', czI7x by 4.9; therefore, the restriction to a good 
neighborhood N(y) ci N(x) of y of an integral automorphic form on N(x) is 
an integral automorphic form, whose extension to N(y) n F' is the restriction 
of the extension of co to F' n N(x). 

The form co is integral on N(x) if and only if for every g e GQ such that 
Fag = Fb, the transform o o g is represented in Sb by a function which ex- 
tends by continuity to a holomorphic function on F, n N(x) for all c ? b. In 
fact, as before, this condition is insensitive to a change of g; moreover, by 
3.9, if F' nN(x) 7 0, there exists ge GQ such that F'.g - Fc, Fag = Fb 

(c= b). 
From 3.9 we also deduce that o is integral if and only if for one g C GQ 

which maps F onto Fb, the transform w o g extends by continuity to N(x) g 
and is holomorphic on (F' n N(x)) . g for every rational boundary component 
F'. 
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8.5. Integral automorphic forms. The operator 4. An automorphic 
form o on X of weight 1, for F, is integral if its restriction to X n N(x) is 
integral for every x X X* and every good neighborhood N(x) of x. This is 
the case if and only if for every F and g G GQ such that F. g - Fb is standard, 
the transform Go o g is represented on Sb by a function which extends by con- 
tinuity to a holomorphic function on Fb. Then this function also extends by 
continuity to a holomorphic function on F, for every c _ b. 

Let so be integral. It then has an extension to any rational boundary 
component F, which is an automorphic form for 1(F) of type it, and which 
will often be denoted by 1'FO. The operator 1 is, by definition, the operator 
which associates to co the collection of automorphic forms JFO). The defi- 
nition of the extension of 0o given in 8.3 implies that for any rational 
boundary component F and g e GQ: 

( 1 ) ( 0 -'o))og = I(o) ? g) 

8.6. THEOREM. Let E be a P-E series adapted to the rational boundary 
component F, for the arithmetic group F, of weight 1. Then E is an in- 
tegral automorphic form. Let F* be a rational boundary component. Then 
bDE - 0 if dim F* < dim F and F* C F.J. The operator 1'F maps the 
module of P-E series adapted to F, of weight 1, onto the module of Poincare 
series for r(F), of type d. 

If the statement is true for E, F, 1, then it is also true for Eog, Fag, 
and 1P (g e GO). We may therefore, without loss of generality, assume that 
F= Fb is a standard rational boundary component. 

In order to prove the first assertion, it is enough to show that, for any 
x e X* and g e GQ such that x g e F, (1 < c < s), the transform Eog is repre- 
sented on S, by a function which extends by continuity to a holomorphic 
function around x . g on Fc. 

Let E* be the function which represents E on Sc. Then Eog is repre- 
sented by the function defined by (E* o g)(x) = Jc(x, g-l)l * E*(x * g-l). Let (0' 
be a Siegel domain in P such that Fc n a2, where e = od.Y, contains x g in 
its interior. This is possible by 4.5. There exists a finite subset C of N(FC)Q, 
containing the identity, such that * iFx.g, where &2 - Uae 2(mu, Va) * a, runs 
through a fundamental set of neighborhoods of x in X* when um 0 and Va 
runs through a fundamental set of neighborhoods of x . g. a-' (see 4.13). We 
have 

(E* o g)(s - h) = J(s, h)-1 . (E* o gh-')(s) (s e (mu, Va), h e arPx.g a e C). 

The function J( , h) is constant along the fibres of ac: Sc Fc (3.3 (ii)), and 
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is multiplicatively bounded on c((u, Va) by 4.16. Consequently, we are reduced 
to showing that E * og. h-1 extends by continuity to a holomorphic function 
on the interior of c((u, Va) n F,. Since this series has a normal majorant in 
2(u, Va) by 7.7, this follows from 7.8, 7.9. 

In order to study the limit of E* og around x g on F,, it is enough to 
consider its behavior on (mu, V), where V is a neighborhood of x f g. If c > b, 
i.e., if dim F* < dim F, this limit is zero by 7.8 (i). Let now c = b. Theorem 
7.8 (ii) implies that the limit is zero unless g.N(Fb) n 1 # 0, i.e., unless 
Fbg-1 c FbP. Since 

~Pb (Eo?g) = (< Fb 9-1E )o g 
this ends the proof of the second assertion. 

Let now g - e. Then 7.8 shows that the limit of E on Fb is the limit of 
the "constant" term a(s)-'.b(s), which is by 7.9 the Poincare series of type eb: 

Exeroo/ro 9(O(b(X * X))Jb(X, XY1 

(see 8.2). Furthermore, it is clear that every such Poincare series can be 
obtained in this way by suitable choice of p in the definition of E. 

8.7. The automorphy factor for N(Fb) defined on Fb by Jb is equal in 
absolute value to i Jb(Ub(X), g) jqb (cf. 3.12). Therefore, (5.10), it satisfies the 
condition imposed by H. Cartan [35 Exp. 10 bis; 19 p. 170] so that we may 
apply Theorems 2, 3 of loc. cit. to the Poincare series formed by means of Jb, 

on Fb. Since every rational boundary component is the transform of some Fb 

by an element of GQ, this implies: 
(1) Let F be a rational boundary component of X, al, a *t*,, q points of 

F, no two of which are equivalent under F(F), and t a positive integer. Then 
there is a positive integer lo with the property that, for any multiple I of lo, 
there exist a Poincare series P of type d (see 8.2) which has pre-assigned 
admissible (i.e., locally invariant, cf. [19, pp. 170-171]) Taylor developments 
of order t (in suitable local coordinates), at ac, * , a,. 

