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Ordinary continued fractions

The expression (finite or infinite)

ao+1/(31+1/(32+...)...))

is an ordinary continued fraction if ag € 7Z, ax € Zy for k > 0.
Denote it [ag : a1;...] (or [ap : a1;...; an]).
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Ordinary continued fractions

The expression (finite or infinite)
ap + 1/(31 + 1/(32 + .. )))

is an ordinary continued fraction if ag € 7Z, ax € Zy for k > 0.
Denote it [ag : a1;...] (or [ap : a1;...; an]).

Ordinary continued fraction is odd (even) if it has odd (even) number
of elements.

I —
5 2+§ 2+1+1/1

g:[1:2;2]2[1:2;1;1]
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Ordinary continued fractions

The expression (finite or infinite)

ao+1/(31+1/(32+...)...))

is an ordinary continued fraction if ag € 7Z, ax € Zy for k > 0.
Denote it [ag : a1;...] (or [ap : a1;...; an]).

Ordinary continued fraction is odd (even) if it has odd (even) number
of elements.

Proposition

Any rational number has a unique odd and even ordinary continued
fractions.

Any irrational number has a unique infinite ordinary continued
fraction
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Geometry of continued fractions

2 a0 = 16(AgAy) = 1;
: ay = W(ByBy) = 2;
‘Bl‘ 9 * as = W(A1As) = 2.
V74

7/5=1[1;2:2].

O'Ay 00X

l{(AB) — the number of primitive vectors in AB.
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Geometry of continued fractions

ag = W0(AgAy) = 1;
ayp = ISiH(A()AlAQ) = 2
Ao = ]f(441142) = 2.

2
A-2 D 7/5=1[1;2:2].
1 >
O'Ay 0X
: _ S(ABC) . .
Isin(ABC) = T(AB)1(BC) (integer sin-formula).
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Geometry of continued fractions

: ag = 10(AgAy) = 1;
ayp = ISiH(A()AlAQ) = 2
. . . Ao = ]f(441142) = 2.
2
A-z. S 7/5=1[1;2: 2]
1 >
0'4y 0X

(ag, ..., azn) — lattice length-sine sequence (LLS-sequence).
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Integer geometry
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Integer geometry

Objects: Integer segments, integer angles, integer polygons.
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Integer geometry

Objects: Integer segments, integer angles, integer polygons.

Transformations: Integer lattice preserving affine transformations
in the plane.

(AfF(2,Z) = GL(2,Z) x 7?).
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Integer trigonometry (O.K. '08)

v,
(Vi Va) = 2

Vidisin £V ViV = 2
PM(VpVh) = 1

LLS-sequence for an arbitrary angle
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Integer trigonometry (O.K. '08)

v,
(Vi Va) = 2

Vidisin £V ViV = 2
PM(VpVh) = 1

Theorem
LLS-sequence is a complete invariant of integer angles in integer
geometry.
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Integer trigonometry (O.K. '08)

v,
(Vi Va) = 2

Vidisin £V ViV = 2
PM(VpVh) = 1

Definition
Let (ao, ..., azn) be the LLS-sequence of «, then
ltana = [ag : ... : a2n).

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry



Institute of Geometry TU Graz

Integer trigonometry (O.K. '08)

v,
(Vi Va) = 2

Vidisin £V ViV = 2
PM(VpVh) = 1

ltan AOB = [1:2;2] = g { Isin AOB =7

lcosAOB =5
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a+fB+y="7
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a+fB+y="7
Theorem
Euclidean: a). There exists a triangle with angles (c, 3,7) iff («
is acute)

i) tan(ae+ B+ ) =0,

if) tan(a + 3) ¢ [0, tana].

b). Two triangles with the same sequences of tangents for angles
are homothetic.
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a+fB+y="7
Theorem
Euclidean: a). There exists a triangle with angles (c, 3,7) iff («
is acute)

i) tan(ae+ B+ ) =0,

if) tan(a + 3) ¢ [0, tana].

b). Two triangles with the same sequences of tangents for angles
are homothetic.

Theorem

Integer: a). There exists an integer triangle with integer angles
(v, B,7) iff (for some « of the triple)

i) ]ltan o, =1, Itan 8, —1,Itany[ = 0;

i) ]ltan o, —1, Itan B[ ¢ [0, Itan a].

b). Two integer triangles with the same sequences of integer
tangents are integer-homothetic.
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at+B+y=m
Example
ltana = 3 = [3];
ltan3=9/7=[1;3:2];
~ ltany =3/2=1[1;1:1].