This means in particular that, for suitable 1, we may find P which is not 
zero at a, and zero at a, (i _ 2). 

8.8. PROPOSITION. Let F, F' be two rational boundary components such 
that dim F > dim F', and that either F = F' or Fc4 F'.]?. Let x e F, y 1 F 
be not equivalent under P. There is an integer I,, such that if I is a multiple 
of 10, there exists an integral automorphic form E which verifies <>FE(x) # 0, 
1'F,E(y) = 0. 

This follows from 8.6 and the result of Cartan mentioned in 8.7 (1). 

8.9. We now want to extend 8.8 to the case where G is not necessarily 
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Q-simple, and where P is an arithmetic group of holomorphic automorphisms 
of X. The notation of 3.3 (i) is used. In particular, X is the product of the 
spaces Xi = (K n GiR)\GiR, the space X* is the product of the Xi*, where G? 
runs through the Q-simple factors of G, and 17 is the product of the groups 
pi>= 7 f Gq. We do not exclude the possibility that Xi/J7 is compact for 
some i, in which case Xi Xi*. Let pro: X* Xi* be the natural projection. 
The notion of an integral automorphic form on X for F is defined as in 8.5. 
If Et is an integral automorphic form on Xi for Pi, of weight 1, then the 
product of the forms EI opri is an integral automorphic form of weight I on 
X for P'. This shows first that 8.6, 8.8 are valid for F'. 

Let F, F' be rational boundary components of X, such that F' ? F.]?, 
or F = Ft dim F? < dim F and let x e F, y e Ft, y ix fr. Let J(F)x be the 
isotropy group of x in F(F) = (N(F) n r)/(Z(F) n F), where N(F) and Z(F) 
are respectively the normalizer and the centralizer of F in H(X). The orbit 
of x under N(F) n F is the union of finitely many orbits of N(F) nf 1. By 
8.6, 8.8 for I?, there exists lo such that for any multiple I of l we may find 
a P-E series E' adapted to F of weight I for F' verifying 

'(1FE(x) = 0, IE'(x') 0= (x' e xOP n F; x' i x.F' n F), 

bF Ef(yf) -_ 0 . (vGfrn Ff) 

Assume now that I is also a multiple of the order of J(F)x, and put 

E= y Ef \FEoy 

Each summand on the right-hand side is an integral automorphic form of 
weight I for P', hence E is an integral automorphic form of weight I for P. 
We claim that 

(2) PsE(x) # , ?F IE(y) = O, 

which will prove our contention, if we take for lo some multiple of lo and of 
the order of J(F)x. We have, for any rational boundary component F* 

(3) (PF*-.-YE') o - =P)F*(E o yr) , 

(see 8.5). Let F' X Far and F* = F'. Then F* Y-1 X F.oP', the left-hand 
side of (3) is zero by 8.6, whence the second part of (2) if F # F'. Let now 
F * = F = Ff. If / y (N(F) n 11)r.P' then F. --' X2 F.]P', the left-hand side of 
(3) is zero by 8.6, whence 

4IFE(z) -F'\(flF).F' ((HFE')oy)(z) (z e F) 

which implies PFE(y) 0 0 and, because of the conditions imposed in (1). 
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If X . x *J7', then the corresponding summand is zero by construction of E'. 
There remains to consider those terms for which x y e x .17'. In that case 
e (N(F) nf ) . J(F)X. Since we sum modulo N(F) n ir, we may assume that 
e r(F)X. Then jF(x, -/)f = 1, since I is a multiple of the order of P(F)x, and 

the corresponding summand is equal to 4PFE'(x). As a result, PFE(x) is a 
non-zero multiple of PsE'(x), which ends the proof. 

8.10. Assume again for convenience, G to be Q-simple. An automorphic 
form of weight I is a cusp form if it belongs to the kernel of P. 

It is known [35; Exp. 10, ? 4] that every cusp form whose weight is a 
multiple of some suitable fixed integer lo is a linear combination of Poincare 
series; in particular, if X/I is compact, every automorphic form of weight 
ml, is a linear combination of Poincare series. It follows therefore from 8.6, 
by an obvious induction procedure on dim F, that there exists an integer lo 
with the following property: every automorphic form for I, of weight 1 
divisible by k, is a linear combination of transforms under elements of GQ of 
P-E series for conjugates of P under GQ. 

III. THE COMPACTIFICATION AS AN ANALYTIC SPACE 

9. An analyticity criterion 

9.1. In this section, V is a locally compact Hausdorff space, satisfying the 
second axiom of countability, which is the union of a locally finite countable 
family of disjoint subspaces V0, V1, ..., each of which is provided with the 
structure of an irreducible normal analytic space. 

An a-function on an open subset U of V is a complex valued continuous 
function on U whose restriction to Un fv is analytic (0 ?< i a< m). If we 
associate to U the C-module of a-functions defined on U, we get a presheaf 
which is easily seen to be a sheaf, the sheaf & of germs of CT-functions. The 
continuous sections of (i over an open subset U of V are the d-functions 
defined on U. We let &, be the stalk of a at v e V. 

9.2. THEOREM. We keep the notation of 9.1 and make the following 
assumptions: 

( i ) For each positive integer d, the union V(d) of the Vi's whose di- 
mension is ?d is closed. dim V0 = dim V, dim Vi < dim V0 if i # 0 and V, 
is dense in V. 

(ii) Each point v e V has a fundamental set of open neighborhoods 
(Ua) such that U., nl V is connected for every a. 

(iii) The restrictions to Vi of local (G-functions define the structural 
sheaf of Vi. 
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(iv) Each point v e V has a neighborhood U, whose points are separated 
by the CC-functions defined on U. 

Then (V, (G) is an irreducible normal analytic space and for each 
d < dim V0, V(d) is an analytic subspace of (V, (G) with dimension equal to 
maxdimv.<d (dim Va). 

The proof of 9.2, will be broken up into several lemmas, and will be con- 
cluded at the end of 9.7. We note first that, in view of (i), the subspace Vi is 
locally closed in V(d) (d -dim Vi), hence is locally closed in V. 

We shall use the following remark on normal analytic spaces. 
9.3. LEMMA. Let Y be a normal analytic space. Then the ring of 

analytic functions on Y is integrally closed in the ring of complex-valuled 
continuous functions on Y. 

Being normal, Y is the disjoint union of its irreducible components, which 
are open in Y. We may therefore assume Y to be irreducible. 

Let h be a continuous, complex-valued function on Y which satisfies a 
relation 

( 1 ) hhn(y) + aO<n ct(y).hn-?(y) 0 ? (Y c Y) 
where the a, are analytic functions on Y. 

Let a e Y, /9a be the local ring of Y at a, and Ka be the field of quotients 
of Oa. Let P = P(T) T + at1 Tn-1 + . . . + a. G (Da[T], where a, also de- 
notes the germ defined at a by a,. We assume a to be a regular point. Using 
the Gauss factorization lemma, and (1), we can find a factor 

Q =Tm + bi. Tm' + * * * + +b e OaT] 

of P which is irreducible in Ka[ T], and such that 

( 2 ) Qy(h(y)) = h-(y) + b1(y) * hm-1(y) + * * * + bm(y) = 0 (Y G U) 
where U is a sufficiently small neighborhood of a. Here Q, e CQT] denotes 
the polynomial obtained from Q by replacing bi by bi(y), (y e U). By con- 
sideration of the resultant of Q and dQ/d T, we see that the set of points 
y e U, for which Qy and dQy/dT have a common root, is a proper analytic 
subset Z of U. If y X Z, then the implicit function theorem and (2) show that 
h is analytic around y. Hence, h is analytic at a set of points defined locally 
as the complement of a proper, local analytic subset of U. It is then analytic 
in U by Riemann's extension theorem [1, 44.42, p. 420]. Since the set of 
singular points of Y is a proper analytic subset, a further application of the 
Riemann extension theorem shows that h is analytic on Y. 

9.4. LEMMA. We keep the notation of 9.1 and assume (i), (ii) of 9.2. 
Then (TV is integrally closed for every v e V. 
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Except for the use of 9.3, the proof is the same as that of the corre- 
sponding assertion in [35, Exp. 11, p. 7], and we describe it briefly. 

By (ii), v has a fundamental system of neighborhoods U such that U V0 
is an irreducible analytic space. Therefore, if f, g are i-functions on U whose 
product is identically zero, then one of them must be identically zero on 
u nf V, hence on U by continuity. This shows that CC, is integral. 

Let now f, g e Gf, with g not identically zero and f/g in the integral closure 
of atv. There exists then a relation of the form 

(1) (f/g)f + O<jn ai * (f/g)- -0 (ai e (Gv; i 0, *0 , n - 1) 

If U is a sufficiently small neighborhood of v, then f, g may be viewed as 
H-functions on U, and g is not identically zero on un v0. Since Un v is 
normal, there exists then an analytic function h on U n VO such that 

h (x) *g (x) = f(x) (x E u n vo). 
As in [35, loc. cit.] it follows from (1) and (i) that h extends by continuity to 
a continuous function on U, which will then verify 

(2) hn(x) + EO<jgn ai(x) ' hn-i(x) 0- 

for all x E U. By 9.3, the restriction of h to Vi n u is then analytic; hence, 
h is an a-function on U, and f/g E (TV. 

9.5. LEMMA. We keep the notation of 9.1 and the assumptions (i), (iv) 
of 9.2. Let v E V, U' be an open relatively compact neighborhood of v whose 
points are separated by aC-functions, and U be a neighborhood of v whose 
closure is contained in U'. Then there exist finitely many aC-functions on 
U which separate the points of U. 

Let fl, **., fs be a finite set of d-functions on U'. Define a holomorphic 
map f: U' Cs by f(u) = (f1(u), ... , f8(u)), and let 

qT = f x f: U x ) Cs X C. 

Let A and D be the diagonals of U' x U' and Cs x Cs respectively. Clearly 
c-'(D) D A, and we have qr'(D)- A if and only if f is infective. 

U' x U' is the disjoint union of the locally closed analytic spaces 
(u' n vi) x (u' n v7). Similarly (U' x U') - A is a disjoint union of locally 
closed subspaces, each endowed with the structure of a separable normal 
analytic space, namely the complements of the diagonal in the subspaces 
(U' n vi) x (u' n vj). Therefore U' x U' - A may be written as disjoint 
union of countably many subspaces Mj, each of which is an irreducible 
analytic space, locally analytically embedded in some Va. The restriction of 
T to Mj is analytic, hence U n -'(D) n Mj is an analytic subspace. Let Mj, 
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be its irreducible components, and let 

a,( fl -* *, f*s) - maxj,, dim Mjk 
Put au(fi, *..., f) -1 if all the Mjk are empty, i.e., if f is infective on 

U. It is clearly enough to show that if, au(f1, *.*, f3) - 0, then there exists 
an open neighborhood U" of U, and finitely many ai-functions f,.. *** f/ on 
U" such that au(fl, ft') < au(f, ... * fs) 