N[3-1:1:3:2:-1:1:1:1]=0;
i [3;-1:1:3:2]=-3/2¢]0,3].

Theorem

Integer: a). There exists an integer triangle with integer angles
(v, B8,7) iff (for some « of the triple)

i) ]ltana, =1, Itan 3, —1,Itany[ = 0;

i) ] ltan o, —1, Itan [ ¢ [0, Itan a].

b). Two integer triangles with the same sequences of integer
tangents are integer-homothetic.
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Part |l

Il. Global relations on singularities of toric surfaces.
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Complex projective surfaces
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Complex projective surfaces

Consider an integer convex polygon
P = Ao A1,..., A

Let Apt1,...,Am be it's inner integer points. Let A; = (x;,y;).
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Complex projective surfaces

Consider an integer convex polygon
P = Ao A1,..., A

Let Apt1,...,Am be it's inner integer points. Let A; = (x;,y;).
Denote

Q= {(tfltglt;“’yl SRS Al -4 |

t, ta, t3 € C\{O}}'

The set Xp = Q is the complex toric variety for P.
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Complex projective surfaces

Consider an integer convex polygon
P = Ao A1,..., A

Let Apt1,...,Am be it's inner integer points. Let A; = (x;,y;).
Denote

— X1 Y1, —=X1=Y1 . . Xm g Ym = Xm—Ym
Q—{(t11t21t3 RS AE - )|
ti,ty, 13 €C\ {0}}'
The set Xp = Q is the complex toric variety for P.

Example

For P =N e have Xp — CP2,
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Complex projective surfaces

Consider an integer convex polygon
P = Ao A1,..., A

Let Apt1,...,Am be it's inner integer points. Let A; = (x;,y;).
Denote

Q= {(tfltglt;“’yl SRS Al -4 |

t, ta, t3 € C\{O}}'

The set Xp = Q is the complex toric variety for P.
Example
For P=5  we have Xp = CP2,

For P = H Xp is the conic xyx3 = xoxa in CP3.
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {2\0,741, .. ,74,,} is non-singular;
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {/2\0,741, .. ,74,,} is non-singular;

) A; is singular <= i < n and edges of the corresponding angle
does not generate Z?;
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {/2\0,741, .. ,74,,} is non-singular;

) A; is singular <= i < n and edges of the corresponding angle
does not generate Z?;

d) the singularity at A; is determined by a pair (Itan o, Itan of).
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {/2\0,741, .. ,74,,} is non-singular;

) A; is singular <= i < n and edges of the corresponding angle
does not generate Z?;

d) the singularity at A; is determined by a pair (Itan o, Itan of).

Example

For P =
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {/2\0,741, .. ,74,,} is non-singular;

) A; is singular <= i < n and edges of the corresponding angle
does not generate Z?;

d) the singularity at A; is determined by a pair (Itan o, Itan of).
Example

Xp is defined by xgx1x0 = xg’ e CP3.
For P =
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {/2\0,741, .. ,74,,} is non-singular;

) A; is singular <= i < n and edges of the corresponding angle
does not generate Z?;

d) the singularity at A; is determined by a pair (Itan o, Itan of).

Example

Xp is defined by xgx1x0 = xg’ e CP3.
Singularities are at
(1:0:0:0), (0:1:0:0), and (0:0:1:0).

For P =
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Structure of singular sets

Denote A; = (0:...:0:1:0:...:0).
a) AieXpfori=0,...,n;
b) Xp \ {/2\0,741, .. ,74,,} is non-singular;

) A; is singular <= i < n and edges of the corresponding angle
does not generate Z?;

d) the singularity at A; is determined by a pair (Itan o, Itan of).
Example

For P= ®

Xp is defined by xgx1x0 = xg’ e CP3.
Singularities are at
e  (1:0:0:0), (0:1:0:0), and (0:0:1:0).

In appropriate affine charts all singularities are: xy = z3

Oleg Karpenkov, TU Graz
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Global relation on toric singularities

Corollary
A toric surface singularity of Euler characteristic 3 admits
singularities of type (Itan o, ltanat) for i =1,2,3

—

for some ¢; € {ltan o, Itan a}} and a permutation o it holds:
I) ]Ca(l)a -1, Ca’(2)[§'7é [07 Ca(l)]'.
”) ]Ccr(l)a -1, Co(2)> -1, CO'(3)[: 0.
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Global relation on toric singularities

Corollary
A toric surface singularity of Euler characteristic n admits
singularities of type (Itan o, ltanal) fori=1,...,n.