Let us enumerate the Mjk as Y1, Y2, *.., and let y -(ui, vi) E Yi (i 
1, 2, *..). Then ui # vi, so there exists an i-function gi on U' such that 
gi(ui) # gi(vi) (i = 1 ...). Define go* on U' x U' by g*(x, y) = g(x) - gi(y). 
We may, and shall, assume that I gi I ! 1/2 on U', hence that < g* 1 on 
U' x U'. Let U" be an open neighborhood of U whose closure is contained 
in U'. We claim that we may choose constants ci such that the sequence 
Y(rm) = cige converges uniformly on U" x U" to a function g* such 
that g*(ui, vi) # 0 (i = 1, 2, * ..). In fact, supposing c1, *.., c1 chosen in 
such a way that g (ui, vi) # 0 fori1, * , r-, we select em verifying 
the following conditions 

cI C 4-; g*)(u ,VM) # 0. 
I cr. g*(ui, vi) < 4m Minl<j<m I g(*u>(i, vi) (1 ? i < m) 

Then the constants ci are easily proven to satisfy our condition. In this case, 
g c E gci g converges uniformly on U" and is an a-function on U" such 
that g*(x, y) = g(x) - g(y), (x, y E U"). This implies that g(ui) - g(v) = 
g*(ui, v,) # 0 (i 1, *..), hence that 

au(f1, ***, f, g) < au(fi, ..,f s) 
9.6. LEMMA. We keep the notation of 9.1 and the assumptions 9.2 (i), 

9.2 (ii). Let U be a relatively compact open neighborhood of v e V, f19, *. * , s 
a finite set of a-functions on U which separate the points of U, and 
f: u ~ (f1(u), .*, f.(u)) the associated mapping of U into C3. Then there 
exists a relatively compact neighborhood U' of v in U such that f induces 
a homeomorphism of U' (resp. U' n vi, i 0 o, 1, ... ) onto an analytic (resp. 
locally analytic) set in some open domain N of C8, and that f(U') is locally 
analytically irreducible at each of its points. 

Let U1 be an open neighborhood of v such that U1 is contained in U. 
Since f is infective on U, there is an open neighborhood N of f(v) such that 
f(U1 - u1) n N is empty. Put U' = f-l(N) n U1. Let C be compact in N, 
and C' -f-(C) n U. The set C' is contained in f -(C) n Ul, which is 
compact. Let b belong to the closure of C' in U1. Then f(b)e Cc:cN, so 
b E u1 nl f'(C) c U'; thus b e fl(C) n U' - c', so C' is compact. Conse- 
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quently. f is proper on U', and therefore is a homeomorphism of U' onto 
f(U') c N. Now, let Vi1, * , Vir be those Vi of smallest dimension do which 
meet U'. By 9.2(i), the intersection of each with U' is closed in U' and since 
f is proper on U', it follows that f((Vi n ... n vi r) n U') is a closed analytic 
subset of dimension do of N. Assume now that for some integer d ? do we 
have proved that S -f((V(d)) n U') is a closed analytic set in N of dimen- 
sion < d. Let Vj be of dimension d + 1. By [21, Ch. V, C5, p. 162] f(Vj n U') 
is analytic of dimension d + 1 in N - S. Then, by a theorem of Remmert- 
Stein [21, Ch. V, D5, p. 169] the closure of f(Vi n U) in N is an analytic set 
in N. The fact that f(U') is an analytic set now follows by induction on d. 
Since f is bijective on U' and since each of its coordinates is an (i-function, it 
follows that for each x E U', f induces an injection of the local ring of f(U') 
at f(x) into (ix; the latter being an integral domain, we see that f(U') is irre- 
ducible at every point. 

9.7. LEMMA. We keep the notation of 9.1 and the assumptions of 9.2. 
Let U' be as in 9.6, and put Y - f(U'). Let Y be the normalization of Y. 
Then f induces an isomorphism of ringed spaces of (U', ae J) onto Yk. 

Since Y is analytically irreducible (of dimension d = dim V.) at each 
point, the canonical projection of Y onto Y is a homeomorphism, and we may 
identify Y with Y, endowed with the structural sheaf C whose stalk at y is 
the integral closure (D of the local ring (, of Y at y. We have to prove that 
f induces an isomorphism of C, onto Cf(u) for every u e U'. 

Let first g e (Df(u,). There is a neighborhood of f(u) in which g defines a 
continuous function which satisfies an integral dependence relation 

( 1 ) gn(X) + lO<jin bi(x).g"-'(x) = 0 , 

where the bi are analytic on Y around f(u). The function gof is then con- 
tinuous around u, and satisfies there a relation similar to (1), with bi replaced 
by ai = bi of. The ai's are continuous around u. By 9.6, they are a-functions; 
hence (9.3), the restriction of g o f to Vi around u is analytic. Therefore g o f 
is an a-function. 

It is well-known [8, p. 179] that an analytic homeomorphism of one com- 
plex manifold onto another is an isomorphism. Let a be an a-function at 
u e U', i.e., a e (C., and let N be a neighborhood of f(u). If N is chosen small 
enough, then a of-' is continuous in N and analytic on f( VO) n N (viewed as 
a subset of Y), except possibly at the image points of the singularities of 
V0. Hence [1, 44.42, p. 420], aof-' is analytic on all of f(Vo) n N. By 9.67 
(f( U')- f( U' n vo)) n N is a proper analytic subset of Y n N. Hence, a of-' 
is analytic on Y n N, so that, finally, f * is an isomorphism of Of(u) onto au. 
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By 9.5, each point v E V has a neighborhood U' as in 9.6. Therefore, 
the first assertion of the theorem follows from 9.7. The assertion about V(d,) 
follows at once from the induction procedure indicated in 9.6. 

9.8. COROLLARY. Let U be an open subset of V, and f a continuous func- 
tion on U which is analytic on V0 f U. Then f is an aC-function. 

This follows from the theorem and the Riemann extension theorem. 

10. Analytic structure and projective embeddings 
of the compactification 

10.1. We now revert to the set up of 3.3 (i). In particular, G is a con- 
nected semi-simple Q-group, with center reduced to {e}, whose symmetric space 
X -K\GR of non-compact type is a bounded domain and H(X) is the group of 
all holomorphic automorphisms of X, in which GI is of finite index. Moreover, 
X* is the union of the rational boundary components of X, endowed with the 
Satake topology (4.8), IP an arithmetic group of automorphisms of X, V* = 
X*/IF the compactification of V X /F introduced in ? 4, and zc: X* V* the 
canonical projection. There are finitely many rational boundary components 
F. (O < i < m, F0 = X) such that V * is the disjoint union of the quotients 
Vi = Fi/I7(Fi). Since Vi # Vi if i # j, we have Fi X Fj .I(i # j). 

10.2. The group F(F) acts in a properly discontinuous fashion on Fi; 
hence, Vi is canonically endowed with the structure of an irreducible normal 
analytic space [17]. We are thus in the situation of 9.1 and introduce the 
sheaf a of germs of a-functions on V*. An a-function on an open subset U 
of V* is a continuous complex-valued function whose restriction to Vi n u is 
analytic (0 : i _ m). 

Let x e X* and v -w(x). Let U be a good neighborhood of x in X* 
(8.1). Then U' -(U) may be identified with U/Px, hence Vi n u' with 
(F. n u)/(Ix n N(F,)). The definitions of the analytic structure on Vi and of 
(d imply that f: U' - C is an (T-function if and only if f o wZ is a continuous 
function on U, which is invariant under IX, and whose restriction to F n u 
is analytic for every rational boundary component F. In particular, the 
quotient a/w' of two integral automorphic forms se, oG' for Px on U, of the 
same weight, where A' does not take the value zero in U, may be identified 
with an a-function of U'. 

10.3. Let i be the index such that v E Vi. The canonical projection 
as: X F. (1.7, remark) induces an analytic map a' of (X n u)l/, = v n u' 
onto a neighborhood of v inVi n uf U (U fn Fi)/x. Let j be such that v E 
and let w E Vi n U'. There exists y E F such that Fj-3 n u # 0 and Fas y3 x. 
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The canonical projection uF,F?.Y induces a holomorphic map of 

7w(F3.y n U) (Fry ln U)/(N(F3y) n rIx) 
onto a neighborhood of v in Vi. We have the factorization (1.7, remark) 

Let now f be a holomorphic function around v on Vi. The above remarks 
imply that fo ai. extends by continuity to an a-function near v in V, whose 
restriction to Vi around v is equal to f, and whose restriction to Vj near w, 
lifted to Fj3., is equal to 

fOwo?F.,F-.Y 

10.4. THEOREM. We keep the assumptions and notation of 10.1, 10.2. 
Then (V*, CC) is an irreducible normal analytic space, in which each Vi is 
embedded as a locally closed analytic space. 

To prove the theorem, it is enough to check that the conditions (i) to (iv) 
of 9.2, with V and VT7 replaced by V* and V respectively, hold true in the 
present situation. 

Conditions (i), (ii) and (iii) are consequences of 4.11, 4.15 and 10.3, 
respectively. 

It remains to check the separation of points by a-functions. Let v E Vi 
and x E F. be such that wZ(x) = v. By 8.8, 8.9 there exists an integral auto- 
morphic form E, of some weight 1, such that bFAE(x) # 0. Let U be a good 
neighborhood of x in X *, on which the extension of E does not take the 
value zero, and let U' = w(U). Let p', q' E U' and j, k be the indices such 
that p' E Vj, q' E Vk. Let p E F3 n '-(p'), q e Fk n r-'(q'). Assume dim Fj > 
dim Fk. Since, by construction we have either j = k, or Fj, g Fk- *, there 
exists (8.8, 8.9) a multiple V'- 1 m of 1, and an integral automorphic form 
E' of weight V' for 17, such that 

sJ?'FE (p) # 0 , CFkE (q) - 0 . 

The quotient E'/Em is then an (i-function on U' which separates p' from q'. 
Thus 9.2 (iv) also holds true in V*. 

10.5. COROLLARY. Assume that G has no normal Q-subgroup of di- 
mension 3. Let U be open in V*. Then every meromorphic function on 
un v is the restriction of a meromorphic function on U. In particular, 
the restriction to V yields an isomorphism of the field of meromorphic 
functions on V* onto the field of meromorphic functions on V. 

The assumption on G implies, by 3.15, that dim (V* - V) ? dim V* -- 2. 
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Therefore 10.5 follows from 10.4 and a well-known extension theorem on 
normal analytic spaces. 

We recall the map f wr of identifies the meromorphic functions on V 
with the F-invariant meromorphic functions on X, i.e., with the automorphic 
functions for P. 

10.6. LEMMA. We keep the notation of 10.1, 10.2. There exist a weight 
I and finitely many integral automorphic forms E, * * *, E, of weight 1 
such that the forms (iDx.Ej are nowhere simultaneously zero (O ? i !< m). 