=

For ¢ € {ltan v, Itan a!} there exists a set of integers
{mg,...,mp_1} such that:

]co, mo, c1, m1, ..., mp_1, cy[= 0.
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Global relation on toric singularities

Corollary
A toric surface singularity of Euler characteristic n admits
singularities of type (Itan o, ltanal) fori=1,...,n.

=

For ¢ € {ltan v, Itan a!} there exists a set of integers
{mg,...,mp_1} such that:

]co, mo, c1, m1, ..., mp_1, cy[= 0.

Problem
Find a good criterion for "<=""in this case.
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tric tool used in the proof
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A geometric tool used in the proof

v
K(WVz) =2

idsin /VyViVy = 2
PSIU(VVE) = 1

Is it possible to extend the LLS-sequence to arbitrary broken
lines?
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A geometric tool used in the proof

)
S

|
=

SIS
w N
Il
N

@
N
|
|
—

Yes.
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A geometric tool used in the proof

)
S

|
=

SIS
w N
Il
N

@
N
|
|
—

Definition

(|v x w| — the oriented area of the parallelogram spanned by v and
w)
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A geometric tool used in the proof

)
S

|
=

SIS
w N
Il
N

|
I
=

aq =
Definition
azk—‘OAkXOAkJrl‘ ka...,n

5 |AkAk—1 XAkAkJrl’ k=1 n
2k—1 — ark_o2dank — Ly il

(|v x w| — the oriented area of the parallelogram spanned by v and
w)
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A geometric tool used in the proof

)
S

|
=

SIS
w N
Il
N

|
I
=

aq =
Definition
azk = |OAk X OAkq1l, k=0,...,n

5 _JAKAK—1 X AkAki] k=1 n
2k—1 — 32k72a2k 9 — Ly 11

The sequence (ag, . .., az,) is called the LLS-sequence.

(|v x w| — the oriented area of the parallelogram spanned by v and
w)
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A geometric tool used in the proof

Ai\ Ai—\z A:‘—l A,
4, Ay IS A ?
//\ /I\ O#””/At*Z O#/”’(A1 O#C”Ai—Z
O --H_y | Of--"4; Aig A Ai g, Aip
TN ‘ TN AN
/,/// /, // /, /A\
azi—2 >0 | azi—2 <0 Ol 24,4 Ol Ay | OL22-A; s
az;—3 >0 az;—3 <0
Definition

5 _JAKAK—1 X AkAki] k=1 n
2k—1 — 32k72a2k 9 — Ly 11

The sequence (ao, . .., az,) is called the LLS-sequence.

(|v x w| — the oriented area of the parallelogram spanned by v and
w)
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Generalized geometry of continued fractions

Theorem
Consider a broken line Ag ... A, with LLS-sequence

(ao,al, e az,,). Let Ag = (1,0), Al = (]., ao), and A, = (x,y).
Then

X:[ao:al;...;agn].
X

Oleg Karpenkov, TU Graz
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Generalized geometry of continued fractions

Theorem
Consider a broken line Ag ... A, with LLS-sequence

(ao,al, e az,,). Let Ag = (1,0), Al = (]., ao), and A, = (x,y).
Then

Example

[1;—2:2:—3/5:—5]:771

Oleg Karpenkov, TU Graz
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Generalized geometry of continued fractions

Theorem
Consider a broken line Ag ... A, with LLS-sequence

(ao,al, e az,,). Let Ag = (1,0), Al = (]., ao), and A, = (x,y).
Then

Example

[2;—1:3:—2:1]22

Oleg Karpenkov, TU Graz
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Part |11

l1l. Continued fractions and the second Kepler law.
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Smoothing of continued fractions

Recall
Definition
ack = |OAk X OAk41|, k=0,....n
ALA_1 X ALA
k-1 = | ‘ kazt—zazl; k+1|7 k=1,...,n.
The sequence (ag, . .., az,) is called the LLS-sequence.
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Smoothing of continued fractions

Recall
Definition
ack = |OAk X OAk41|, k=0,....n
ALA_1 X ALA
k-1 = | ‘ kazt—zazl; k+1|7 k=1,...,n.
The sequence (ag, . .., az,) is called the LLS-sequence.

What happens if we consider infinitesimally small edges?