Given x e Fi, there exists a weight l, and an integral automorphic form 
Ex of weight 1 such that 14)DEx(x) / 0, (8.8, 8.9). There is then a good neigh- 
borhood N(x) of x such that the extension of E to N(x) is nowhere zero. By 
compactness, V is covered by the images of finitely many such neighborhoods 
N(xj). The lemma follows then by taking for 1 the l.c.m. of the lxJ and for 
Ei's suitable powers of the Exi. 

10.7. Let Ej (O < j ? N) be as in 10.6. If we trivialize the bundle Fli, 

the forms IDF.Ej are identified with holomorphic functions which are nowhere 
simultaneously zero; their values at x e Fj are the coordinates of a point in 
C-+1 - 0. If we change the trivialization, these coordinates are all multiplied 
by the same non-zero constant, hence define the same point in the associated 
projective space P(N, C). Thus, to x C F there is associated a well-defined 
point in P(N, C), whose homogeneous coordinates will be denoted by '1F.Ej(x). 
Since the Ej are automorphic forms of the same weight, two points x and 
x. ry(y e P) will have the same image in P(N, C), whence a map f: V* P(N, C) 
defined by 

f(zl(x)) = ((DFiE.(x), ** , iE.,(x)) (X C Fi, i = O.* , m) . 

Since the quotient of two integral automorphic forms is an (a-function outside 
the set of zeros of the denominator, f is a holomorphic mapping. 

10.8. LEMMA. We keep the notation of 10.1, 10.2. There exist a weight 
I and finitely many integral automorphic forms E0, ***, E, of weight l for 
r, satisfying 10.5, such that the map f: V* P(N, C) associated to the Ei's 
is a homeomorphism of V* onto f(V*). 

The proof is essentially the same as in the symplectic case [2], and will 
be described briefly. It is enough to show that for suitable Ei's the map f is 
injective. 

Let D and A be the diagonals in V* x V* and P(N, C) x P(N, C) respec- 
tively, and S (f x f)%(). Then S is an analytic subset of V* x V* 
containing D, which is equal to D if and only if f is injective. Since, in 
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a compact analytic space, a decreasing sequence of analytic subsets is sta- 
tionary, it is enough to show that if S D D, then there exists a similar map 
f': Ve * P(N', C) associated to integral automorphic forms of some weight 
1' for which S' = (f' x f')-'(A) z S. 

Let x e Fi, y e Fj (dim Fi > dim Fj), x' = r(x), y' w r(y), be such that 
(x', y') e S - D. Then x X y * P; by 8.8, 8.9 there exists a multiple 1' of 1 and an 
integral automorphic form E of weight 1 such that FE(x) # 0, 'I(FE(y) = 0. 
We then take as Ej's all the monomials of degree 1'/1 in the E/'s, and E. We 
have S' ci S, and (x, y) X S', hence S' # S. 

10.9. Let (F(]) be the graded ring of automorphic forms of positive 
weight for P on X. It may be identified with the set of invariants of F in 
a ring B = Ei2t Bi of holomorphic functions, on which H(X) operates by 

(f O g-)(x) -J(x, g) i f(x * g) (f e Bi; x e X), 
where J is the functional determinant in some realization of X as a domain 
in euclidean space. Since X is connected, it follows that d(F) is integrally 
closed [35, Exp. 17, No. 5]. We claim that the subring di'(r) of integral auto- 
morphic forms is also integrally closed. Since d(F) is, this amounts to show- 
ing that, if h is an automorphic form of weight 1 which verifies an integral 
dependence relation 

(1) hV + L<o,,, ai(x).hn- = 0 , 

where ai is an integral automorphic form of weight 1o i, then h is integral. 
Let x e X* and U be a good neighborhood of x. We may identify h and the 
ai's with holomorphic functions on X r U. Moreover the ai's extend by con- 
tinuity to continuous functions whose restrictions to F n U are holomorphic 
for any rational boundary component F. The relation (1) and the condition 
9.2 (ii) imply again, as in 9.4, that h extends by continuity to a continuous 
function on U. If follows then from 9.3 that h is analytic on Fn U for 
every F. Thus h is integral. 

10.10. Let (Ei)0s<i be a set of integral automorphic forms verifying 
10.8, A be the subring of A'(r) generated by the Ei's, and A its integral 
closure. The latter is a finitely generated algebra over C [15, Ch. 5, ? 3, No. 2] 
and is contained in A'(P) by 10.9. It is elementary that there exists an integer 
d such that the subring A(d) of elements in A whose degree is a multiple of d 
is generated by Ad [15, Ch. 3, ? 1, No. 3, Prop. 3]. Moreover, A(d) is also in- 
tegrally closed [15, Ch. 5, ? 1, No. 8, Cor. 3]. Therefore A(d) is a normally 
projective algebra over C, in the sense of [35, Exp. 17]. Let Ei (0 < i < M) be 
a basis of Ad. Then A(d) -C[TO, * , TM]/I, where I is the ideal of the rela- 
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tions between the Ei. The projective variety V(A(d)) c P(M, C) defined by I 
is then normally projective. The map f: V* - P(M, C) associated to the Ei's 
is well-defined, injective; its image is an analytic, hence algebraic, variety, 
contained in V(A(d)). It is in fact equal to V(A(d)) since otherwise there would 
exist a polynomial Pc CQTo, - - *, TM], not contained inI, such that P(EO, * * * EM) 
would be identically zero on X, in contradiction with the definition of I. Thus 
f is a bijective holomorphic map of V* onto V(A(d)). Since both V* and V(A (d) 

are normal analytic spaces, f is an isomorphism of analytic spaces. Thus we 
have proved the following: 

10.11. THEOREM. We keep the notation of 10.1, 10.2. There exist a 
weight 1 and finitely many integral automorphic forms E, of weight 1 
whose extensions to X* are nowhere simultaneously zero, such that the 
associated map f: V* - P(N, C) is an isomorphism of V* onto a normally 
projective subvariety of P(N, C). 