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Continued fractions for curves

Definition
(O.K. '11) Let ~y be an arc-length parameterized C?-class curve.
Put by definition the areal density and the angular density at some

point t:
At) = !% |O7(t) x 607(t+5)| _107(8) x 4(2)]
and
B(t) = lim Y ()y(t =€) x y(£)y(t + )]

"m0 e|Ov(t —€) x Ov(D)[[0y(t) x Oy(t + )|’

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Continued fractions for curves

Definition
(O.K. '11) Let ~y be an arc-length parameterized C?-class curve.
Put by definition the areal density and the angular density at some

point t:
At) = !% |Oy(t) x 607(t+5)| _107(8) x 4(2)]
and
B(t) = lim V() (t =€) x v ()Y (t +¢)|
e—0 e|Oy(t — ) x O7()]|0~(t) x Oy(t +¢)|’
Proposition
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Continued fractions for curves

Definition
(O.K. '11) Let ~y be an arc-length parameterized C?-class curve.
Put by definition the areal density and the angular density at some

point t:
A(e) = tim [ EMEEN 105050
and
B(t) = lim () (t — ) x v(t)y(t +¢€)|
e—0g|Ov(t — ) x Oy(t)||Oy(t) x Oy(t +¢)|
Proposition

(Areal density and the second Kepler law.) Suppose that a
body moves along the curve v with velocity 1/A. Then the sector
area velocity of a body is constant and equals-1.

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Examples

Lines. The line x = a; O — the origin.

Alt)=a and B(t) = 0.
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Examples

Lines. The line x = a; O — the origin.

Alt)=a and B(t) = 0.

Ellipses and their centers. The ellipse ’;—;—l—}g—z =1lwitha> b>0;
O — the origin (at the symmetry center of the ellipse).

b 1
A(t) = 2 and B(t) = .
Va2sin?t + b2 cos? t aby/a2sin?t + b2 cos? t
Notice: A
ﬂ = a°b® = const.
B(t)

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Examples (planetary motion)

Ellipses and their foci. Consider ’;—i + }é—z =1lwitha>b>0; O

— a focus (—va? — b2,0).
At) = ab+ bva®> — b?cos t

Va2sin? t + b2 cos? t

and
a

bv/a2sin? t + b2 cos? t(a+ cos tv a2—b2)2‘

B(t) =

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Examples (planetary motion)

I. The orbit of the planet is an ellipse with the Sun at one of the
foci.
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Examples (planetary motion)

I. The orbit of the planet is an ellipse with the Sun at one of the
foci.
Il. The motion has the constant sector area velocity.
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Examples (planetary motion)

I. The orbit of the planet is an ellipse with the Sun at one of the
foci.

Il. The motion has the constant sector area velocity.

l1l. The square of the orbital period of the planet is proportional to
the cube of the semi-major axis of its orbit.
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Examples (planetary motion)

I. The orbit of the planet is an ellipse with the Sun at one of the
foci.

Il. The motion has the constant sector area velocity.

l1l. The square of the orbital period of the planet is proportional to
the cube of the semi-major axis of its orbit.

Remark
O — the Sun. .
. . 2 .
The trajectory of the planet is % + 37 = 1 with a > b (I Kepler
law),
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Examples (planetary motion)

I. The orbit of the planet is an ellipse with the Sun at one of the
foci.

Il. The motion has the constant sector area velocity.

l1l. The square of the orbital period of the planet is proportional to
the cube of the semi-major axis of its orbit.

Remark

O — the Sun.

The trajectory of the planet is ’;—z + ly)—i =1 with a > b (I Kepler
law),

Velocity of the planet: \/A(t) (Il Kepler law), where

for L — the length of the ellipse for the planet. (Il Kepler law)

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Examples

Logarithmic spirals. Consider a logarithmic spiral

{ (aebt cost, ae® sin t) ‘t € ]R}.

Then
bt —3bt,/p2 1 1
()= -2 and B(t)=S Y2
VR T1 a
Notice 1
A3(t)B(t) = Pl const.

Oleg Karpenkov, TU Graz Toric singularities of surfaces and lattice trigonometry
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Open questions
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Open questions

Problem
What curves do we get in case if AB (or simply B) is constant?
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Open questions

Problem
What curves do we get in case if AB (or simply B) is constant?
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Open questions

Problem
What curves do we get in case if AB (or simply B) is constant?

Problem
Investigate the convergency questions of discrete curves to smooth
ones with respect to their continued fractions.

Problem
Is there some analog of toric surfaces in the smooth limit?
(Develop an approximation theory by toric surfaces.)
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