10.12. COROLLARY. Assume that G has no normal Q-subgroup of di- 
mension 3. Then the field of automorphic functions for P is canonically 
isomorphic with the field of rational functions on f( V*). In particular, it 
is an algebraic function field of transcendence degree equal to dimc X. 
Every automorphic function is the quotient of two integral automorphic 
forms of the same weight. 

This follows from 10.5, and from the fact that a meromorphic function 
on a projective variety is rational by Chow's theorem. 

10.13. Let p: K0 - GL(E) be a finite dimensional unitary representation 
of K0. It defines on X a complex vector bundle Up, the bundle associated by 
p to G', viewed as principal K0-bundle by left translations. The total space 
is therefore the quotient GO x KoE of GR x E by the equivalence relation 

(g, v) (keg, p(k).v) (k e KO, g eGO , v e E). 
It can also be written as P-Kc. G' x P-.KE, where p is extended in the 
obvious fashion to a representation of P- K which is trivial on P-; hence, 
it is a holomorphic vector bundle. An automorphic form of type d, is a F- 
invariant, holomorphic cross-section of d,. These forms correspond in a ca- 
nonical fashion to the holomorphic V-valued functions on X which satisfy the 
relation 

f(x. Y) = 4P(x, y)-'.f(x) (x e X, y e r) , 
where ftp is the automorphy factor introduced in 5.6. We let ip be the sheaf 
of germs of automorphic functions of type p, for F on X/P. It is reflexive, 
torsionless, and is known to be an analytic coherent sheaf [34, Exp. XX]. 
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REMARK. We have tacitly assumed that P operates on Up. This is cer- 
tainly the case if P Ci G'. Otherwise we assume that p extends to a subgroup 
K' of finite index of K n H(X) such that P ci K' . G'. Replacing K0 and KC 
by K' and KC respectively in the above construction, we see easily that the 
action of Go extends to one of K'G1. 

10.14. THEOREM. Assume that G has no normal Q-subgroup of dimen- 
sion 3, and let CC, be as in 10.13. Then the direct image i*KiU in V* of the 
sheaf of germs of automorphic forms of type d, is an algebraic coherent 
sheaf. In particular, if U is an open subset of V*, every holomorphic 
section of piP over U n v extends to a holomorphic section over U. The space 
of automorphic forms of type dp is canonically isomorphic to the space of 
holomorphic cross-sections of i*Up over V*, and is finite dimensional. The 
ring of automorphic forms of positive weight is finitely generated. 

We identify V* with its image under the map of 10.11. Then the restric- 
tion to V of the line bundle (9 of P(N, C) attached to the divisor of a hyper- 
plane is the sheaf ad of germs of automorphic forms of weight d. We know 
(5.11) that if m is large enough, the product JdM.m . p is an automorphy factor 
which satisfies the condition allowing one to construct Poincare series. There- 
fore, Theorem 3 of [19] applies. It shows that given x e X/F, there exist 
finitely many analytic cross-sections of the sheaf Up 0 0n which generate the 
fibre of ip at x. Since e - V has codimension ? 2 (3.15), Serre's extension 
theorem [36] applies, and yields the theorem, except for the last assertion. 
We now know that A(F) = A'(P). Let 1 and Ei be as in 10.11. The automor- 
phic forms of weight m 1 (m a positive integer) may be identified with the 
holomorphic cross-sections of 0-. They are therefore the polynomials of 
degree m in the Ei's. This means that the algebra A(I7)('1 is generated by 
the Ei's. Each space A(U)i is finite dimensional. Therefore, in order to 
establish the second assertion, it suffices to show the existence of an integer 
no such that 
( 1 ) A(F) A(P)p+. A(I), (%+l).l (n > no, p > no) 
Since the sheaves involved extend to algebraic coherent sheaves on a projec- 
tive variety, the proof of (1) given by Serre [34, XX, nos. 9, 10] when X/P is 
compact applies without change to our case. 

APPENDIX 

11. Connected components of automorphism groups 

In this section, we collect some partly known remarks on connected 
components, whose use in the preceding sections has allowed for some slight 
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technical simplification. X is a bounded symmetric domain, H(X) the group 
of complex analytic homeomorphisms (i.e., of automorphisms) of X, and Is(X) 
the group of isometries of X with respect to the riemannian structure defined 
by the Bergman metric. 

11.1. As is well-known, Is (X) and H(X) are semi-simple Lie groups, 
with finitely many connected components, X is the quotient of Is (X) by a 
maximal compact subgroup K, and Is (X) -H(X)0 is a non-compact semi- 
simple Lie group with center reduced to {e}. Thus Is (X)0 = Ad g where g is 
the Lie algebra of Is (X). Furthermore, it is known that Is (X) -Aut g. 

Assume now X to be irreducible. Then its isometrics are either holo- 
morphic or anti-holomorphic, and H(X) has index two in Is (X). In fact, 
let g = f + p be the Cartan decomposition of g associated to the Lie algebra f 
of K. Then Is (X) = Ken P (P = exp p) and H(X) = (KfnlH(X)) -P. The 
identity component S of the center of the identity component of K is one- 
dimensional, and an automorphism Int k (k C K) is either the identity or the 
inversion s H- s51 on S. On the other hand, the multiplication by V -1 in the 
tangent space X0 of X at K is induced by Ad s, where s0 is an element of 
order 4 in S. Therefore Int k(s0) is equal either to s0 or to s-1. The trans- 
formation k is holomorphic in the first case, anti-holomorphic in the second 
one. In particular 

(1) H(X) nK =Z(S), 

and H(X) has index ? 2 in Is (X). On the other hand, there is clearly a linear 
orthogonal transformation A on X0 which carries the given complex structure 
onto its conjugate. By standard facts on simply connected riemannian sym- 
metric spaces, A extends to an isometry of X, which is then anti-holomorphic, 
hence Is (X) # H(X). 

If X is the product of r irreducible components, it is clear that Is (X) 
(resp. H(X)) is generated by products of isometries (resp. automorphisms) of 
the different factors, and permutations of isomorphic factors. 

These remarks have already been made by E. Cartan, who has also given 
the structure of H(X) in all irreducible cases; it is connected, except in the 
cases mentioned in 11.4, where H(X)0 has index two in H(X), [16, p. 152]. 

11.2. PROPOSITION. Let D be the natural compactification of X (1.4). 
The action of H(X) on X extends by continuity to a continuous action on D, 
and the restriction of h e H(X) to any boundary component is holomorphic. 

It suffices to prove this for K n H(X) since H(X) is generated by this 
group and by H(X)0. But, if k e K n H(X), then k commutes with the ele- 
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ment s0 considered in 11.1, and the extension to Pc of Ad k leaves the two 
subspaces p+, p- stable; hence, the action of k on X extends to a linear trans- 
formation of p+. Therefore k operates continuously on D. Furthermore, the 
boundary components are open subsets of complex affine subspaces of P+; hence, 
the restriction of k to such a component is holomorphic. 

11.3. PROPOSITION. Let G be a connected simple algebraic group defined 
over R such that the symmetric space of non-compact type X of GR is a 
bounded symmetric domain. Then H(X) n GR - G'. The group GR has 
either one or two connected components. 

Since G is simple, X is irreducible, and we may identify GR with a sub- 
group of Aut gR, namely Ad gc n Aut g9. We keep the notation of 11.1; in par- 
ticular, K n GR is a maximal compact subgroup of GR, and GR = (K n GR)P- 

The second assertion follows from the first one and 11.1; in view of 
11.1 (1), the first assertion is equivalent to: GR n z(s) is connected, which 
we now prove. 

Being the centralizer of a torus in Gc, the group Z(S)c is connected, since 
G is (cf. [9, ? 18]). It is defined over R, and its Lie algebra is tc. Therefore f 
is a compact real form of fc, and K0 is the identity component of a maximal 
compact subgroup L of Z(S)c. Since Z(S)c is connected, so must be L, whence 
z(s) nK= K . 

11.4. REMARK. In the type IV, (IV refers to Siegel's notation; it is III 
in [16]) of bounded symmetric domains, G - PSO(n + 2, C) is the quotient of 
the special orthogonal group in n + 2 variables by its center, GR = PSO(n, 2), 
and K n GR is the group of elements of determinant one in 0(n) x 0(2) 
(divided by {+1} if n is even). From this we see readily that 

(a) if n is odd, GR = Is (X), GO = H(X), and 
(b) if n is even, Is (X)/Is (X)= Z, + Z2, GR/G= Z2, H(X)/H(X)R Z2 

The situation (b) also occurs for type Inn (n > 2). 
11.5. LEMMA. Let G be a connected semi-simple group defined over R. 

Assume that Go has a center reduced to {e}, and has the same rank as its 
maximal compact subgroups. Then the center of Gc is reduced to {e}. 

Let t be a Cartan subalgebra of a maximal compact subgroup K of GR. 

The assumption implies that tc is a Cartan subalgebra of g. It is the Lie 
algebra of a maximal torus Tc of Gc, which is defined over R, and whose sub- 
group of real points is compact. The latter is then necessarily a maximal 
compact subgroup of TO, and is connected and equal to exp t. Let now z be 
in the center of Gc. It belongs to Tc and is of finite order; hence, z and exp t 
generate a compact subgroup of Tc. Thus z e exp t n GR, and z = e. 
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REMARK. If we drop the assumption on the rank of K, the lemma be- 
comes false as is shown by the case where GR - SO(p, q), (p, q odd). 

11.6. We now revert to the notation of 1.3, 1.5, and prove that G(F) is 
connected, as asserted in 1.5. An obvious reduction shows that it suffices to 
do this when X is irreducible. In view of 1.5 (1), (2) this amounts to proving 
that the group Pb/Zb of 1.3 is connected. 

The group QC = PC/Zb,C is almost simple, connected, defined over R, and 
QO = Ad lb. On the other hand, the symmetric space Fb of non-compact type 
of Lb is a bounded symmetric domain; hence, Lb has the same rank as its 
maximal compact subgroups. By 11.5, we have then QC = Ad qc, which im- 
plies that QR is a subgroup of Is (Fb). By 11.4, all elements of Pb induce com- 
plex analytic homeomorphisms of Fb; therefore (11.3), the image of Pb in QR 

is connected, equal to Ad fb. The kernel of the homomorphism Pb - QR is 
Pb n Zb,C. This is a normal subgroup of Pb, with Lie algebra Sb, which contains 
Zb. It is therefore equal to Zb (see 1.3), whence the result. 
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